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Characterizations of a-Light Mappings

Khalid .Sh. Al-Shukree
Department of Mathematics, College of Education, Al-Qadisiyh University

Abstract:

In this work, we give the definition of a-Light mapping for the first time (to the best of our knowledge)
and investigate some of its several properties and characterization .Also, we study the relation between this
concept and the concept of light mapping and we proved that the pull back of the a-light mapping is also a-
light mapping.
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1- Introduction
Njasted (1965) gives the definition of a-open set and studies the properties of it. Also,
(Mashhour et al.,1983), give the definition of a-continuous and a-open mapping and study
the properties of it. Throughout this work, (X,t) simply space X always means topological

space . A subset A of (X,1) is called o-open (Njastad, 1965) if AC (K) .The
complement of an a-open set is called an a-closed set. The intersection of all a-closure sets
containing A is called the a-closure of A, denoted by (A)*. A subset A is called a-closed if

and only if A=(A)* a point x e X is said to be an a-interior point of A if there exists an
a-open set U containing x such that U < A.The set of all a-interior points of A is said to be
a-interior of A (Mashhour et al.,1983) and denoted by ( A°)“ .It is clear that every open

is a-open but the converse is not true. We denote the family of all a-open sets of (X,t) by t*
. It is shown in (Njasted ,1965; Ohba and Umehara, 2000)) that each of t—t* and t* is a

topology on X. A mapping f-(X,z)—(Y,0) is said to be a-continuous iffor “z f (V) e
every V o ,and, equivalently, if for each x € X and each open set V of Y containing f(x) ,
there exists U er“with xeX such that appingA m 2006)). Latif,(.f(U)cV
f:(X,;tr)—(Y,0) is said to be a- open if each a-open set U in X,f(U) is a-open set in Y. and f is
said to be a-closed if each a-closed set U in X, f(U) is a-closed set in Y (Latif, 2006)).

2- - connected spaces

Now we introduce the following definitions:-

2-1 Definitions:

1- let X be a space and A,B be non empty a-open sets , then we say that A/B is
a-disconnection to X if X = AU B and ANB=¢.

2- let X be a space , X is said to be a-disconnected if there exists a disconnection A/B to X,
other wise we say that X is a-connected.

2-2 Definition:

Let X be a space and let G a non empty subset of X and A,B non empty  a-open sets in X,

then A/B is said to be a-disconnection of G if
1-(AUB)NG =G

2—(AUB)NG =¢
other wise G is a-connected set.
2-3 Example:

let X={a,b,c} and t is a discrete topology defined on X note that {a}/{b,c} is a a-
disconnection to X. Also {a}/{b} is a a-disconnection to the subset {a,b} of X.
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The following theorem is given in (Mashhour et al.,1983).

2-4 Theorem:

Every a-connected space is connected. but the converse may not be true.

2-5 Definition:

A space X is said to be totally a-disconnected if for each pair of points a,be X there is an
a-disconnection A/B of X witha € A and be B.

2-6 Remark:

Each totally disconnected space is totally a-disconnected space. but the converse is not
true for example let X={a,b,c} and z={¢, X, {a},{b,c}}.It is clear that X is totally a-
disconnected space but X is not totally disconnected space because there is no exists a
disconnection of b,ce X .

The following example is given in (Khalid, 2004)).

2-7TExample:

The set Q of rational numbers with the usual topology is totally a-disconnected set. (since
Q is totally disconnected set with the usual topology.

Now we introduce the following definition:

2-8 Definition:

A mapping f/-X—Y is said to be a- homeomorphism if

1- f is bijective mapping.

2- f is a-continuous mapping.

3- f is a-open or a-closed mapping.

Now the following theorem shows that the totally a-disconnectedness is a topological
property.
2-9Theorem:
let X and Y be two spaces, and let f:X—Y be a a-homeomorphism .If X or Y is a totally a-
disconnected so is the other.
Proof:

that X is totally o-disconnected and let Y, Y, €Y such that yi# y» .since f is bijective

mapping then there exist two points X;, X, € X such that xi# x2 and f(x1)=y1 , and f(x2)=y
since X is totally a-disconnected space , then there is a a-disconnection U/V such that
X €U,X, €V since fis a-homeomorphism then each of f(U) and f(V) are a-open sets in
Y but fU)UfNV)=fUUV)=f(X)=Yand since f is one-to-one then

fUNFNV)=fUNV)=f(g) =¢e Xand is totally Yhence , ¥, € f(U),y, € f(V)
a-disconnected space .
3- a-Light mapping

The following definition is given in (Whyburn,1942))
3-1 Definition:
A mapping f: X—Y is called Light mapping if f 1(y) , is totally disconnected set (relative
topology) for all Y € Y with (i-e each component f%(y) is singleton)

3-2 Example:

let (O,7u) be the space such that zy is the usual topology defined on the set of rational
numbers Q and let ({k},7i) be indiscrete topology for k € R.and let f: (Q,7u) — ({k},7i)
mapping defined as follows : f(x)=k for all x €Q note that f (k) =Q and since Q is totally
disconnected set (2-7) , then fis Light mapping.

Now we introduce the following definition:
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3-3Definition:

A mapping £ X—Y is called a-Light mapping if f "(y), is totally a- disconnected set
(relative topology) forally €Y .

3-4 Example:

The example (3-2) we note that f is a-Light mapping it easy from (2-6).

3-5 Theorem:

Every Light mapping is a-Light mapping.

Proof:

It is easy from (2-6), that if f *(y) is totally disconnected set in X then f *(y)is totally o-
disconnected set in X.

3-6 Proposition:

let :X—Y be a o-Light mapping and let G < X, then the restriction mapping f|c
:G—f(G) , is also a-Light mapping.

Proof:

to show that for all ye f(G), f*(y)NG is totally a-disconnected set in G. let a,b

€ f(y)NG then ab e f*(y)and since fis a-Light map then for all y €Y, f*(y) is
totally o-disconnected set in X , that is there exists a a-disconnection A/B such that

(AN FHy)UBN f(y) = f*(y)and
(AN fHy)NBNFH(y)=¢

Such that A,B are disjoint a-open subsets of X, and a € A,b € B now to show that A/B is
a-disconnection to f *(y)NG also .since

(@GN FHYNNAUGN T yNNB) =GN (fF(YNAYUGN(f(y)NB))
=GNI(fF'MNAUF(y)NB)=GN f*(y)and

(@GN FFYNNANCGN T YNB) =GN (F(Y)NAYNGN(f(y)NB))
=GNIfF*MNANFET(YNBI=GNg=4¢

Such that (GNf(y)NAGNT(y)NB are two disjoint a-open sets, hence

f(y)NG is totally a-disconnected set, | ¢ is a-Light mapping.

Now we introduce the following definitions:

3-7 Definition:

A mapping f-X—Y is said to be totally a-disconnected mapping if each totally a-
disconnected set U in X, f(U) is totally a-disconnected set in Y.

3-8 Definition:

A mapping f:X—Y is said to be inversely totally a-disconnected mapping if each totally a-
disconnected set U in Y, f-}(U) is totally a-disconnected set in X.

3-9 Proposition:

let fi.X—Y and f.-Y—Z be two mappings, then f=f, ofi.X—Z is a-Light mapping if fy is
inversely totally a-disconnected and f2 is a-Light mapping.

Proof:

to prove that for ze Z, f*(z) is totally a-disconnected set in X. letze Z then
f(z) = (f,0f))*(z) = f,"(f,*(2)) and since f2 is a-light mapping then f.’(z) is totally
a-disconnected set in Y and since fi is inversely totally a-disconnected mapping then
£, (f,7(2)) is totally a-disconnected set in X, but f *(z) = f,(f,™(2)) , then f7(2) is
totally a-disconnected set in X.

3-10 Theorem:
let f2X—Y be the composition f = f,of, of two mapping fi:X—Y and f::Y —Y , then
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1- If 2 is an bijective mapping and f; is a a-Light mapping then f is a a-Light mapping.
2- If fis a a-Light mapping and f2 is an injective mapping then f; is a a-Light map.
3- If f is a a-Light mapping and f; is a totally a-disconnected mapping then f> is a a-Light

mapping.
Proof:

1-lety €Y, since f2 is a bijective mapping then there exists one point y € Y such

that fz (yl):y and since fﬁl(y) = (fzofl)il(y) = 1E1_l( fz_l(y)) = fl_l( fz_l( fz(yl)) = fl_l(yl)
and f1 is a-light mapping then f,'(y") is totally a-disconnected set in X, so f,"(y)is
totally a-light disconnected set in X and hence f is a-light mapping.
2- Let y'eY' , then f,(y") eY and since f is a-light mapping then f*(f,(y") is a totally
a-disconnected set in X but f(f,(y))= (£, (f,(y)) = f, ' (y'), then f1 is a a- light

mapping.
3-let y €Y ,since fis a a-light, then f “(y) is a totally a-disconnected set in X and since

f1 is totally o-disconnected mapping then fi(f (y)) is a totally a-disconnected set in Y,
but

fl(fil(y)) = f.(( fzofl)il(y)) = f1(f1_l(f2_l(y))) = fz_l(y)- Then fz-l(y) is a totally
o-disconnected set in Y ', so f2 is a-light mapping.

Now we will show when the product of two mappings is a a-light mapping.
3-11 Theorem:
let f1:X1—Y1, f2:Xo— Y2 be two mappings , then the product mapping fixfa :XixXo— Y1xY2
is a a-light mapping if f1 is an bijective mapping and f; is a sujective a-light mapping.
Proof:
let (y1,y2)eYixYz , then (fixf2)2(ya,y2)=(frxft)(y1,y2)=f1 (y1)xf2(y2) and since fi is
bijective then there exists x, € X, such that

7 (y,) = £, (F(x)) = %, , then (f,x £,)™(y,,¥,) =% x f,'(y,), and since f2 isa a-light
mapping , then f,(y,) is a totally a-disconnected set in X, and since X, x f, (y,) is
a- homeomorphic to fz‘l(yz) , then from (2-9) x, x fz‘l(yz) is totally a-disconnected , so ,
(f,x £,)7(y,,Y,) is totally a-disconnected set in  X1xX, and hence fixf; is a-light mapping.

3-12Corollary:
let f,: X, —>Y, f,: X, —>Y, be two mappings such that if

fix f, 0 X x X, =Y, xY,is a a-light mapping, then if one of them is a surjective , then the
other is a a- light mapping.

The following definition is given in( Spainer,E.H,(1966))
3-13 Definition:

let f:X — Y andg:Y —Y be mappings and X " is the subspace of the product space XxY"
defined as follows:-

X={ny) e XY [f)=9(y)} X'js called the fibered product of Y and X over Y .
let f :X —Y be the restriction of the second projection then f " is called the pull back of

fby g.
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3-14 Theorem:

The pull back of a-light mapping is also a-light mapping.
Proof: let £:X—Y be a-light mapping and f :X —Y be a pull back of f by g:Y =Y, now
let y €Y , g(y )eY , since f is o-light mapping then f*(g(y))is a totally

a-disconnected set in X. now for fixed y' eY ',
f(y)= {(X, y)e X ><Y'| f'(x,y') = y'} forall x e X and f(x)=g(y)
= y) e X xY'|xe f gy )|= f H(g(y) x iy} and since
f(g(y)) x {y} is a- homeomrphic to f (g(y) and f *(g(y) is totally a-disconnected

then T 1(g(y))x {y' }is totally o-disconnected by(2-9) f ~*(y), is totally a-disconnected,
then f is a-light mapping.
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