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Abstract

In this article we consider a set of p repeated measurements on r
variables on each of the n individuals. Thus, data on each
individual is a rxp matrix. The n individuals themselves may be
divided and randomly assigned to g groups. We take the one-way
Multivariate Repeated Measures Model and study the
Satterthwaite Type Approximation to the distribution of Quadratic
form.
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Introduction :-

The MRM (multivariate repeated measures model) generalizes RM
(repeated measures model) in the sense that it allows a vector of
observations at each measurements , the response variables are
measured on each t occasions which regarded as t levels of a with
in — units factors , we consider the case of multivariate response.

Boik(1988)[5] considered the Satterthwaite type approximations
(multivariate approximation) to the distributions of various sums of
squares and cross-products (SS & CP) matrices of the MANOVA
table when the covariance matrix is any general positive definite
matrix . K huri and Nel, (1994)[9] also have considered the
problems relating to multivariate approximation to a SS&CP matrix
.their approximation is different from Boik's (1988)[5] in the sense
that the use a generalized variance (determinant of the covariance
matrix) instead of a trice, for their approximations. All work on
multivariate repeated measures done thus far in the literature has
the basic assumption that Cov (y;; )=Q, wheer Q is a positive



definite magtrtix. In my work the one —way multivariate repeated
measures model is consider and Istudy the Satterthwaite type
approximation to the distribution of a quadratic form.

(1.1) Covariate in  One-Way Multivariate Repeated
Measurements Design:

For convenience ,we define the following linear model and
parameterization for the one-way repeated measurements design
with one between units factor incorporation two covariates( z,, z,

)[1] . For this model the two covariate is time-independent, that is
measured only once :

Vi = 4Ty Ty @)y + 2y =2 By + 25 =25 )Py ey
(1.1)
Where

(i :L...,nj) is an index for experimental unit of level ()

(j=1..,9) is an index for levels of the between-units factor
(Group).

(k =1,..., p) is an index for levels of the within-units factor (Time).

Yii = Yy Yye)' 1S the response measurement of within-units
factors (Time) for unit i within treatment factors (Group).

u=(uy,...,1t,)" 1S the overall mean.

7, =(r,y,.7,)" IS the added effect of the j" level of the treatment
factor (Group).

7 = 7)1 the added effect of the k™ level of Time.
(7)1 = (@) jar (7)1 ) IS the added effect of the interaction between
the units factor (Group) at level of (Time).

Zy = (Zy1nZy,)' IS the value of covariate Z, at time k for unit |
within group j .

Z, =(Z,,..2Z. ) is the mean of covariate Z, over all experimental
units.



B, =By, B,) IS the slope corresponding to covariate Z, .

Zy =(ZyuaZy;)' IS the value of covariate zZ, at time k for unit i
within group j .

z, =(Z,,,..2,,) is the mean of covariate Z, over all experimental

B, = (B, Bo) 1S the slope corresponding to covariate Z,.
& = (1.8 ) IS the random error at time k for unit i within group
J.

For the parameterization to be of full rank, we impose the following
set of conditions :

Eq;(fy)jk:o , i(zy)jﬁo for each j.k=1..p
j=1 k=1

n;j nj

q q
2.2y =225 =0 2Zy=27y=
i=1

i=1 j=1 j=1

We assume that & ”is independent with
€ = (eljkl""7 ik ) ~ iid N, (0,2%,)

Where N, is denoted to the multivariate normal distribution , and
Y. is rxr positive definite matrix [1].

Let Yij = (Yijl""’Yijp),
Yij11 Yij21 ijd
_| a2 Yij22 ij®2
I .
YijJr ij2r ijpr

Let the covariance matrix of \7”- is denoted by  , where
Y, =vec(Y;)



The vec(.) operator creates a column vector from a matrix A by
simply stacking the column vectors of Yi,- below one another (see
Vonesh and Chinchilli (1997)[12]).

Where the variance matrix and covariance ) of the model (1.1)
satisfy the assumption of compound symmetry. i.e.

> .0

s=1,835, =0 = O

0 0 - 3.
..(1.2)
Where

| , denote the Px P identity matrix.

J, denote the PxP matrix of one’s. and ® be the Kroneker
product

operation of two matrices.

(1.2) Transforming the one-way Repeated measurements
Analysis of Covariance (ANCOVA) model :

Let U™ be any PxP orthogonal matrix is partitioned as follows[2]:

1

U'=(p? V)
Where j, denote the Px1 vector of one’s ,U is (p-1)x pmatrix .

Let Y, =Y,U’

So Cov(Y, ) =



The ANCOVA based on the set of transformed observations above
the Y”1 provides the ANCOVA for between-units effects. This leads

to the following form for the sum square terms:

c! o ViU N Vil
Ql = Pan (Yj.. _Y )(Yj.. _Y ),:Y’ Al Y

pzz S0V g azy] = Ay
Q-PYY ﬂl (O =% - Bz Y - gz =y ALY

(( Y_, +ﬂ;Z]:j +ﬁzzzu)(Y” _Y_] +ﬁl*zl*ij +ﬁ;Z;ij),) =Y AY
i=
p Wl < 7 * 7 * < 7 < 7
QsZnZ( T Y)(Y Y +Y)) Y AY
(G =Y Y+ YV -V -Yo+Y)) = v A Y
((Yljk ij +ﬂ1 le] +ﬁ222u )(Yuk Y]k +ﬂ1 le] +ﬂ222u) ) A7

)

k=2 j=1 i=1

(1.3) Exact null distribution of Q;:

In the following, we derive the distribution of Q;=Y" 4; Y, where A4;

is an appropriately defined symmetric matrix of order np x np [3] .
Fist, it is easy to show that A, 9 A,=A4, 9 A,=A; 9 A=A 9 A=Ay U
A,=0 (see,Geisser,S.& Greenhouse,(1958)[8]),where 9 =I,,  I.

We observe that each column of Y is a multivariate normal vector
of order npx1 and has a covariate matrix proportional to 9=1, I.
Since, by assumption, 9 is a positive definite matrix, there exist
9'2and 9772 suchthat 9 = 972972 and 91 =9~ /29 /2 and
that 9~ 729"z = I, Consider Q;_Y'4; Y =

Y9297 "24;0"29”"/2Y=C'B;C with ¢ =9~ "/2Y and B; =
191/2Aj191/2.Now the rows of C form random sample of size nt from
N,.(o, Y) under certain null hypotheses.



There exist an orthogonal matrix I' such that B; = I'/\),-I" if B; Is
positive definite and it is a symmetric matrix with rank vi, where
I =rT =1, and A\;_Diag(2,, ..., 1,;,0,...,0),4; > - > 1,; being
the eigenvalues of B;. Thus Q; = CB;C = CTAIC=UAU =

5. AUU;, Ui~N.(0,%) and Uy, ..., U, are all independent, where
U =T'Cand U; is the j th row U. It is well known that U;U;~W,.(1, 3).

In summary, we have the following:

Q1~er(q_ 1’ Z) ’ QZ~WI“(1J2) ‘
Q=W (LY) D eI AWS (- q-2.3)
e~Xr 2w (p-13) . Q=3 AW (-
1),3)

p=1

Q=) 23WP ((p—1(n—q).3)
i=1
Where ,, ..., 4,_, are the eigenvalues of (I — (*p)]) land

m(i)(lli, Y), forj=1,..,p— 1 are Wishart random matrices with
v;degrees of freedom, and mutually independent . Suppose we

want to test of no group effect . then the Wilks’ for testing this is:

_ ol
QL+ Q4
_ ol
27 1Q, + Q4
ey
Qs+ Q4

The test is based on the usual asymptotic distribution
(see,Rao(1973)[10]) of A; , N\, , A\5. Then



—|(n—q—2) — 2| In Ay~xf4-1y approximately
—|(n—q—2) — 2| In A,~x} approximately

—|(n—q—2) — 2| In Az~x} approximately

The approximate distributions of the test statistics for testing that
there is on time effect, and that there is on time and group
interaction Will be derived next.

(1.4) Approxiate null distribution of 0=, Q.and Q-:

In this section , we approximate the distribution of each of SS&CP
matrices,Qs, Q, and Q-,to a scale multiple of a Wishart matrix,
gW(h,Z), for some constants g and h .As in the univariate case, the
approximation is derived by equating the first two central moment.
For that we first find the first two central moment of Q;. It is well
known (for example ,see ,Vonesh ,and Chinchilli,(1997)[12]) that
for any S~W,.(v,2) , E(S)=vZ and D(S)=2vz®z. Here , D(S)
denotes the variance covariance matrix of all the random
guantities in S using these formulae we have the following:

E(Qs) = |( - Der(I = YD)|x - (13)
E(Qe) = |~ 1)(q — Dtr(I — )| = . (14)
E(Q) = - D(n—@)tr(1 =] = - (L5)
Also
D(@s) = 2p ~ Dert - 1|z @ 2 (1)
1
D(Q:) = [2( = D= Der( — N[ @ (@7

D(0s) = 2p — Dn = er(l ~J1?| 2@ . (18)



Suppose we want to approximate the distribution of Qsby a random
matrix having the distribution g, W,.(h, ) so that the two central

moments of Qsand g, W,.(h,,Z) are the same. Then,

1
(p—l)tr|!—5ﬂ|£=glhlz ..(1.9)

2(p—1 I 11 YL =290 3 1.10
@=Dler(1-371)| 2@ = 2gih, ~(110)
From (1.9) and (1.10) :

2 1 2
tr(I—/n tr(l——ﬂ}]
& and hy = [—TT
tr(I—5Jn tr(I=5J0)

91 —

Next, to approximate the distribution of Q, by a random matrix
having the distribution g, W, (h,,Z) so that the first two central
moments Qsand g,W,(h,,Z) are the same we have,

(p—D(@—Dtr [(f - %ﬂ)] L= goh,% . (1.11)

2(p — 1)(q — L)tr [(; - %}:)] Y@ =2g,h,5 3 .. (112)

From (1.11) and (1.12) we have,

tr(I—lﬂ)
92 = tr(!—?—)ﬂ) and
hzz(P_l)(q—l)[ E j’ %l = (g—Dh



Next, to approximate the distribution of Q ,by a random matrix
having the distribution g; W, (hs,2) so that the first two central

moments Q,and g;W,(h;, ) are the same we have,

(p— D —qtr [(f T %p)] X = g3hsZ .. (1.13)

2(p— )(n—q)tr|(1 - %,n)] Y®3 =2gshss 3 . (114)

From (1.13) and (1.14) we have,

t (I 1,”)2

r ——

_ pl ) _

s = Er(f—%ﬂ) g1 and

(1= 3)]

hy=(@-Dn-@)——F=0G-Dh

tr (I = %ﬂ)

Now, for testing that there is time effect one can Wilks’A which is,

|Qs|
A=
* Qs + Q]

|Qsl
Ag =28
> |Qs + Q]

and the fact that
—|(p = D)(n— @)h, — (=) | mA,~x7,_1yn, APProximately.
~|(» — D(n = q)hy — (B=L2I)  INA ~xF 0, _1yq-1)n, APPrOXiMately
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