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Abstract 

There are many well-known techniques for obtaining exact solutions for 

differential equations, but many of them are simply special cases of a few 

powerful symmetry methods. Lie symmetry methods are techniques for 

finding exact solutions of a wide variety of differential equations. In this 

paper, we discuss the use of Lie symmetries on PDEs of order two in two 

independent variables and show how they can be used to transform the 

governing equation into  another equation with one less independent 

variable. In addition, for our case study we consider the PDE(the bond-

pricing equation) and solve the equation using Lie symmetry methods.  

Keywords:  Lie symmetries, the group of transformations, the infinitesimals 

generator, partial differential equations, invariant. 

  انًهخص

دقيقت نهًعادلاث انتفاضهيت ، ونكن انكثيش نياث انًعشوفت نهحصىل عهً حهىل هناك انعذيذ ين انتق  

هي تقنياث لإيجاد  نيث اينهى يجشد حالاث خاصت ين عذد قهيم ين طشق انتناظش انقىيت. تناظش

نناقش استخذاو تناظش ني   دلاث انتفاضهيت. في هزا انبحثانحهىل انذقيقت نًجًىعت واسعت ين انًعا

نهًعادلاث انتفاضهيت انجزئيت ين انذسجت انثانيت في اثنين ين انًتغيشاث انًستقهت و إظهاس انكيفيت انتي 

يًكن استخذايها نتحىيم انًعادنت انتفاضهيت انجزئيت انًعطاة انً يعادنت اخشي في يتغيش يستقم واحذ. 

نتسعيش وحهها باستخذاو طشق ني نسنذاث اتفاضهيت انجزئيت انً رنل نقذ ناقشنا انًعادنت ان ضافتالاب

  .                                                             نهتناظش
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1. Introduction 

 We will start by considering the second order PDE [ Bluman et al.][1] 

                            (                       )     ………………………..        

(1) 

To find the one- parameter group of transformations[lie][4] 

    (       )      (     )   (  )                

     (       )  

    (     )   (  )                             ( )   

    (       )      (     )   (  ) 

that leaves the PDE invariant, we need to solve the condition [Goard][2]  
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where  ( ) is the second extension (or prolongation) of the infinitesimal 
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where                          [ ]    ( )    ( )     ( )   

 and                           [  ]    ( [ ])    ( )      ( )    

for                             

This requirement  ( )        leads to an overdetermined linear system of 

equations called the determining equations for the coefficients        . Then 
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invariant solutions satisfy the invariant surface condition                 

 , 

which when solved for known functions        leads to the functional form 

of the solution        

                                      (     ( ))                    ………………….(5) 

where       (   ) and    is arbitrary [Hill][3].  

Substitution of this form into the governing equation     leads to an 

equation for  ( ) which is an ordinary differential equations. 

2. The case study  

When the short-term interest rate , r, follows the stochastic process  

    (   )    (   )   

where      (  √  ) , the price of a zero- coupon bond   (   ), with 

expiry at      satisfies  

                       
  

  
 

  

 

   

    (    )
  

  
            …………………….. 

(6) 

where  (   )is defined as the market price of risk [Wilmott et. al] [7]. 

We look to find one-parameter groups of transformations 

                                            (     )   (  )               

                                            (     )   (  ) 

                    ( )  

                                           (     )   (  ) 

so that the bond-pricing equation remains invariant [Olver][5]. 

Hence, we solve (3)          ( )        
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where  

                    
  

 
    (    )                   

…………..………(8) 

We consider the case  

                         (    )        and                  

….……...................(9) 

 where           

Substituting (9) in (8) we obtain 
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From (4) 
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So for invariance we need to solve         ( )                                              
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    (     )     +                            

……………………………………………(11)            

Expanding (11) we get 

  [(         )               ]   [  ]   [ ](     )   [ ]  

 [  ]
     

 
                               subject to   ∆=0, 

and where           (   )       (   )             (     )  

  [ ]                   ,            …………………………………….. 

(12. 1)    
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   [ ]                    ,              

…………………………………….(12.2)      

  [  ]                                     (  )
        

             (    )                                                                              

By substituting equations (12. 1, 2, 3) in equation (11) and substituting ∆=0 

into (11) and then equating coefficients of       
             and 1 to 0, we 

get the following determining equations,     

 

       
                                  …………………………………….. (a) 
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      ( )                                                                                                      
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…………………………………….(d)                         

 
     

 
       (     )           (    )             

………………(e)                                                                                                 

From equation (a) we get  

                                     ⇨    ( ). 

From equation (b) we get         ⇨   (   )    (   ) 

From equation (d) we obtain  

      ( )́  
  

 
    ⇨     

  

 
    ( ) 

Solving this first order linear DE, we find the integrating factor 

    ∫
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so that  
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From (c) we obtain  
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In (13) we could equate coefficients of    assuming that the different 

functions of   are linearly independent. However we must also consider the 

cases where the functions of     are linearly dependent to help us find all the 

necessary cases to consider. We use the automated computer package 

DIMSYM [Sherring][6]. Using DIMSYM we find that for all m, n, a, b, c the 

PDE (8) with (9) has symmetries   
 

  
        

 

  
     (   )

 

  
   where    is any 

solution to the governing equation. However, for special choices of          

the PDE has extra symmetries that we find it in the following special cases: 
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3.SPECIAL CASES 

1.When       we obtain the extra symmetry generators 
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2. when     
 

 
           we obtain the extra symmetry generator  
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where    

                 ( )        
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3.     
 

 
          , we obtain the extra symmetry generator  
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where       

                          ( )        
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4.Example: 

When     
 

 
          , the governing equation 
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    (   )        

has the symmetry with generator  
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where           ( )      √       √    

 we let            . 

Solving the corresponding invariant surface condition  
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We obtain 

                      ( )  
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Substitution of this functional form into the governing equation implies that 

  needs to satisfy  
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Using Maple, we can solve this ODE for  ( ) to get  
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Then             ( )  
   

      
  

   ,         where          
 

 ( )
                     

5. Conclusion 

Symmetries are most useful in the study of differential equations and they 

are useful in different ways. For partial differential equations, Lie groups of 

transformation can lead to invariant solutions which result from solving a 

reduced equation with one less linear independent variable.  
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Secondly, a symmetry of a differential equation transforms solutions into 

other solutions and thus symmetries can be used to generate new solutions 

from old ones. This section explained the applications of Lie symmetries to 

partial differential equations by means of simple familiar examples.        

Further,  we also investigated the application of Lie symmetries to the PDE  

                                                  +
  

 
   +(    )        

which models the price of zero-coupon bonds. For the coefficient cases 

considered when  

                            (   )                      ( (   )    (   ))    

          

we found that the equation admitted three simple symmetries but for special 

choices of constants                 further symmetries could be found. 
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