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Abstract. In the present paper we are interested in the study of bifurcation of
extremals of smooth functions. We considered the functions that have codimensions
three (hyperbolic umbilic) and fifteen at the origin. For the function of codimension
three we gave the conditions of the existence of the critical points. Also, we found the
bif-spreading of the critical points. For the function of codimension fifteen we used
the boundary singularities of smooth maps to study the bifurcation analysis of this

function, also we found geometrical description of the caustic.

1. Introduction. where X, Y are real Banach spaces and
It is known that many of the O is open subset of X. For these
nonlinear problems that appear in problems, the method of reduction to
Mathematics and Physics can be finite dimensiona equation,
written in the form of operator o N=4¢ MB N. (12
equation, can be used, where M and N are
F(x,A)=b, x 0,b Y, 2 R" (L1 smooth finite dimensional manifolds.
The method used for these studiesis important role in the study of
the Lyapunov-Schmidt method [8]. bifurcation solutions of BVPs. There
Singularities of smooth maps play an are many studies of different types of
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smooth functions in one variable and
more than one variables. Good review
of these studies one can find in [9].
Bifurcation of extremely in the
classical case (without boundaries) was
studied in [11], [14] and [15]. The
theory of Fredholm functionals on
Banach manifolds and its applications

have been studied recently in [1] , [4],

d4u+ d2u+
dx* adxz
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[5], [7] and [12]. In the early years the
study of singularities of smooth maps
and its applications to the BVPs took
an important character in the works of
Sapronov and his group. For example,
[6] used the Lyapunov-Schmidt
reduction to find bifurcation solutions
of the BVP,

pu+ud =0,

u(0) = u(m) =u"(0) =u"(n) =

u=1u(x), x

[0, 7]

by considering the following functional energy,

v = [ (-

(u)z u —+ \dx

_ 2
0

which isreduced to the study of the following key function,
W(n,y) =ni +n3 + 4nins + Ani + An3 + o(Inl*) + 0(Inl*)o(6).

In[1], thefollowing problem has been studied,

d4u+ d2u+
dx* adxz

Bu+u? =0,

u(@ =u@)=v"0)=u"(1)=0
u(xl) =0, u(xz) =0, X1, X9 [0,1]
by considering the following functional energy,

F(@)? B

(u)z uz

van = [ (

0

2

2

e
+ 0 —+—
52 3 dx,

which isreduced to the study of the following key function with boundaries,

<f1

W y) =35 + 68 + 685 + &+ o(IE1°) + 0(IEIP) o),

§,—as, =0,

$1+b§; =0.

In[2], thefollowing problem has been studied,
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d‘*u dzu "
di Te gt hurw =y,

u(0) = u(r) =u"(0) =u'(n) =

u = u(x), x [O,m]

by considering the following functional energy,

m
B @sz (H)Z uz ut
V(u_,/l,w)—_[( S Ta S+t + P u)dx.
0
The problem reduced to study the bifurcation of extremals of the following key

function,
W(n,y) = nt+n3 +4nins + 44ni + A,n5 + qing + qzn, + o(Inl*)
+ 0(Inl*)o(8).

In[17], thefollowing problem has been studied,
6ﬁ+adiz+ﬁz+z + 73 =1,
2(0) = z(m) = 2'(0) = z'(n) =
u=1u(x), x [0, ]
by considering the following functiona energy,

e "\2 )2 2 3 4
V(z, A y) = [(5(22) —a:(z) +,8%+%+Zz—zw]dx.

0

The problem reduced to study the bifurcation of extremals of the following key
function,

= 241y
. . 1
W(n,y) = nf+ng+n3+ 4 (ning +nind +nind +namn — Snins ) + ~g 1M

8 2] 2 32 2] 8 2] 8 2] 32r 2
45 ??1 n3 + 45 ?}'2??1 >7 7?1 31 7?% 63 ??2??3 kimi

+kon3 + kan? — qiny — qznz + o(Inl*) + O(InlH) O ().

In this paper we studied the bifurcation solutions of Duffing equation of type

[10],
. au
aill+Au+—=
du
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u(0)=(1)=0
u=u(x), x [01]
by considering the following functional energy,
i
2
v = [ [« ) +A—+ UG |dt,
0
where ) is symmetric function with respect to the involution IY(t) »
Y (1 — t) and U(u) isthe following potentials,
3
u
DUw) = 3
5 3
2) Uu) = ”— +E==
3
2. Basic concepts of singularity Definition 2.2 [13] Two  map

theory.
Denote by e€,the set of al
geems at  the origin of  smooth

functions on R™. The ring €, has an
important ideal m, consisting of all
smooth function
a the

germs  vanishing

origin : my, = {f € e,:
f(0) =0}.In factthis is a maximal
idea , and

ideal in €, , which makes g,

indeed the only maximal
into a
local ring as by definition a local ring

isone with aunique maximal ideal .

Definition 2.1 [13] maps
f,g R" -5 RP ae said to be germ-

Two

equivdent at p R"™if p is in the
domain of both and there is a
neighborhood U of p such that the

restrictions coincide: f|, = gly -

f @) =f)—yi—

94

geems  f, g (R™0) - (RP,0) are
C-equivalent, or contact equivalent, if
there exist,

(i) a diffeomorphism ¢ of the source
(R™, 0),

(if) amatrix M € GL,(e,) such that
fep(x)=Mx)g(x),

where f(x) and g(x) are written as

column vectors, M(x)g(x) is the

usua product of matrix times vector,

and GL,(e,) is the set of invertible
p X p matrices whose entries are in

e

MorseLemma21[13]Let p R™"
be a non-degenerate critical point of
f of index k. Then there is a change
of coordinates x =@(y) (¢: R™ - R™)
near p such that in these new
coordinates y; one has,

=Yk + Vit YR
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Implicit function theorem 2.1 [13] Let the left hand side of the equation

be givenby asmooth map  fR"x R?P -

(1) f(0,0)=0;

2 det( (0 0)) #0,
then there exists a neighborhood
U=E x A of the point (0,0) in R" x R?
such that the set of solutions of
equation (2.1) in U coincides with the
graph of a smooth map ¥:4 -~ R"

such that ¥(0) = 0. In other words ,

f(x,A) =0 (2.1)
R™ such that

if (x,A) is close to the solution
(0,0), then f(x,A) =0 = x =¥(4).

Definition 2.3 [13] (Local agebra).
The local algebra Q; of the singularity
of f at the origin is the quotient of the
algebra of function-germs by the
gradient ideal of f:

=L

dx, ' dx,’ " 'ox,/

The multiplicity u(f) of the critica point isthe dimension of itslocal algebra:

u(f) = dimQy
A critica point issaid to beisolated if u(f) < oo.

Theorem 2.2 [13] The multiplicity of
an isolated critical point is equal to the
number of Morse critica points into
which it decomposes under a generic

deformation of the function.

3. Fredholm functional.

Definition 3.1[8] Let E, F be red
linear Banach spaces. Let A:E - F
be alinear continuous operator . Then
A is a Fredholm operator if the
gpaces Ker(A) and Coker(A) =F/Im(A)

are finite dimensiona . The number
ind(A) = dim Ker(A) — dim Coker(A)
is caled the Fredholm index of the
operator A.

It follows from this definition
that the image of A isclosed in F
and any subspace that directly
complements Ker(A) in E IS
isomorphically mapped to Im(A) by
Fredholm  operators
A E; - E;and Ayl E, - Es, the
following index summation formulais
valid :

A. For any

ind(A,A,) = ind(A,) + ind(A,).

94
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Definition 3.2 [8] A smooth nonlinear
map f:U - F, where U is adomain of
a Banach space E iscaled Fredholm
map if the Fréchet derivative Df(x)
is Fredholm operator from E to F for
any x U. The index of nonlinear
Fredholm map f is the index of the
linear operator Df(x) that is ;
ind(f) =ind(Df(x)) .
Definition 3.3 [8] A smooth
functiona V:U E-R (U is a
domain of a Banach space E), is
caled Fredholm functional, if
(1) there exist a Banach space F
and a Hilbert space H such
that the embedding E F H
are continuous and E is
denseinH;
(2) there exist aFredholm map
f:U - Fsuchthat itsindex is

equal to zero and

F@.h = T @b

(.,. 'y Is inner product on Hilbert

Uh E

spaceH) .

Definition 3.4 [16] A smooth map
fU E-F is sad to be has
variational property, if there exist a
functiona V:U E - R such that
f = gradyV or equivalently,

f(x),h-ﬁ=%(x)h,x Uh E.

94

Supposethat f:E - F is a smooth
Fredholm map of index zero, E, F
are rea Banach spaces and

F@.h = T (@h

where V is a smooth functional on E .
Also it is assumed that the embedding

Uh E,

E F H ae continuous and E is
dense in H, then by using the method
of finite dimensional reduction ( Local
method of Lyapunov-Schmidt) the
problem,

f(x,1) > extr, x€eE, A R"
can be reduced into an equivaent
problem,

W(t,A) - extr, T€eR™
the function W(tr,A) is called Key
function.

If N={ey,..
E, where ey,...,
in E, then the key function W(z,1)

, e} IS a subspace of
e, are orthonormal set

can be defined in theform,
W(r,A) =  inf
X Xx,e

(=T i

V(x, ),

T=(X1,..,%).

The function W  has al the
topologica and anaytical properties of
the functional V  (multiplicity,
bifurcation diagram, etc) .The study of
bifurcation solutions of functional V is
equivaent to the study of bifurcation
solutions of key function W.

It iseasy to check that ,
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0(t,A) = grad W(z, A) (here grad W(t,A) = W(T,1)).
And 8(t,A) =0 is caled bifurcation
equation .
4. Boundary Singularities of of a boundary singular point, one uses
Eredholm functional. the reduction to an anal ogous problem

To investigate the behavior of a

Fredholm functional in a neighborhood

W(¢&) - extr
where
$ RE
Ri={{=(C1& ... &))" R™ & =0}
and W is a smooth (key) function. If smooth function W if gradW(a) = 0.
we impose certain natural assumptions, Leta AR" (the boundary of the set

then the function W inherits analytic
% R%); the point a is called critical if

and topological properties of the

functiona V . gradW(a) is orthogonal to the boundary

at this point, i.e., if we have
A point a=(a,, ..., a,)" from

RHI\IR} iscalled acritical point of a

a_fl(a) _a—&(a) = E(a) = 0.

If €,(R") is the ring of germsof smooth functions on R™ at the point aand
_(6W ; ow ow aw)
08,'7% 98, 083" 08,

is the boundary Jacobi ideal [3,18], multiplicities u + pg, where u is the
then the value dimQ is cdled the (usua) multiplicity of W on R", while
multiplicity of the boundary critical U is the (usual) multiplicity of the
point a (and is denoted by i), where Q restriction W|dR%:. In the sequel, we
denotes the set assume (without loss of generality) that
Q = €,(RM/I. a=0.

The multiplicity g of a boundary Let R® be a space with coordinates

singularity is equal to the sum of &, &, ..., & such that it is a double
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covering of the space B " with

coordinates &, &5, ... , &, established

by the map

e RE - R, & = dllieni= asililill
$n=¢n -

Then the function W(§), ¢ R" liftsto

the covering space by the relation

W(gll SEZ! "'J‘)En) i W($1J522! ---,',En)-
The natural involution
](51! EZJ R g?‘l) = (EIJ - EZJ R gﬂ)

can be defined on the space R™.
The function W is invariant with

respect to the involution

J: W(J (&) = W) . Thus, boundary
singularities are identified (in a natura
way) with the invariant (with respect to
the involution J ) ones. This
identification is caled the Arnol’d
passage.

Leta=(a, a, ..., a, be acritica
point of the function W. Then @ =
(a,,d,,..,a,) where a, = va, and
a=a,...,04,=a,isacritica point
of the function W. The point d_=

(a,,— @y, ...,a,) (obtained from @ by

5. Hyperbolicumbilic Singularities

vol.2

the involution J) is critica as well.
Thus, if a is a critica point of the
function W and a RZ}\dR% , then a
pair of critical points of the function W
corresponds to a. If a  dR} (ap = 0)
is a critical point of the function W,
then a single critical point of the
function W corresponds to a.

If a critical point is “usual,” then
spreadings of bifurcating extremals
(bif-spreadings) are represented by the
row (lo, I3, . . ., Iy), where |; is the
number of critical points of the Morse
index i. If we are dealing with a
then bif-

spreadings are represented by the

boundary critical point,

following matrix of order 2x (n+1):
PO T
lo Ui . Iy

Here [; is the number of boundary
critical points of index i, while [; is the
number of usua (situated inside R%})

critical points of index i.

Consider the following function germ of type hyperbolic umbilic

W(x,y) =

94

X
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This function has multiplicity 4 and xy , so abasis for m,~I;, can be
codimension 3. Since, the ideal to be taken {x, y, x> —y? }. Hence,
Iy = (W, W)= (x*+y%xy) is the deformation of the function W is
generated by the functions x2 + y2and given by

3
W(x,y, A1, A2, 23) = %"' xy? + A (x%? — y?) + Lox + A3y

In this section we considered the function W when its symmetric with respect to the

variabley, that is;

3

W(xsylﬂ'llAZ) :%'nyz +A1(x2_y2)+A2x (51)
The function W has four critical Pr=( -4 +J2Z—12,.0)
points. In the following Lemma we
will the conditions of the existence of P,=( -4 —A4 -2, 0),

the critical points of the function W .

P; :(/11; V=034 + 1)),

Lemma5.1 The function W has,

1- four real nondegenerate critica and

pointsif A, < —3)\2, Po= (A, —V-GA + ) ).

2- two real nondegenerate critical The points P, and P, are red
pointsif —3A%2 <\, < A%, when A, < A? and the points P;, P,
3- zero real nondegenerate critical are real when A, < —3\f, so the four
pointsif A, > A2 points are rea and nondegenerate if

— —2)\2 i
Proof Since, the function W has the A, <=3\ .The points P; and P, are

_2)\2
following critical points, complex when A, > —=3A; , hence the
only real critical points are P; and P,

intheregion —3A2 < \, < 2.

Finally, the points P, and P, are no rea critical points in the
complex if A, > A%, hence there is region\, > A%, 0
Lemma 5.2 The caustic of the Proof Since, the critical points of the
function W is given by the function W are degenerate on the
parameters equation cones defined by the equation

A3 +32,22 —2,2-321=0 x% —y? — A2 = 0, so the points P; and
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P, are degenerate on the curve y; A, = —31%. Hence, the four points are

defined by the equation A, = A%. The degenerate on the curve defined by the
points P; and P, are degenerate on equation (1, —1?) (1, +312) =0
curve y, defined by the equation

The Geometric description of the caustic is given by the following graph

1w’ T T
b /

| €]

/ A

Fig. 1 describe the caustic of function (5.1)

The complement of the caustic is the function W has two

then the

union of four connected open subsets

nondegenerate critical points and if

wy w, W; W,, every region Ay, Ay W, then the function W has
has a fixed number of critical points zero critical points. The spreading of
such that if 45,4, W; then the the critical points is summarize in the

function W has four nondegenerate
critical points, if 44,4, (W, Wj3)

following table,

Critical Type Conditions
point

minimum

P, | saddle

Ay < =322, =00r—322<2, <231, <0

—3Ai<1, <A, 11>0

94
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not exist Ay > A2

maximum —3N? < A, <A?,14;,>00r1, <—-32%3,1,<0
P, |saddle B2 <)y <%, A, <0

not exist A, > 2%
P, | sadde Ay < —3A2

not exist Ay, > —31%
P, |saddle A, < =317

not exist A, > —3)\?

Table (5.1)

6. Singularitiesof the function of codimension fifteen.

In this section we considered the function of degree five defined as follows

5 3
oy X X
W(xq, X, 44, 43) = ?1"' X3 + %3 X5 + ?1 + X053 + A1x7 + 2,x5 (6.1)

Function (6.1) has multiplicity 16 points of this function. To avoid some
and then it has codimension 15. The difficulties in the study of function
main purpose is to find geometrical (6.1) we assume the following x; = x
description (bifurcation diagram) of the and x% =y, so the study of function
caustic of function (6.1) and then (6.1) is equivalent to the study of the
determine the spreading of the critical function

W(x,y, A, A3) = x?s +xy? +x3y+ x{ +xy+ 4 x2+ 2y, y=0. (6.2

Since, the germ of function (6.2) is

x5
Wo(x,y) = 5t Xy

So from section (4) we have
I'= (W yW, ) = (x* xy?).

Accordingly, the multiplicity of codimension 9, hence by theorem
function (6.2) isg =10 whereu =6 (2.2) the number of critical points of
and fy =4, so it has a the origin function (6.2) is 10, four points lies on
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the boundary y = 0 and six points lies function (6.2) isthe union of three sets,
in the interior, so the caustic of y=gint gext g

where Zi" and F¢* are the subsets 6.1 Degeneration along the
(components) of the  caustic boundary.

corresponding to the degeneration of To determine the set  Zi"t we

boundary  singularities  along  the consider boundary critica points of

boundary - and along  the normal, function (6.2) such that the second-

respectively, ~while 2, is the order partial derivatives of this

component - corresponding  to - the function with respect to x vanishes at

degeneration of interior (nonboundary) these points, i.e, the following relations

critical points. are valid:

ow 2w
or
xt+ x2+22;x =4x®3+2x+24, =0

From these relations, we easily obtain that the set Z™ is defined by the equation

A =0.

To determine the set X&*t we partial derivatives of this function with
consider boundary critical points of respect to y vanishes at these points,
function (6.2) such that the first-order i.e, thefollowing relations are valid:

ow ow
a(x_,o,ﬂl,/lz) = 6_y(x" 0,4;,4;) =0
or

x*+ x2425,x=x2+x+2,=0
From these relations, it is easy to see that the set X¢* isgiven by the equation
(A —24) =
Thus, the union of the sets Zi" and Z£* is the union of the coordinate cross

/11/]2 = 0 and theline /12 - 2/11 = 0.

6.2 Degeneration of interior To determine the set 2, we
(honboundary). consider boundary critical points of
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function (6.2) which are defined by the following relations

ow ow
_(x y’;l'l’AZ)_ y(x.:ya/lb/.lz):O, y>0

or
x*+y? +3xPy+xP+y+ 2 x=2xy+x3+x+ 2, =0. (6.3)

The determinate of the Hessian matrix of function (6.2) is given by the equation

x* +2x? —4xA, + (2y +1)? = 0. (6.4)

It is easy to obtain from (6.3) and (6.4) the following equation

3x* + 4x2 + 6(1, — 24,)x+ 1 = 0.(6.5)

Theoretically it is not easy to find to find geometric description of the set
the parameters equation of the set X, Yy . By solving the following system
so we used program (Mathematic 6.0)

3x*+4x?+6(1, —24)x+1=0,
2xy+x3+x+ 1, = 0.

we obtain the values of x and y. Substitute the results in the equation (6.4) we see
that the caustic (L =zint  yext 3y )of function (6.2) is given by
the following graph,

Fig. 2 describe the caustic of function $6.2?.
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The caustic of function (6.2)
decomposes the plane of parameters
Wi, [ =

1,2,3,45,6,7,8 ; every region contains

into eight regions

a fixed number of critical points such
that, if 1,4, (W, W; Wy W)
then we have three critica points
minimum,

(boundary boundary

maximum and interior saddle). If

A, 4, (W, W,)  then function
7. Applications
In the bifurcation analysis of

extremals the following two questions
need to be answered (1) describe
geometrical structure of Caustic
(bifurcation diagram of the function)
(2) determine the bifurcation spreading
of the critical pointsin the
complements of Caustic. The study of
these problemsin our work based on
the local method of Lyapunov-Schmidt

and singularities of smooth maps [§] .

To illustrate the results obtained in
sections (5) and (6) we gave two
examples, thefirst isto find the
bifurcation solutions of Duffing
equation of type,

ait+pu+u*=1y, (7.1

94

vol.2 no.4

(6.2) has two critical points ( boundary
saddle and boundary maximum).
Findly, if 4,4, (W5 W) thenthe
function has two critical points
(boundary minimum and boundary
saddle).

The matrices of bif-spreadings are
asfollows:

1 0 1 1 10 011
(010)’(000)’ (000)

u(0)=u(1)=0
where a, f are the parameters of the
[01]and s
symmetric function with respect to the
involution I:(t) » Y(1 —t). The

second exampleisto find the

problem, u = u(t), t

bifurcation solutions of Duffing
equation of type,
ait+pu+u*+u*=0,(7.2)
u(@@®=u(1)=0

Suppose that fi,f,:E - M are
nonlinear Fredholm operators of
index zero from Banach space
E to Banach space M, where
E = €%([0,1], R) is the space of all
continuous functions that have
derivative of order a most two,
M = ¢°([0,1], R) isthe space of all
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continuous function and f;, f> are Every solution of the equationsin
defined by the operator equations, (7.1) and (7.2) isasolution of the
fitu,A) = ail+ f u+u? operator equations,

fLr(u,A) = ail+ pu+u®+u* fwA=1v, P M (73
where and
u=u(t), t [01], A= (a,p), fo(u,A) =0 (7.4)
ad =2 respectively. Since, the operators f;

and f;, have variational property, then
there exist functionals V; and V- such
that,

fl = gradel and fz = g?‘adHVZ.

where,

Vl(u,ﬂ,l!))=j01(a (”%ﬂ? ”?+”?—u1p)dt,

B ) =g (« L+ p L+ s L) gr,

In this case every solution of equati on extremals of the functionals V; and V,
(7.3) isacritical point of the functional is reduced to the study of bifurcation of
V, and every solution of equation (7.4) extremals of the functions (5.1) and
isacritical point of the functiona V. (6.1) respectively

In the following theorem we
showed that the study of bifurcation of
.Theorem 7.1 The normal forms of the key functions IW; and W, corresponding to the

functionals V; and V. respectively are given by,

W(@p) =5 +xy? + (P =y + hox, 2=(Y), p=( L),

5 3
7 (o il 3..2 %1 il Ayl iz
W,([@,p1) = ?14‘ X1 X5 + X7 X5 il X, X5 + Ay xf + Apx3,

(x1,%2), p1= (A1, A2).
Proof  Since, the Fréchet derivative of the nonlinear operators f; and f, at the
point (0,A) is

=2
Il

Ah = df,(0, )h =
2

d2h
df,(0ODh=a—+ph h E.

dt
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hence the linearized equation corresponding to the equations f;(u,4) = 0 and
f2(u, A1) = O isgiven by,

Ah=0, h E,

h(0) = h(1) =0.

The solution of thelinearized
equation which satisfies the initial
conditionsis given by
ep(t) = ¢, sin(pmt),

and the characteristic equation

p=12 ..

corresponding to this solutionis
B —m?p?a=0,

thisequation givesin aff — plane
characteristic lines €, . The
characteristic lines €, consist the
points (&, ) for which the linearized
eguation has non-zero solutions. The
point of intersection of the
characteristic linesin af — plane is
bifurcation point. So the bifurcation
E=N@ N,

N*={v E: jolvekdt =0, k=
12}.
Similarly, the space M can be
decomposed in direct sum of two
subspaces, N and the orthogonal

complement to N,

M=N & N,

YA e — —
={w M: Jo wedt =0, k=

12}.

There exist two projections

P-E_-N andI—PE - N-such

94

point for the equations (7.3) and (7.4)
is(a, B) = (0,0).Localized parameters
a, f asfollowing,
a=0+4,, f=0+3;,

small parameters, lead to bifurcation

61,52 are

along the modes,
e, (t) = ¢, sin(mt),
e,(t) = ¢, sin(2mt).
Since, lleyll = lle,ll = 1 thenwe
have ¢; = ¢, = V2.

Let N=Ker(A) =span{e,,e,}, then
the space E can be decomposed in
direct sum of two subspaces, N
and the orthogonal complement to
N,
that Pu=u and (I —P)u=v,

(I isthe identity operator). Hence every
vector u E can be written in the
form,

u=u+vu=ye +ye, N,
v N Yi= u,e; .

Sinceyy M implies that
Y=Y+, Yy = Gre1 + G2e; EN,
¥, N*.Also the symmetry of the
function Y (t) with respect to the
involution I:y(t) = Y(1 — t) implies
that g, = 0. Thus, by theimplicit
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function theorem , there existsa

Wl (Z! y: l!)) = Vl (G)(Z! Y., lp): vs lp)x

and
WZ(Z! Y) = VZ(G)(Z! y1 lp), Y)a

and then the key functions W, and W, can be written in the form,

Wi(z,y) = Vi(y1e1 + Y265 + O(y1€1 + ¥2€3,7),Y)

=W, (2,7) + o(|2*) + 0(2I*) 0() ,

Wy(z,7) = Vo(y1€1 + Yaep + O(V1e1 + ¥2€5,7),7)

=W,(z,y) + o(lz|3) + 0(|z]®) O(y) ,
where,

Wi(z,y) = —qiy1 + kyyi +

The geometrical form of bifurcations
of critical points and thefirst
asymptotic of branches of bifurcating
for the functions W, and W, are

completely determined by their

ki =p1+ 44,
ky =py— 44,
Az = —qy,

nh=x,
and
Y2=Y
we have the function W, is equivaent
to the function W;. The functions W,

and W, have the same germ

3

X
Wo(x,y) = —+xy ;

94

principa parts W, and W,
respectively. By changing the
parameters and the variables

inthe function W, asfollows

so they are contact equivaent. Hence
the Caustic of the function W; is
coincide with the Caustic of the
function W, . Also, by changing
variablesin the function W, asfollows:
V1 = X1, Y2 = X we havethat the
functions W, and W, are contact
equivalent, since they have the same

germ
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Z = (ylly?.)l y = (61152)-
V2y3 . 32v/2y,y?
+ k,y? + ——=
2Y2 15w
W2 (21 ]"’) =

(6720
+
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5
4 ,
_ 4 512
Go(x1,X2) = —+ x5 + X175

5

The functions W, and W, has all the
topological and analytical properties of
functionals V; and V-, so the study of
bifurcation analysis of the equations
(7.3) and (7.4) isequivaent to the
study of bifurcation analysis of the
functions W, and W,. This shows that
the study of bifurcation of extremals
of the functionals V; and V- is reduced
to the study of bifurcation of extremals

of the functions (5.1) and (6.1)

respectively. d

The point a E is a solution of

the equation f(x,4) =0 if and
only if,
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