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Abstract 
In reinforced concrete construction, discontinuity of reinforcing bars is often 

encountered even within length of a single member. Lap splices are preferred means 

for providing continuity of reinforcing bars because of their practical and economical 

characteristics. Hence, extensive experiments and limited number of analytical studies 

have been implemented in this field to clear-up performance characteristics. In this 

paper, the modulus of displacement theory is adopted to analyze the local behavior of 

tensile reinforcement lap splices. Both compatibility and equilibrium conditions are 

utilized to determine the distribution of steel and bond stresses of the reinforcing bars 

along the lap region. 

The equations derived herein and the general form for distribution of stresses, 

are quite consistent with the analytical and experimental observations of numerous 

researchers in this field. The analytical results confirmed that bond deterioration occur 

simultaneously from both ends of the lap splice toward its center. Also, the numerical 

examples implemented herein give reasonable agreement between the analytical and 

experimental results. 

 

Notations  

 
Introduction 

In order to insure reliable behavior of concrete members containing reinforcing 

bar discontinuity, lap splicing is used in this field, which is the most economical and 

practical type. The forces at any point along the lap splice are being transferred from 

each bar by bond to the surrounding concrete. 
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However, the behavior of lap spliced bar is further complicated and different 

from single anchored bars in several ways. In particular, the action of bond forces 

becomes more severe in lap splices and it can be explained by doubling of splitting 

forces against surrounding concrete, as shown in Fig.(l). As well as yielding of 

reinforcement and bond deterioration can occur at both ends of the splice 

simultaneously toward the interior. 

As a result, the presence of lap splices is generally recognized to represent 

potential weakness in reinforced concrete components especially for earthquake 

resisting structures. Therefore; it is not surprising that most design codes
(1,2)

 require 

splice length that are longer than the development length, as well as do not permit lap 

splicing within high stress regions or extensive limitations regarding their design are 

needed. 

A large number of experimental programs
(3,4,5)

 have been conducted at last two 

decades to enhance knowledge about the effect of the most notable parameters on 

behavior and strength of lap splices under static and cyclic loads. 

Objective Of The Present Study 
In addition to the experimental investigations, there is limited number of 

theoretical and analytical studies in this field. The modulus of displacement theory is 

adopted herein to determine the distribution of bond and steel stresses along 

reinforcement lap splices. In the present method, both compatibility and equilibrium 

conditions are utilized to derive the governing differential equations of the problem. 

Background 

The modulus of displacement theory states that the change in shear stress d 

between two materials for element dx is proportional to the difference in the 

displacement  

 
where K (N/mm is either the tangent or the secant modulus for bond stress-slip curve 

in a pull-out test, which can be evaluated as follow (6): 

 
Where,  fcu is cubic compressive strength (MPa). 

The concept of this theory was first mentioned by Bleih
(7)

 (1924) to determine the 

individual rivet loads in long riveted joints which are replaced by a continuous 

medium. Granholm
(8)

 (1949) transferred this theory so as to be useful for evaluating 

the distribution of stress for nailed wooden beams and pillar constructions. Then he 

presented
(9)

 (1958) this theory for bond problems between reinforcement and 

concrete. Perhaps the most important application of this theory is that by Tepfers
(10)

 

(1973) on behavior of tensile lap splices with and without contribution of surrounding 

concrete after elimination the cross-sectional area of concrete surrounding the 

reinforcing bar. 

The Problem Of The Present Study 
The problem herein is limited to lap splice regions in a beam where the moment 

is constant and no shear exist. This means that reinforcement at both ends of the splice 

has the same stress so Flexural cracks in the concrete are also located and aggravated 

there because of the stiffness discontinuity caused by sudden change in the tensile 

reinforcement area at the splice ends, as shown in Fig.(2). The influence of the 

concrete in estimating the distribution of bond and steel stresses can be ignored, i.e. 
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normal tensile stress of concrete c=0. Numerous researchers
(10-13)

 in the study and 

idealization of bond-slip behavior, adopted concept of neglecting the contribution of 

surrounding concrete. 

For the tensile reinforcement splices shown in Fig.(2), the reinforcement area, 

As, is symmetrically, with the origin placed in the middle of the splice and the x- axis 

is parallel to the spliced bars. The functions of the bar embedded from left (negative 

side) are given the index (1) and those of the bar embedded from right (positive side) 

the index(2). 

Governing Differential Equations 
Both compatibility and equilibrium conditions are utilized for the lapped splice 

bars, as shown in Fig.(3a). The compatibility includes that the change in shear stress 

for every element dx due to the displacement between the reinforcing bar and the 

concrete is, 

 
and after neglecting the interaction of surrounding concrete becomes, 

 

 
The equilibrium condition at any section of the whole splice is, 

 

 
The connection between bond stresses 1 and 2 and steel stresses s1 and s2 can be 

obtained from equilibrium of element dx, Fig,(3b) as follows, 

 
By differentiating Equation (7) and substituting Equations (4) and (5), yields to: 

 
Then, substitute Equation (6) into Equation (8), leads to: 

 
Equation (9) is a nonhomogenous second order differential equation, and the complete 

solution is, 
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where the first two terms represent the complementary function and the third is the 

particular integral. 

By substituting the particular integral C in the differential Equation (9) then, 

 
The constants A and B are obtained by means of conditions which are, 

 

 
These give the constants as, 

 
Now, substitute Equations (11) and (13) into Equation (10) to get the function of steel 

stress o 

 
and substitute Equation (14) into Equation (6) leads to: 

 
It is well known that the traditional relation between the steel stress and bond stress  

is, 

 
Then, the bond stresses 1  and 2 can be determined as follows: 

 

 
 

The general form for distribution of steel and bond stresses are shown in Fig.(4), 

for suitable constants mentioned in the same figure. From the scrutiny of the 

Equations (14),(15), (17), and (18) derived above and the curves of Fig.(4), many 

notable features can be emphasized: 

a-The distribution of steel or bond stresses, for both bars of the same splice, is equal 

and has the same variation but in opposite directions. 
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b-The stress 1.tan or 2.tan  which represents the splitting stress directed outwards 

from the bar, has a maximum value at both ends of the splice. 

c-The distribution of the steel or bond stresses along spliced bars is quite consistent 

with the analytical and experimental observations of numerous workers in this 

field
(6,10,14)

. 

Numerical Examples 
A simply supported reinforced concrete beam containing tensile lap splices and 

subjected to a constant moment was tested by Tepfers
(10)

 (1973). The steel strains 

were measured at selected points of the spliced bars for the three levels of the applied 

loading. Also, the distribution of strains is determined for each clamping stress of 

splice end, so, by using the equations derived above. 

Fig.(5) include comparison of measured and calculated values of steel strains 

along spliced bars. Good agreement between the experimental and analytical results 

can be concluded. 

Another reinforced concrete beam with two points loading was performed by 

Kluge and Tuma
(15)

 (1945). The distribution of the tensile stresses along the spliced 

bar through lap region was determined experimentally by measuring the strains at 

selected points along lap region. 

Fig. (6) shows comparison of the measured and calculated stresses for the 

spliced bar coming from negative side of lap region of steel stress at spliced end, 

=124.1 MPa, and acceptable agreement can be concluded. 

 

Conclusions 

From inspection of the equations derived in this study according to the modulus of 

displacement theory, and the general form for distribution of steel and bond stresses 

of tensile reinforcement lap splices, many notations can be deduced: 

1- The equations developed herein by utilizing the compatibility and equilibrium 

conditions, are quite consistent with experimental and analytical evidences of 

numerous workers in this field. 

2- The distribution of steel and bond stresses, for each bar of a lap splice, is same but 

in opposite directions. 

3- The bond stresses and split stresses have the maximum values at both ends of the 

splice. This explains the fact that bond deterioration and yielding of 

reinforcement occur simultaneously from both ends of the lap region towards its 

center. 
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Fig(1): Single and lapped splice bars 
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Fig.(2): Tensile zone of a beam with reinforcement lap splices 

 
Fig.(3): Schematic representation of the bond and steel stresses acting on tensile 

reinforcement lap splices. 

a. The whole lap splice 

b. differential element (dx) of lap splice. 
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Fig.(4): (a). Distribution of steel stresses for spliced bars 

(b). Distribution of bond stresses along spliced bars 
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Fig.(5) Distribution of tensile strain along spliced bars for simply supported R.C. 

beams tested by Tepfers (10) 
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Fig.(5) Continue 
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Fig.(6): Distribution of tensile stress along spliced bar coming from negative side 

of simply supported R.C. beam tested by Kluge and Tuma
(15)

 (1945). 

 

 نظرية معايير الازاحة لتحليل سلىك وصل تعاقب التسليح

 الخلاصة
في انذاء الخرسانة السدلحة، فأن عدم استسرارية قزبان التدليح كثيراً ما تواجهو تتهض نهسض فزهاء الجه ء 
الخرسهههاني الواتهههدا اليهههفا الصهههرل فههه ن ابهههن  التااقهههم تات هههر مهههض الوسهههاق  الس زهههلة فهههي ىهههفا السجههها  لتح يههه  

ة في تديد التدليح بد م خراقريا الاسلية االاقتراديةا ابيدف تدليط الزوء علهض سهلوو ابهن  الاستسراري
التااقم في السشذآ  الخرسانية، فهأن الاديهد مهض البحهوع الاسليهة اعهدد محهداد مهض الدراسها  الشتريهة انجه   فهي 

اتحليههه  سهههلوو ابههه  التااقهههم ىهههفا السجههها ا الدراسهههة التهههي عهههيض ايهههديشا تاتسهههد نتريهههة ماهههايير الازاتهههة فهههي دراسهههة 
للتدههليح، تيههم يههتق تر يهه  وههراو التوافهه  االتههوازن لايجههاد توزيههش كهه  مههض اجيههادا  الذههد فههي الحديههد االههربط علههض 

 طو  قزبان التدليح في مشر ة التااقما
ي الحديد ااجيادا  الربط، ىي متواف ة الض تد ك ير مهش ان الساادلا  السذت ة ىشا لتوزيش اجيادا  الذد ف

الاستشتاجا  الاسلية االشتريهة لاهدد مهض البهاتثيض فهي ىهفا السجها ا كسها ان الشتهاقي التحليليهة اعرهظ ت دهيراً لتهاىر  
انحن  الربط اخزوع تديد التدليح الفي يحر  في نيايتي مشر ة التااقم الض داخلياا بالانافة الض ذله  فهأن 

 الامثلة الاددية الساتسد  في ىفه الدراسة اعرظ تراع  منقق عيض الشتاقي الاسلية االشتريةا


