
 2007:  4العدد  /14مجلة جامعة بابل / العلوم / المجلد 

 27 

Strongly Regular Spaces 
A New Separation Axiom 

 
Abed Al-Hamza Mahdi Hamza 

University of Kufa, College of Science, Department of Mathematics 

 

Abstract  
       In this paper we define the strongly regular spaces and we show that these spaces give the regular 

spaces but the converse is not true in general. Morever we prove that these spaces satisfy the  topological 

property and the hereditary property . Also we study the relation between  the strongly regular spaces and 

the connectednees.  

 الفضـــاءات المنتظمـــــة بقـــوه

 الخلاصة
عرفنذ   بضاذ ت ا  بتنمةتذق ه ذبي ا بنذ  هذ ا هذاي  بضاذ ت ا ضاءذي  بضاذ ت ا  بتنمةتذق برذص  بابذو ةبذر  ذث   ه ذب   في هذا   بحثذ        

بتنمةتذق ن   بالاقذق بذبص  بضاذ ت ا  ا  بخ   ق  بب  ث ه. كذابك ر  ذ قع مه . ض فق  بى ذبك برهن  ه ا هاي  بضا ت ا ضث ق  بخ   ق  بمببببج 
 ه بي ا بمر هط.

1  Introduction  
     This paper gives a new separation axiom (strongly  regular spaces) . 

     Section two includes the fundamental topological concepts such homeomorphism, 

topological property, hereditary property,  connectedness, and regular spaces with lemma 

that we need them in this paper. 

     In section three we give the main results of this paper which are the definition of the 

strongly  regular spaces with examples. Also we have proved the following theorems: 

i) Every strongly  regular space is regular but the converse is not true. 

ii) Every  not an indiscrete strongly  regular space is disconnected. 

iii) The  strongly  regular spaces satisfy the topological property and the hereditary 

property. 

2  Fundamental Concepts 
 2.1  Definition:- Willard (1970) mentioned the following definition:    

Let (X,T) and (Y,S) be topological spaces .A bijective function YXf : is called a 

homeomorphism when both  f  and 1f  (the inverse of f )are continuous .If such a 

function exists , then (X,T) and (Y,S) are called homeomorphic . 

 2.2  Examples : Let UT denote the usual topology on the real numbers  IR : 

1- ),( ba  as a subspace of ),( UTIR is homeomorphic to ),( UTIR . 

2- ),( UTIR is not homeomorphic to (IR,I) where I is the indiscrete topology on IR   . 

2.3    Definition: Sharma (1977) mentioned the following definition:       

A property of a topological space (X,T) is said to be a topological property if any a 

topological space (Y,S) which is homeomorphic to (X,T) has that property. 

2.4 Definition: Sharma (1977) mentioned the following definition:          

 A property of a topological space (X,T)  is said to be a hereditary property if any 

subspace of (X,T)  has that property. 
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2.5   Definition: Klaus Jänich (1984) mentioned the following definition:       

 A topological space (X,T)  is called connected if it is not  the union of two non-

empty ,open ,disjoint subspaces of (X,T) :or in other words, X and the empty set  are the 

only subsets which are clopen(closed and open) .Otherwise (X,T)   is called disconnected. 

2.6  Examples 

1- ),( UTIR is a connected space .  

2-The subspace   IRX  )3,2(1,0  is disconnected . 

2.7  Definition:  
Sharma (1977) mentioned the following definition:       

A  topological space (X,T)  is called regular iff it satisfies the following axiom : 

For any closed subset F of X and Fx  ,then there exists disjoint open sets G and H s.t. 

Hx and  GF . 

2.8 Definition:  
Sharma (1977) mentioned the following definition:       

 Let (X,T) and (Y,S) be topological spaces and YXf : be a function. Then 

i) f is said to be an open function iff f (G) is open in Y whenever G is open in X. 

ii) f is said to be a closed function iff f (G) is closed in Y whenever G is closed in X. 

2.9 Lemma: 
Hu (1969) mentioned  the following theorem :  

Let (X,T) and (Y,S) be topological spaces . For any bijective function YXf : the 

following statements are equivalent : 

i)The inverse function XYf  :1 is continuous . ii) f  is open . iii) f   is closed . 

3. The Main Results 
3.1   Definition :  

A topological space (X,T) is said to be a strongly regular space iff it is satisfies the 

following axiom:  

If F is a closed subset of X and Fx ,then there exists a clopen  (closed and open ) 

subset  X of G  s.t.   FG  and   Gx  . 

3.2  Examples 

1) Every discrete space is a strongly regular space. 

2) Every indiscrete space is a strongly regular space. 

3) Let X={a,b,c} and T={X,  ,{a},{b},{a,b}},then (X,T) is not a strongly regular 

space. 

3.3 Theorem:- Every strongly regular space is a regular space. 

proof :  Let  (X,T) be a strongly regular space , F be  a closed subset of X and Fx .  

Since  (X,T) is a strongly regular space, then there exists a clopen subset G of X s.t.  

 FG    and   Gx  

. X of Gsubset  open  thein contained is  F C  

Since  . spaceregular a  is T)(X,  then.CGG   

3.4 Remark : The converse of  theorem (3.3) is not true : 

Note that ),( UTIR  is a  regular space but  it is not a strongly regular space . 

3.5 Theorem :     Let (X,T) be   not an  indiscrete topological space . If (X,T) is a 

strongly regular space , then it is disconnected .  
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Proof: 

Since (X,T) is not an indiscrete topological space, then there exists a non –empty closed 

subset F of X . 

Now if s.t. X of Gsubset   clopena  exists  there then,Fx  FG and Gx . 

  G also FG since XG  

Thus (X,T) is disconnected . 

3.6  Examples : 

 1- Since ( UTIR,  ) is connected ,then it is not  a strongly regular space ( theorem 3.5).    

2-Let       ,,,,,, dcba,,X,T and dcbaX  since (X,T) is a strongly regular space , 

then it is disconnected (theorem 3.5). 

 3.7  Theorem :  A strongly regular space is a topological property . 

Proof:     Let (X,T) be a strongly regular space and (Y,S) be a topological space which is 

homeomorphic to (X,T) . Then there exists a homeomorphsim YXf : . 

Now, let F be a closed subset of Y and . Fy  )(1 Ff  is a closed subset of X  and 

. )()( 11 Ffxyf    

Since (X,T) is a strongly regular space , then there exists a clopen subset G of X s.t. 

        )()()(fG and        -1 GfxfyFGx     also   )())(( 1 fFfGf   

But . 1-1    is ffor  ))(()())(( 11 FffGfFfGf     

                                = . onto is  ffor    )( FGf    

Since f(G) is a clopen subset of Y (Iemma  2.9) , . Ff(G) and )(  Gfy ,then (Y,S) 

is a strongly regular space . 

3.8  Theorem : A strongly regular space  is a hereditary property . 

Proof  :  Let (X,T) be a strongly regular space and ),( ATA  be a subspace of (X,T) . 

 Now let F be a closed subset of  A)F(xx and A . 

   X ofsubset  closeda  is G , GAF   and . Gx XxAx  . 

Since (X,T) is a strongly regular space, then there exists a clopen subset  W of X s.t. 

   GW and Wx andW Ax,A  ofsubset clopen  a is   WA  











                    

A                    

G)(WAF)(



WA

 

 Thus ),( ATA  is a strongly regular subspace of (X,T) . 
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