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Abstract

In this paper we discussed the existence of ( k, n; f ) – arcs of type ( 1, n ) in the projective
plane of order nine; when  Im( f ) = { 0, 1,  } and  1<  < n, where , i.e.  n = 4  or
10. For this purpose we use the technique in reference [12] and we deduced the example
(19, 4; f ) – arc of type (1, 4)  when  = 2, and we have an ordinary (13, 4) – arc of type (1, 4)
in PG(2, 9), when  = 3. Also we have the examples ( 46, 10; f ) – arc when  = 2  and the
monoidal ( 11, 10; f ) – arc when  = 9, which is of type  ( 1, 10 ) in  PG( 2, 9 ). Also we
proved there are no                 ( k, 10; f ) – arcs of type (1, 10), in PG(2, 9), for other values of
 (  ≠  2  and  9 ) .

Introduction

In the last years the study of finite
projective spaces has been
developed in many different
directions. Recently generalizations
of the notions of – arcs
and – caps were given and
studied by various authors. In 1971,
M. Tallini Scafati [13] introduced
the notion of a graphic curve with

“multiple points” of order in a

finite projective plane over
; a later paper [10] by A. D.
Keedwell pursued further
investigation about graphic arcs
with “multiple points”. In 1978, A.
Barlotti [2] presented the notion of
a set of kind s relating
this purely geometrical concept to
some combinatorial questions.

Among them there is the “packing
problem” which is known to be
important in the theory of factorial
designs and in the theory of error
correcting codes. The
set of kind 2 in a projective plane,
also called arcs,
where studied by M. Barnabei [3].
Then, the study of the weighted

arcs of type in a finite
projective plane was developed by
E. D'Agostini [4] and the study of
the weighted arcs of type

in a finite projective
plane was developed by B. J.
Wilson [15], F. K. Hameed [6] and
M. Y. Abass [1], also the weighted

arcs of type was
developed by R. D. Mahmood [11]
and M. Y. Abass at el   [8]. The
notion of weighted arc of type
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introduced by G. Raguso and
L. Rella [12]. Also, F. K. Hameed [7]
generalize the results of the
monoidal arcs in PG(2, q ).

In this paper we investigated
the weighted arcs of type
and its properties in the finite
projective plane of order nine.

1. Preliminaries

We will denote by the
projective desarguesian plane of

order , by the set of all
points of the plane and by the
set of all lines of the plane. Then

having points
and lines. Each line

contains points and
through every point there pass

lines. Also the projective
plane has the following properties:

(1) Any two points have exactly
one line joining them and
any two different lines meet
at just one point.

(2) There exists four points, no
three of them are collinear.

Definition 1.1.[9]

(k, ) – Arc in PG(2, q) is a set of  k

points no of which are

collinear, where . Write
simply  k – arc for  (k, 2) – arc.

Definition 1.2. [9]

A line in PG(2, q) is an –

secant of a ( k, n) – arc if
. Let denote the

total number of – secants to

in  PG(2, q), then the type of
is defined by .

Lemma1.1.[9]

For  a arc , the

following equations hold :

;

For any function f from
to the set of natural numbers  N

we will say that is the weight

of the point . From such f we
may define a function F from
to N  in the following way:

and we will say that is the

weight of the line . Moreover, if

we will also say that

is a “ – weighting ” line.

Definition 1.3.[5]
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A arc in is a

function such that

support of ( the points of

non – zero weight ) and

.

Let us remark that an ordinary

arc is a arc with

Im .

Definition 1.4.[6]

For any arc the underlying arc
is the ordinary arc whose points are

all the points of .

Definition 1.5.[7]

A arc is called monoidal if
Im f = { 0, 1,  } and .

Definition 1.6.[5]

The characters of a arc are the

integers

.

Definition 1.7.[5]

The type of a arc is the set of
Im F . To write explicitly the type of

we can use the sequence

where
and .

Let us use the following
notation:

, and

will be called the weight of

.

and ,

.

indicates the set of all lines

through the point .
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It is well known from [5] that:

(1.1)
.

(1.2)

.

(1.3) .

(1.4) .

A useful result, mentioned in [5],
is the following:

If there exists a point of a

arc such that every line

through it is a – weighting line,
then

(1.5)

(1.6)  If and

, then .

Hence .

An arc with weight such that the
equality holds, is called maximal. Of
course, a maximal arc is also such
that through a point of maximal

weight there pass only –
weighting lines.

Finally we shall recall [5] the
following relations concerning the

characters of a arc :

(1.7)

(1.8)

(1.9)

2.  ( k, n; f ) – arcs of type ( m, n
)
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From now on, shall denote a

arc of type , where
. Let firstly state the following:

Lemma 2.1.[6]

The weight of a of
type satisfies:

.

We call arcs for which the
values in lemma (2.1) are attained,

maximal and minimal of type

respectively.

Theorem  2.1. [6]

Let be a of type
and let and respectively

the number of lines of weight
and the number of lines of weight

passing through a point of

weight . Then

Theorem  2.2.[6]

A necessary condition for the

existence of a of type is
that:

;

3.  ( k, n; f ) – arcs of type ( 1, n )

In this section we discussed ( k, n; f

) – arcs of type . Then
we get the following properties as
in [12]:

(a) Im f { 0, 1,  };

( b)  The weight of a ( k, n; f ) –
arc satisfies:

.
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(c)

(d)  From theorem (2.1) we have:

and

.

(e)  The characters of a ( k, n; f ) –

arc of type are given by:

(f ) The weight of the plane
must be a root of the following
equation of degree two:

(3.1)

Proof: (a) suppose that   Im f { 0,
1, …,  }; then for

and this contradicts
with lines of weight 1.

(b) From Lemma (2.1) with .

(c) From Theorem (2.1) with

.

(d) From Theorem (2.2) with

.

(e) From the equations (1.7) and

(1.8) with only.

(f ) From equation (1.9) and part (e)

with only and .

Proposition  3.1.

A necessary condition for the

existence in a projective plane
of order  q  of a ( k, n; f ) – arc of

type with is
that the total weight of the plane is

.

Proof : see [12, proposition (1)].

Also from [12], we have the
following:

By (3.3) it follows that ,
and so

.
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In this paper we take , and
since or

.

4.  The case in which

In this case we have

. Then

.

If then we have the
following theorem:

Theorem  4.1.

In a projective plane of order  q
the  (k, 4; f ) – arcs of type (1, 4)

with are precisely those
which have as points of weight  1
the points of a (2q-2, 4) – arc of
type (0, 1, 2, 4) having three  0 –
secants and       3(q-1)  2 – secants

and as points of weight the
points of intersection of the  0 –
secants .

Proof : See [12, Proposition  (5)].

Now, if , then from
(3.3) we get:

Then  Im f = { 0, 1 } and we have an
ordinary (13, 4) – arc of with only

1 – secants and  4 – secants in
PG(2, 9), which is represent as a
subplane PG(2, 3) of  PG(2, 9) as in
[1, p.7 – 8 and p.74].

5.  The case in which

In this section we discuss the (k, 10;
f ) – arcs of type (1, 10) in PG(2, 9).
From theorem (2.2) we must have

, and , this implies

that take one value from the
set  { 2, 3, 4, 5, 6, 7, 8, 9 }.

If and

, we have
the following theorem:

Theorem  5.1.

In a projective plane of odd
order  q  the  (k, n; f ) – arcs of type

(1, n) with and

are precisely those which
have as points of weight  1  the
points of an oval and as points

of weight the interior points of
.

Proof : See [12, Proposition  (3)].

Now, if , we have the
following:

In equation (3.3), substitute

and , we get:
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, and
.

Since , we have no more
than three points of weight  3  on a
line. Then the points of weight  3
form (21, 3) – arc in PG(2, 9), but
Thas [14], shows that such arc does
not exists in PG(2, 9). Then we
obtain the following theorem:

Theorem  5.2.

There is no (31, 10, f ) – arc of type
(1, 10) in PG(2, 9), in which
Im f = { 0, 1, 3 } and the points of
weight   3  form (21, 3) – arc .

Now, let us take . But in
this case does not occur that

, because   4  does not divisor
of   90. Hence we deduce the
following theorem:

Theorem  5.3.

There is no (k, 10, f ) – arc of type
(1, 10) in PG(2, 9), in which

Im f = { 0, 1, }.

The next value we must be take

is , and for this value we
have:

, and .

Also from equation (3.2), we get:

We note that there are at most two
points of weight  5  on a line

because . Then the points
of weight  5  form  9 – arc and from
Hirschfeld  [9, Ch. 14], there is a
unique projectively distinct  9 – arc
in PG(2, 9), and we can take  the   9
– arc as:

{ (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, ,

), (1, , 2 ), (1, , ), (1, ,

), (1, , ), (1,1,1) }, where
.

From Mohammed Yousif Abass [1],
we have the projectivity which
permutes the points of  PG(2, 9), as

Let , then
.

Then the points of the   9 – arc take
the following numbers respectively:

{ 1, 2, 3, 5, 9, 23, 43, 53, 63 }. Since
there are only  1 – weighting lines
and  10 – weighting lines, then the
2 – secants and  1 – secants of the
9 – arc ( ) are  10 – weighting
lines of the (19, 10; f ) – arc in PG(2,
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9). Then from Lemma (1.1) with

, we have the following:

Since   2 – secants and  1 – secants
of are  10 – weighting lines of
the (19, 10; f ) – arc in PG(2, 9),
then ,   but

, and this contradiction. Hence we
get the following theorem:

Theorem  5.4.

There is no (19, 10, f ) – arc of type
(1, 10) in PG(2, 9), in which

Im f = { 0, 1, }.

Now, we discuss the case in

which , then we have
, and this implies that the

line joining two points of weight  6
has weight  12, and this is

contradiction because ,
the maximum weight of the line.
Hence we obtain the following
theorem:

Theorem  5.5.

There is no (16, 10, f ) – arc of type
(1, 10) in PG(2, 9), in which

Im f = { 0, 1, }.

Also when or
, there is no (k, 10, f ) – arc of type
(1, 10) in PG(2, 9), because    7   and

8,  does not divisor .

The last case in which ,
then we have the following
theorem:

Theorem  5.6.

The (k, n; f ) – arcs of  PG(2, q), of

type (1, n) with ,
are precisely the monoidal (k, n; f )
– arcs having as points of weight  1
those of a line .

Proof : see [12, proposition (6)].
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الخلاصة:
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-في ھذا البحث ناقشنا وجود الأقواس  ( k, n; f من النوع ( (1, n) في المستوي الاسقاطي من الرتبة
)Imالتاسعة؛ حیث  f ) = { 0, 1,  و { 1<  < n و أي إن       n = 4 أو  n = 10

لھذا الغرض استخدمنا الأسلوب في المصدر.  [12] -و استنتجنا القوس ( 19, 4; f ) من النوع  (1, 4)
عندما  = 2 -والقوس (13, 4) العادي من النوع  عندما (4 ,1)  في 3 = PG(2, 9) كذلك حصلنا . 

-على القوس  ( 46, 10; f عندما (  = 2 -و على القوس  ( 11, 10; f ) عندما الأحادي  من 9 =
في (10 ,1)النوع  PG(2, 9) -أیضا برھنا عدم وجود الأقواس . (k, 10; f ) من النوع  في (10 ,1)
PG(2, 9)  لقیم  بین و 2 9 9 ) )ولا   ≠  2 .


