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Abstract

There are many well-known techniques for obtaining exact solutions for
differential equations, but many of them are simply special cases of a few
powerful symmetry methods. Lie symmetry methods are techniques for
finding exact solutions of a wide variety of differential equations. In this
paper, we discuss the use of Lie symmetries on PDEs of order two in two
independent variables and show how they can be used to transform the
governing equation into another equation with one less independent
variable. In addition, for our case study we consider the PDE(the bond-
pricing equation) and solve the equation using Lie symmetry methods.

Keywords: Lie symmetries, the group of transformations, the infinitesimals
generator, partial differential equations, invariant.
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1. Introduction

We will start by considering the second order PDE [ Bluman et al.][1]

At U, Upy Uy Unepy Uy Uge) = 0 o,

(1)
To find the one- parameter group of transformations[lie][4]
x; = f(x, t,u,€) = x + eX(x, t,u) + 0(e?)

tl = g(x;t;u;f) =
t + €T (x,t,u) + 0(e?) et e et e et e e e oo (2)

u; = h(x, t,u,€) =u+ el(x, t,u) + 0(e?)
that leaves the PDE invariant, we need to solve the condition [Goard][2]

IF'@A=0 [y-0
............................... (3)

where I'® s the second extension (or prolongation) of the infinitesimal
generator

W —yl 9 o
r X—+To+U-

We can write '@ as

@D=xdyrlipyl 9 9 9 9
I—' Xax + Tat + Uau + U[x] aux + U[t] aut + U[xx] auxx + U[tt] autt +
0
[xt]a ceserenene ..(4)
where U[l] = Di (U) - Di (X)ux - Di (T)ut
and U[U] = D](U[l]) - D] (X)uix — D] (T)uit

for i,j being x or t -

This requirement '@ A= 0 |,-, leads to an overdetermined linear system of
equations called the determining equations for the coefficients X, T, U. Then
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invariant solutions satisfy the invariant surface condition Xu, + Tu, =
U,

which when solved for known functions X, T, U leads to the functional form
of the solution

u=f(xt9), (5)
where z = z(x,t) and ¢ is arbitrary [Hill][3].

Substitution of this form into the governing equation A= 0 leads to an
equation for ¢ (z) which is an ordinary differential equations.

2. The case study

When the short-term interest rate , r, follows the stochastic process
dr = u(r,t)dt + w(r, t)dX

where dX~N(0,Vdt) , the price of a zero- coupon bond V(r,t), with
expiry at T = t satisfies

ov |, w?o?v v
E-FTW-F(U,—AW);—TV—O ..........................

(6)
where A(r, t)is defined as the market price of risk [Wilmott et. al] [7].
We look to find one-parameter groups of transformations

r* =r+ep(t, V) +0(e?)

t*=t+er(r,t,V) +0(e?)
(D)

V*=V+en(rtV)+0(e?)
so that the bond-pricing equation remains invariant [Olver][5].

Hence, we solve (3) T'®DA= 0 |x—
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where
2
A= Vt+W7Vrr+(u—/’lw)Vr—rV=0-

We consider the case

(u—Aw)=a—br™ and w = cr"

....(9)
where a,b,c # 0 -

Substituting (9) in (8) we obtain
2 2
A=V, + —— Vor + (@a=br™)V, =1V =0"

From (4)

9 9 9
F(2)=(P +T—+TI6V+77[r] ~ (e 5y T Ml G T M 5+

0
Nt th) ver e e - (10)

So for invariance we need to solve ~ I'PA= 0 |,—,

d d
(P +T—+U6V+TI[] +77[t]av+77[rr] T g,

Expanding (11) we get

p[(=mbr™ V) + nc?r® W, — V] + nl—r] + npy(a — br™) + g +

C2T2n

M)~ = 0 subject to A=0,

and where  p = p(r,t), T =1(r,t), n =n(rtV),

T][r] =Ny + T’VVT — pT'VT' - Tth, ............................................
(12. 1)
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Nirr] = NMer + 20y Vo = PV + v Vi = 2, Vo +1py (Vr)z — TV —
2T, Vit * e v .. (12.3)

By substituting equations (12. 1, 2, 3) in equation (11) and substituting A=0
into (11) and then equating coefficients of V,., V.2, V., V,, V.. and 1to 0, we
get the following determining equations,

=T, CIrT =0 (a)

2..2n

< ; My =0 e, (b)

2..2n
ap, — br™p, + 2,y —— p — po+ br™Tip(-m+2) -2 p =
—c?r2n m 2n
> Ty + 20y — Tp + T, (bT —a)—7p=0

........................................... (d)

2..2Nn
— T T e+ (@ = br"™)n +yrV =1+ 2n—1Dpy —2p,7V =0

From equation (a) we get
T, =0=17=1(1).
From equation (b) we get nyy = 0=n = f(r,t) + Vg(r,t)
From equation (d) we obtain
20, — () = Zp=0=2p, —Zp =7'(t)
Solving this first order linear DE, we find the integrating factor

-n
R = edeT — e—ninr — ,.-n
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so that
dony IO —n
—("p) =—-r
! 1-n
> L= 4k nz1
rn 2 1-n
and

i=T—(t)lnr+kl , n=1
rn 2

So we have

T r n
p=- (1_n)+kr, n+l

and
p= TT(Drlnr+k1r, n=1.

From (c) we obtain

T'(t) n-1 _ p,.m T'(t) n-1 2..2nfF _ c?ren _
) + acnr br (2(1_n) + cnr ) + c*renf, > .cn(n
n-2 _T®_1 _ m-1[17(©) n] _2an[@®_r
1)7‘ 2 (1-n) + (2 m)br [Z(I—n) ter ] T [ 2 (1—-n)

cr”] =0 (13)

In (13) we could equate coefficients of r assuming that the different
functions of r are linearly independent. However we must also consider the
cases where the functions of r are linearly dependent to help us find all the
necessary cases to consider. We use the automated computer package
DIMSYM [Sherring][6]. Using DIMSYM we find that for all m, n, a, b, ¢ the

PDE (8) with (9) has symmetries %, Vaa—V, o(r, t)aa—V,where @ is any
solution to the governing equation. However, for special choices of m,n,

the PDE has extra symmetries that we find it in the following special cases:
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3.SPECIAL CASES

1.When n = m = 0 we obtain the extra symmetry generators

9 [t2 th r b
I 5[7—7#6#72]”#
ad 0
1—'2—Vt5+5

L; = % [t*c* — 4t3c?a + 4t3¢?b + 12t%rc? + 4t%a? — 8t%ab + 4t2b? —
3]

3 2
8tra + 8trb — 4tc? +4r] S+ t2+ = ( ZC +7t)
I, = —[t3c* — 3t%c?a + 3t%c?b + 6trc? + 2ta® — 4tab + 2tb? — 2ra
+2 b] Y +at+a 3t2 242
r it Gte Y

2.when n = % , m = 0 we obtain the extra symmetry generator

V o d d
L =[t"(t)r—-ta+1tbhl==—+ T(t)—+1’ (t)r—

c2 9V
where
7(8) = ky + kye V2t + kye~V2et

3. n= % ,  m = 1, we obtain the extra symmetry generator

L =[-t(®)ab+ t"(O)r+ ' (t)rb— t (t)a] 924 T(t) 1T (t) —

c2ov
where
T(t) = ky + kze\/b2+2c2 t 4 kge—\/b2+2c2 t
4.Example:

When n = % ,  m = 0, the governing equation
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c?r

Vt+7Vw+(a—b)Vr—rV=O
has the symmetry with generator

L=[t"{t)r—1ta+1bl—= Vo +r(t)i+r (t)ri

czav
where 7(t) = A + BeV2¢t 4 pe—V2ct
welet a—-b=k.
Solving the corresponding invariant surface condition

“(or a_V r 2 a_V _VE@r -7k

C2
We obtain

oo L
V=9 e 1 $ =10

Substitution of this functional form into the governing equation implies that
@ needs to satisfy

c2E@"+2k @ + (Bkks —2k3)E@=0"

Using Maple, we can solve this ODE for ¢ (&) to get

1 c?-k? \ 8k2k3 — Zkf

p() = A& J1 k( $)
2 Cz C
1c _kz 8k2k3 - Zkf
+BEZ @ Yoy i &)
-t c2 Cc
o ,
Then V=) es? 17, where &= =

5. Conclusion

Symmetries are most useful in the study of differential equations and they
are useful in different ways. For partial differential equations, Lie groups of
transformation can lead to invariant solutions which result from solving a
reduced equation with one less linear independent variable.
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Secondly, a symmetry of a differential equation transforms solutions into
other solutions and thus symmetries can be used to generate new solutions
from old ones. This section explained the applications of Lie symmetries to
partial differential equations by means of simple familiar examples.

Further, we also investigated the application of Lie symmetries to the PDE
WZ
Vet= Vt(u—w)l. —rV =0

which models the price of zero-coupon bonds. For the coefficient cases
considered when

w(r,t) =cr™ and (u(r,t) —Aw(r,t)) =a—
br™

we found that the equation admitted three simple symmetries but for special
choices of constants n  and m, further symmetries could be found.
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