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Abstract: In this paper, we promoted numerical methods to get smooth
approximations for the sixth-order Boundary Value Problem by applied non-

polynomial spline functions .
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1- Introduction

Let the sixth-order BVP,

Y@ = f(xy), a<x<b, 1)

with the boundary conditions:

y(a) = 4y, yP(a) =4, ¥y (@) =4,
y(b) =By, y?(b) =B, y*¥ () =B, ()

where ¥(x) and f(x,¥) are continuous functions defined in the interval x € [a,b]. It’s assumed that
f(x,y) € C%[a,b] is real function and that A,, B,,i =0,2,4, are finite real numbers. The literature on
the numerical solution of sixth-order BVPs is sparse. Such problems are known to arise in astrophysics;
the narrow convicting layers bounded by stable layers, which are believed to surround A-type stars,
may be modeled by sixth- order BVPs (Toomre et al. [11]). Also in (Glatzmaier [9]) it is given that
dynamo action in some stars may be calculated by such equations . (Chandrasekhar [6]) determined
that when an infinite horizontal layer of fluid is heated from below and is under the action of rotation,
instability sets in. When this instability is an ordinary convection, the ordinary differential equation is
sixth order .

Theorems, which list the conditions for the existence and uniqueness of solutions of sixth-order BVPs,
are thoroughly discussed in the book by Agarwal (Agarwal [1]). Non-numerical techniques for solving
such problems are contained in papers (Baldwin [3], Baldwin [4]) .

Numerical methods of solution are contained implicitly in (Chawala and Katti [7]),
although those authors concentrated on numerical methods for fourth-order problems. E. H.
Twizell (Twizell [12]) developed a second-order method for solving special and general sixth-
order problems and in his later work (Twizell and Boutayeb [13]) developed finite-difference
methods of order two, four, six and eight for solving such problems. The authors in (Siddigi and
Twizell [10]) used sixth-degree splines, where spline values at the mid knots of the
interpolation interval and the corresponding values of the even order derivatives are related
through consistency relations. Sinc-Galerkin method for the solutions of sixth order BVPs was
used in (Gamel et al. [8]) whereas decomposition and modified domain decomposition

methods were used in (Wazwaz [14]) to investigate solution of the sixth-order BVPs .

327



2017 duimd] ¢ 3§ yuuaiadl§ i band| SRl ¢ i bl el ot il g

The spline function suggested in this study has the form:

T.=Span {1, x, x2, x3, x*, x°, cos kx, sin kex}
Such that k is the hesitancy of the trigonometric part to the splines function. Therefor in each
Sub-interval x; = x = x;.,, we have:

Span {1, x, x2, x? x*, x% coskx, sin kx},

Span {1, x, x?, x%, x*, x°, cosh kx, sinh kx}, or
Span {1, x, x*, x?, x*, x®x%x"}, ( k— III)

The above correlation We can explained The above correlation by the following:

T, =Span {1, x, x2, x3, x*, x°, coskx, sin kex}

= 7! . (kx)?®  (kx)®
1, x, x%, x3, x*, x°, F(kx—smkx— +E)’

(k) 2 N M) (3)
24

= Span

:;;(1 —conkx —

2- Numerical methods

We can develop the approximation to the problem (1) and (2), By divide the interval [a,b] is

into n equal subinterval and using the grid points x; =a +ih, i =10,1,.. ,n where h = b:.

For each segment [x;_;, x;], the polynomial P, _, ;,(x) has the form :
Py (x)=a;_ypsink(x —x,_y 2 )+ by pcos k(x— x;_4 13) + €i_q pa(x —
s
xi—l.-"ﬂ)

d;_1/z [x X1z )4 tei1/2 [x _x:'—ﬂ:)a + Gi-1/2 [x - x:‘—n‘:): +
Li1s2 [x - xi—l.-"!) T -2

(4)
where a,_y,2 b2 Ciqyar Qimyae €im1y20 Him1s2s Lime2 @A 7y, are constants and K is
free parameter. Let y,_,,, be an approximation to v( x,_,,, ), obtained by the segment

P,_,,2(x)of the mixed splines function passing through the points
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(%;_1/2.7:_1,2) and (%54 ,2, Vis1,2) - TO determine the coefficients in (4) at the common nodes

X aae Vs ), We first define :
i—1/2r ¥i—1,2

_ _ " _ (i) _
P12 (xz'-l_-;l'j = Vit P‘li—l.-"z (xi-l_-;l'j =Zi;, Pioapz (xz'+_;fj =My, F:-_Lli 2 (xH_;fj = Siaj
!

i=1,2,..,nj=1/2
By algebraic manipulation, get the following expressions for coefficients:
1 \
Q-1/2 T = (Si-1/2€08(0) = §sq o sin(8),

— sz

hi.—i.-'ri KB

h*k?sin(8)S,41,, — K k*sin(6)S,_, ;» + R k®sin(8)M,_, ,,
—h*kCsin(8)M,,, ,, — 6hkS,_, ,, + 6hk cos(8) ..,

—6hk cos(8)S,_, o + 6hkS., , +6hk®sin(6)Z,_, ,, — 12sin(6)5,41
+125in(6)5,_, ,, + 12k®sin(6)y,_y » — 12k°5in(0)y,+1 2

cos(&)
ci—l.-’: = EhEkG

2h2k2Sin(6)S;41/2 — 3h2k2SI(B)S,_1 /2 + 302kEsin(6)M,_y /2
—2h2kESin(6)Ms1 /2 — 14RKS;_q /o + 14hk cos(8) Sesq/2

—16hk cos(8) Sy /3 + 16hkS 41 /2 + 16hkSsin(8)Z,_1 2 — 305in(8)S 51,2
+305in(6)S;_1,2 + 30kEsin(B)y; 1,2 — 30k°s5in(B)y;41,2

20k sin(8)y,_, ;, — 20k°sin(0)y, ., ,, — h2kEsin(6)Ms1/2
CDS(H} +h2k251:ﬂ.(€}55+1f2 + 12}1;(:554.1.{2 + 8hk Cﬂﬂ:ﬂ} 554’1.-"2 + BhkSSin{E}Ei+1f2
€127 516 | ~BhkS; 12+ 3R° Kk sin(@)M;_y 5 — 3h2k2sin(8)S;_1 /2 — 12hk cos(8)S;_1,2
+12hkBsin(B)Z;_1,2 — 205in(8)S;11,, + 20sin(8)5;_1,,

1 4
Bi-1/2 = ﬁ(_si—n‘z + My K7),

(8] :
licipe = m,:s (—Sic1s2005(6) + Sipypp +Zi gy sin(6)),

5[—1,-’2—}'1—1,-“2 K®
Tii2=— 5 @=kh) (5)
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(72}
Pz‘—i (xH_J

1
- Fsiniﬂ} Sic1/2—

1
— Fms(&'} cot(d) S;
18
o Miy1/2 +
60
TREgESL2 T
3
h

h
60

3
My +

168
h3k®s
192
h3k=
24
e
384

“h3

24
2
360

i-1/2

z:‘+1£2 -

1
p csc(8) S;_ym +
60 60
TR T
360 1440
ht hS k6

?I'fl 1/2 +

Ziaja +
&0
s
72

T R*ES

i+1f2 —

T Misaz 5

h*kE

Replacing i by i + 1,i

h?

—1z2 7t
36 48

E—HCSC{E'} 55_1;2 - W CSC(I?} 5i+1.-"2 -

3 i-

@SHEHZ + FZHEI.-"E -

cot(8) S5, + 5=

csc(6) Sitasz —
192
My +335

hq.kﬁ.si—l.-'r: -

1
= cos(8) cot(8) 5;_,
120

REgE dimiz T
——csc(B) 5 +

360
cot(B) S5y m + ey

—1,i+2,i—2

+_;|')7 wheren =3,4,5

72 2
kScnt{E} Sis1s2 + e
2

Fﬂﬂt‘:ﬁ} Siz1/2 —
120

F}’th
24

36
172 T PEE
60

hEkE
168
K3

Cﬂt[zg:] i-1/2 ~
360
h*k®
cse(6) 5,4

Zi+3f2 +

h3k=
360
F}’:‘—n‘:

360
e h*k3
720

F ¥i—az +

hu FI"fl+1..'

——escl(8) 5;_
720

360
h

360
cot(B) 5, + T

720

i+z3fz —
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WSHEHE -
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5i+3.-'r2

2
- Ecut{ﬁ‘] Siv1iz —

1440
s Yisrz F
hek®

1
cot(d) Si_y + E5555i+!.-r:

. We obtain,

4
kEcat{E} Sic1a + e

18 3

24
h:
csc(8) Sirapz —

k

Sizasz T
360
R
168
B3

Yitasz

i—1,/2

120

2
12 T
a0

720

i+z3fz —

Zi1s2 +

60
P Yitasz

h? k*

24
PETS cot(6) S;13/2

mSHL’E + ﬁsi—lﬂ %

1
—csclf) Siaam

24
?MHHIZ

pEpy Sitaf

——escl(B8) 5,400

Sira

hE Yitafz

WSHL-"E

By using the continuity condition for third , fourth and the fifth derivatives at (x;_y /»,

)= Pel:n} (x,

-

3
Mi_1/2
120

N

in Egs. (6), (7), (8) we get the following equations:

¥io la"")le'

(7)
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1 72 24 24 3
—FSIH(E} Siv1/2— PP ——zcot(f) ;230 + PP ——=cot(f) Sisq/2 + PP cot(f) S;45/2
1 18 3 3
- FCGS{E} cot(8) Si41/2 + Fmt‘:&} Sisasz — mSHEIE + ﬁi’"iﬂf: - EMHL’Z
13 36 43 24 120
oMz + WCSC(E’} Sin1/2 T8 csel8) Sisazz— Rl YogaSua (= 0,
60 60 120 36 60
e 2 TEYisve T g Ve Yogs cse(6) Sies/2 — 3 Yiss/2
3 3 24 &0 1
n Miszs + ESHEIZ + FZHEIE - WSHEIE - FCSC('?} Sit5/2 J
1 72 24 24 A
— 3 5(8) Sy-3/2 — 73756006 Sima/2 + 555 c0HE) Simg/2 + 5775 cOUE) Sivay2
1 2 13 3 3
- FCDS':B} cot(8) S;—z2 + FCD‘J‘:E} Si1/2 — ﬁsi—lﬂ + mﬂ—a;: - EME—EI.-"E
13 36 43 24 120
+FME'—1.-'“' h_ kECSC(e} 5! 3,2 —WCSCG?} 55_152_?35_352 +WFE_L{2 = {]_.
60 60 120 36 60
—W&—as‘: 3 Yi-ar + F}’i—lh e csclB) 55172 — 3 Yis1/2
3 3 24 a0 1
% Miy1/2 + @iﬂ'ﬂf: + FZHL-’E - WSHL-’Z - FCSC(E} Sir1/2 )
1 72 24 24 A
—Fsiﬂfﬂ} Sitasz— ﬁc'ﬂt(ﬁ'} Sitssz T WCM(&} Sitasz T WCMW} Siv7/2
1 2 18 3 3
s —5cos(8) cot(f) 5;45/2 + P —cot() 5252 — mfﬁsn + ESHEIE - EMHE.-"Z
13 36 43 24 120
+? Miygr2+ PE kEcsc(ﬁ‘} Sitarz — PP csc(8) Sizs/2 _FEHEI.-"E + WSHEIE r =10,
60 60 120 36 6l
- WSHE.-’Z ~ paYitan + ﬁ}’ﬁsh Py csc(8) Siaqpz — 73 Yit1r2
3 3 24 &0 1
EMH?.-"E + ESHTIE + FEH?,-‘: - WSHNE - chc{ﬁ'} Si+7/2 )
1 2 24 24
—Fsm(ﬁf} Sics/2— e ksmt(&} Sicasz h9k5mt(3} S5+ P kEcat(E} Si—1/2
1 2 18 3 3
33 —cos(8) cot(8) 5,2 + P —cot{f) S;_z2 — ES:‘—HIE + ﬁi‘—sm 4 Mi /2
13 36 48 24 120
+?Mf—3."ra h kECSC(B} 5! 5.""& h- kEC‘gC(E} 52 3.""4 h: ZE_E.'FE_'_WSE_E.I: = ﬂ"
60 60 120 36 &l
- er—sﬂ ~ 53 Yi-5/2 + ?}’:‘—ah PP ——<csclf) Siq/0 — 73 Yi-1/2
3 3 24 60 1
T Micy2 ¥ 3 Sicye T 35l TEpESi-e T FCSC(E} Si-1/2 )
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8 168 24 24
e —5=c0t(6) Siygpn + PE ks.':'f"t('?} Sit1/2 ~ jgpadivsiz T Misss
192 168 360 360
S csclB) Sipsn — PE —3 Zitsz + WSHE.-"Z"'F}’HEK:
24 24 192 168
+ PE: k45i+1£2 iz Mis1/2 + PEPSS csclf) Siz12 — FZHL"E
384 360 360
_FZHE#’Z _WSHL-"E —E Vit
168 168 24 24
- haksmt(&} Sit1s2 T _hgkgcﬂt(fﬁ Si—3r2 — WSHL"E + FMHL’E
192 168 360 360
s csclB) Sipq/2 — 3 —5 Zis12 + WSHL"Z'FF}’HL’:
24 24 192 168
+ hZ k45i—3s’2 - F“z‘—ah PEPS csc(8) 5, -3/2 7 3 Zi-ays2
384 360 360
—?35—1;: _st—aﬂ —F Yimare
168 168 24 24
- haksmt(e} Siv7r2 T _hgky?f‘t(f?} Sivarz — W-FH?.-"E + FMH?.-"E
192 168 360 360
s c5clB) Sipqyz — 3 —5 Ltz t WSHNE"‘F}’HN:
24 24 192 168
+ hZ k45i+3.-"2 - FMHHL PEPS csel(@) Sitasz — he 212372
384 360 360
_?ZHEIE _WEHE,-"’E - F}’HE;’:
8 168 24 24
hEkECGt(E} 5: 1/2 hEkECGt(E} 5: 52 — WSE_L‘T + FME_L.":
192 168 360 360
S cselB) Siq/2 — PE —g L1zt W&—lf:"‘?}’i—lﬂ
24 24 192 168

toaSese — aMisn i cse(@) Si_z — 5 Zi-ss2
384 360 360

FZ:‘—EKZ - er—sf: 7 Yi-s/2

120

1 2
ECSC{E:] Sipriz +— cus{E:] cot(8) 5.1 Ecut{ﬁ':] Sisarn — W.S'[H;:

a0 6[] 120
+

380 1440 720 720 1440 60

e sz Ty Sea T e dieaiz T E Yiswz T Visan TigigSiess

&0 360 360 720 720
—h_!ﬂ’f[_'_s.{: + h-i ks ESE{E:] '5‘|_+5|. +

720
RAkS

T Ziesiz T yEpe tiesiz T pE Yissh

360 360 1
——cotl8) Sipap + 5= P cot(8) Sipspn + 7 .

h-d' ks. cut{ﬁ] IS|l+1..': +

332

60 720
h':l Fi:i 51+1.' hu ‘wl+1.' h-! "?I"f[+!."': + hd_ks ':'5':"{9:] ‘5‘[+1."': - WESE{E:] ‘5‘[+!.-":

€5 € 51452

F =0,
¥,
x}_ﬂj
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:_ﬂj
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w}ﬂJ
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1 2 120 3
Ecsc{ﬂ:] Si_a +— . cus{ﬁ':] cot(f) 5;_gm — Ecut{ﬁ] Sisqrn — W.S'[_l;:
60 a0 120 a0 720
+W5[—za’: - E‘M[—!.": + h_gM[—ia’: + = W L5 o csclB) 5 g — 4_k5'5'5'5":'9:] Sic1/2
3a0 1440 720 720 1440 a0
e i T E Siee T dimae T s Yiman T Viewz g Sieys =0 (18)
a0 3e0 360 720 720
_EMHH: +: PRy —ocsclf) Sivaz t =7 e Zivajz — ﬁgiua’: - F}’[uf:
720 360 360
T ——cot(@) 5,0 + == P cot(B) Si_am + == P cot(B) S;pym +— - csc{E:].S'H_L;-
1 1 2 120 3
E'?S':":E] Sisasz + EWE{E:] cot(8) 5i.a/7 — Efﬂt{ﬁj Siss/z — Wsnsa’:
60 60 120 0 20
+M‘5‘[+!.’r: _F‘M[+!.- hu ‘Ml+5.u hd'n[iis' ESE{E':] I5|l+'5'.u hd_ks. ':5':"{9:] ‘S‘l+5-."'"
3a0 1440 720 720 1440 a0
e s T Ee Siesia T yEpe e T gE Visaz T o Viesz Fmpm S =0 (19)
a0 3e0 360 720 720
- E‘M[+?."': tias R4S ESC{E:] 51+ iz T h_42[+_'."': - M‘SH iz~ F Yi+7/2
720 360 3a0
T ——cot(f) 5;crn + 5= e cot(f) Sipapm + — = e cot(8) S;zm +— csc{EjSH—;-
1 1 2 120 3
Ecsc{ﬁ':l Sigir + Eaus{ﬁ] cot(f) 5;_cm — Eaut{ﬁ] Siiarn — Wji_”:
60 a0 120 0 20
+W5[_5;: _EJ.M[_E“,’: + h,l J.M —a/2 h_d'ks‘ I:'SI:'{E:] 5[_5.,‘ h""ks I:'SI:'{E:I Sl 1,2
3a0 1440 720 720 1440 60
_h_d_zi—ﬁ.'r: + hELE 5[—!."': - hELE 5[—5."': _F}"[—E.’r: + hE ¥i-z/2 + hEL4 5[—1.1": =10 {2[]:]
60 3e0 360 720 720
_F‘M[—L.": +: RALE —csclg) Si_yz + h_g,zi—l.": - ﬁgi—u’: _?}’[—ﬂ:
720 3a0 3a0 1
T aRE —— cot(g) Siiapn + 54— e cot{g) Siisn 5= e cot(g) Sy + Ec‘sc{ﬁ‘j.ﬂ_l;:

By solving equations. (3) - (19) together, we can remove Zsand M's . The obtained values of Z's and
M's are used in Eq. (3), which result, after lengthy calculations the following recurrence relation |,
Yi—7/2 —O0¥i—ss2 T 15V 3,2 —20¥; 1,0 T 15¥51/2 — O¥i43/2 T Visssa

= h®{a [Se—wz + 5:‘+5£2] + 1'9(5&—5;2 + 5:‘+3£2] + T[:sz'—a szt 5:‘+1£2) + 85,12 (21)

where
B 1 ( 120 20 N 1 N 120 )
120\ B¢ @3sin@ ' Bsind = O5sink
g = 1 ( 40 2cosd + 720 480 240cos8 + 26 N 406056‘)
120\ @3sinf  Bsind B&  BSsinf Besinf Bsinfd  H3sind
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B 1 ( 100 N Y N 960cos0 N 480 1800 52cosf N Bﬂcasﬁ)

r= 120\83%sinf  Bsinf B5sing B5singd ge B=ind B3gingd
B 1 (2400 960 20 132cosf 240cosf N 52 1440(7955') -
120\ @¢ Bsing  B3sind B=ind B3sind Bsing B5singd (22)

fori =4,5,6,..,1n— 3.
i 1

Here 4 (a, B,y,8) = p— (1,120,1191,2416), which is the polynomial case as mentioned
in Eq. (3) .

The local truncation error t;, associated with the scheme developed in (21) is

t; = Ceh®yy + 7y + Ceh®y7 + Coh%y] + Cioh™y% + €k y?

+C12h12}’z'12 + Clahla}’iﬂ + C14h14}rz_14 + 0(h™), (23)
where
C,=—(—1+2a+2F+2y +6),

(—1+2a+2B +2y +6)
7 »
2

(=3 4 74a + 348 + 10y + &)
g — = »
8

c _ (=74 218a +98fF + 26y +4)
5= :
48

_ (121 +5302a + 7068 + 82y + 6)
0 1920 ’

_ (—77+13682a + 2882F + 242y + &)
i 3540

¥

(6227 +2133274a + 163548 + 730y + §)
2 967630 ’

_ (—3353 + 3745418a + 759388 + 2186y + 6)
13 1935360

r

(—4681 + 6155426a + 3971868 + 6562y + &)
10321920

Cia= (24)
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So for different choices of . £, ¥. & in scheme (21), methods of different order are obtained. The
relation (21) gives n — 6 algebraic equations in n unknowns v, ., ,, ,m = 0,1, ..,n — 1. We require
six more equations, three at each end of the range of integration, for the direct computation of v, ., .
These equations are developed by Taylor series and method of undetermined coefficients . “Generally
from the boundary equations of the main scheme is as following :
20V — 35¥1/2 + 21y32 — T¥5/2 + V772 + TV52
= ayh?y? + Bihty,”

+ h® (ai} ay

—10y, + 21}’1;" — 21y3,2 + 15¥5/2 — 6¥7/2 + Vos2

&) ) (&
o+ -’31}3;?- + '51}5;?- + dﬂ”;". + ei;.}ﬁ +gi}113',,.) (25)

|4:|
= a,h? }u +,|5’ h*y
+ hE a}ﬁlﬂa L o Ot TR o 26
172 T 02¥3/2 F C2¥ga ¥ Q2Yq,2 T+ €2Yg,2 T G2Y11/2

2y — 7vys2 + 15¥3,2 — 20V52 + 15¥7/2 — 6¥gs2 + V1112

4 (2 (4 = =)
= azh®y, :'+,E'3h4y[; :'+ he(a3}1;ﬂ+b3}3;ﬂ+ 53}5;ﬂ+d3}”ﬂ+ 93}952+33}n;"ﬁ) (27)

The remaining three equations at the other end can be obtained from (25), (26) and (27) by writing
them in reverse order. The constants a;, b;, c;.d;, e;, g, @, 5;, and T are parameters which must be

chosen so that the local truncation errors of (25)-(27) are identical with (21) .

3- Convergence

The family of numerical methods is described by the Egs. (21) boundary equations and the

solution vector ¥ = [¥y 5, ¥3/2, s ¥n_1,217. T denoting transpose, is obtained by solving a
nonlinear algebraic system of order n which has the form :

AY +hEBf(x,Y)—C =0, (28)
Now we investigate the error analysis of the seven-degree non-polynomial spline

method described in Numerical Methods to do so we let ,
y = {y{xi+ﬂ2}),‘r’= (¥i21/2),€ = (), T=(t) and E=(ess,), are the n-dimensional column
vectors. where e, = V21,2 — ¥iz1,2 fEpPresent the discretization error for i =4, ...,n —4,

So, the introduced method can be write in the matrix form:

Aoy —h®°Bf(x,y) — C = 0, such that,
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-—35
21

L 0

21
—21

R

—21
21

12

—35

(29)

where a = [~7.1,0, ..,0],b = [15,—6,1,0, ...,0]. Where T indicate the operation for transposition

and for a row vector v = (Vi,Va, .

V),V = (v, v,y ... v;). Further, a, b are (n-4)

dimensional row vectors. The matrix M = (m;) is a seven-band matrix of order (n-4) given by

—2U,1 =] = L4, .

15,
mi'j = _6’
1,
0,

ra,

i3

3

o

B =

li—jl =1,
li—jl=2
li—jl =3
li—jl =3

by ¢ d
b, ¢ d,
by ¢3 dj
a

-

s

The column vector C is given by

4

3]
=]

[ = PR =
I

=

=

w
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[—204; + ayh*Ay + B, A°A, ]
104y + aph’d; + B, 1% 4,
~24y + azh’Ay + B R A,

0

0
~2By + a;h’B, + B,h’B,
10B, + ayh’By + B,h° B,

[-20B; + a,h°B, + §,h°B,]

The vector v = [¥y /2, ¥as20 s ¥u_1,2]" Satisfies
AY +hPBf(x,¥)—C =0,

Here T = [t..t;,....t,] represent the vector of local truncation errors, and a conventional

convergence analysis shows that the norm of the vector

E=vy-Y
satisfies:
IE|| < (b-a)® x {C.heV, + C,RV, +
= = 1g080—(61(b—a)f+1TERE (b—a)*+250R% (b—a) T+ 225 RE) BV F g% T8 7 7
Coh®V, + Ch°V, + € h1V, + €y RV, + C RV, + -0 ), (33)

max dl}":-":'

where V; = Zl—

| fOI‘L=1,2,, Bé::”B”,andF%‘: Max ar |

asx=b1 gy (x)x
The order of convergence of the numerical method is, thus p, if €, 4 is the first non-
vanishing constant on the right hand side of (23) provided

(b —a)®

F${: 2 a4 6
(m(b — @)+ 175h*(b—a)* + 259h*(b— a)? + 225h )

(34)

4- Numerical Result and Discussion
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We tested our numerical methods on the nonlinear and linear problems as following:
Firstly: Nonlinear problem

Let the nonlinear sixth-order BVP,
y(x)=eFy?(x), 0< x< 1, (35)
with to the following boundary conditions:
y(0) =y () =y*(0) =1, y(D) =yP (M) =y¥ (D) =¢ (36)
The theoretical solution for this problem is
y(x) =e*. (37)
Secondly: linear problems
Consider the linear sixth-order BVP,
yE ) +xy=—(244+11x+x¥)e*(x), 0=x =1 (38)
With boundary conditions:
y(0) =0 =y(1).¥*?(0) = 0,y P (1) = —4e,y*¥(0) = —8,y*¥ (1) = —16e  (39)
The analytical solution of the above differential equation is
y(x) = x(1—x)e*, (40)
The results of maximum errors (in absolute value) for two presented problems are listed in
table (1), where we show that our new method (21) that we have used to resolve the problem
(1) was better than [14,5,2] in its performance after comparing with the results of [14,5,2] .

Figs. (1) and (2) show graphs of exact and approximate solutions for various of n . Error

graphs are shown in Figs. (3), (4) .

Table (1)

Sixth order ) Akram and

n Wazwaz [14] | Boutayeb and Twizall[5] o
method Siddiqi[2]
1 4.55% 10°° 2.33x 1073 2.41x 107¢ 1.04x 107
3 3.577x 1077 1.299x 10~* 3.77x107® 9.2x 107°
5 5.96x 10710 4.42x 1077 7.56x 1070 6.58x% 107°
7 2.68x 1071 3.39x 1078 2.25x% 1071 6.86x 1077
10 1.97x 10713 7.00x 1071 4.55% 10713 7.33x 1078
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Figure (1): Sketch for solution for problem (1), n = 1,2,3,...,10
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Figure (2): Sketch of solution for nonlinear problem (38) , n = 1,2,3, ...,31
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Figure (3): Error Sketch for problem (1), n = 1,2,3, ...,10
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0 5 10 15 20 25 30 35

Grid points
Figure(4): Sketch of solution for nonlinear problem (38) ,n = 1,2,3, ...,31.

4 Conclusion

If we used the Non-polynomial spline functions to develop a class of numerical methods to
approximate solution of sixth-order linear and non-linear BVVPs , with two point boundary conditions.
Sixth- order convergence is obtained. It has been shown that the relative errors in absolute value

confirm the theoretical convergence .
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