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ABSTRACT 

This paper presents a comparison between two nonlinear PID controllers, the first is the Neural 

based controller and the second is the nonlinear fractional order PID controller (FOPID) for a 

trajectory tracking control of a non-holonomic two wheeled mobile robots (2-WMR). A modified 

particle swarm optimization (MPSO) has been proposed in this work to tune the parameters of the 

nonlinear FOPID controller to design the controller so that the 2-WMR follows exactly a predefined 

continuous track. The kinematic model of a differential drive 2-WMR has been derived to simulate 

the behavior of the 2-WMR and it is used in the design and simulations of the proposed FOPID 

controller. From simulation and results, it can be seen that the efficiency of the proposed nonlinear 

FOPID controller outperforms the nonlinear integer order PID controller; this is proved by the 

minimized tracking error and the speed control signals obtained. 

Keywords: Two wheel Mobile robot, trajectory tracking, non-holonomic systems, Factional order 

      controller, Particle swarm optimization (PSO). 

 

INTRODUCTION  

otion control means the policy by which the 2-WMR reaches a desired location I 

and the implementation of this strategy. 2-WMR, as the name implies, have the         

ability to move around, they may walk on the ground, on the surface of bodies of 

water, under water, and in the air [1]. This is in contrast with fixed base robotic arms that 

are more common in manufacturing operations such as automobile manufactures, aircraft 

assemblies, electronic parts assemblies, welding, spray painting and others.  An 

autonomous robot is automated to work without human involvement, and with the help of 

personified artificial intelligence can achieve and live within its surroundings.  
Today’s 2-WMR can move around safely in messy surroundings, understand natural speech, 

recognize real objects, locate themselves, plan paths, and generally think by themselves. Smart 2-

WMR design employs the methodologies and technologies of smart, intellectual, and behavior-

based control. It must maximize flexibility of performance subject to minimal input dictionary and 

minimal computational complexity. Based on the aforementioned, a strict controller has been 

designed to help the 2-WMR achieve its mission successfully [2].  

M 
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      PID control on the other hand, is an old strategy to control systems. The industrial control field 

uses it because of its simplicity of the design and best act. So that, it is worthy to improve their 

quality of operation. One of the methods that the engineering tries to improve the performance of 

the PID controller is to use the  fractional order       controller (FOPID), a promotion of 

traditional (PID) controller where the integral and derivative order are fractional instead of being 

integer. FOPID has two more parameters α (derivative order) and λ (integral order) which are in 

fractions; this increases the flexibility of the system and allows a better implementation than a 

classical PID controller [3]. On the other hand, Particle Swarm Optimization (PSO) is a strong 

swarm optimization technique based on the motion and intellectual manner of swarm of insects, 

such as ants, termites, and bees; a flock of birds; or a school of fish. It implements the model of 

social communication to solve the problem [4]. The best parameters of fractional-Order PID 

controller consist of proportional gain (KP), integral gain (KI), derivative gain (KD), fractional-

order of differentiator α, fractional-order of integrator λ, all of these parameters will be tuned using 

our proposed modified PSO algorithm. Many algorithms were proposed to control the trajectory-

tracking of a mobile robot, such as Neural-Network [5], Back-Stepping [6], Fuzzy Logic 

Control [7], Sliding Mode Control [8] and Wavelet Network [9].  

 

Fractional Order Controller: 

Fractional Calcuius:  

 Fractional order calculus is an area where the mathematicians deal with integrals and 

derivatives of non-integer orders. The general form of fractional order calculus represented by   
 
 
  

and it has called as differ-integral operator. It is the combination of integration and differentiation, 

process commonly applied in fractional calculus [10].   
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 There are several mathematical definitions used for fractional differ-integral and the most 

commonly used are: 

 Riemann-Liouville definition (RL). 

 Caputo definition  (C) 

 Grunwald-Letnikov definition (GL). 

The general Riemann-Liouville definition is:  
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While that of Caputo definition is: 
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 The most important formula used is the Grunwald-Letnikov defined as:  
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Fractional Order PID Controller (FOPID): 

The fractional differential equation of the PIλDα controller is described by: 

 

 ( )     ( )        ( )        ( )                                 …(6) 

 

 The continuous transfer function of FOPID is obtained through Laplace transform, which is given 

by:  
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Figure (1) General closed-loop feedback control system with a FOPID controller. 

 

   Figure (1) illustrate the closed-loop feedback control system with FOPID. It is clear that the 

FOPID controller has the three parameters KP, KD and KI. In addition, two other parameters   and 

λ are needed for the derivative and integral actions respectively. The values of α and λ may be not 

integers with the restriction of being the positive real number. Figure (2) represent a graphical 

depiction for the possibilities of control using FOPID controller, the figure extends the four control 

possibilities of the conventional PID controller (P,PI,PD, and PID) to an area of controls in the first 

quadrant defined by selection of the values of α and λ  equal to one[11].  
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Figure (2) Generalization of the FOPID Controller: From point to an area. 

 

Figure (3) proposed the structure of the nonlinear FOPID neural controller in this work 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (3) the nonlinear FOPID neural controller design 
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Particle Swarm Optimization (PSO) 

     Particle Swarm Optimization (PSO) is an optimization technique based on the motion and 

intellectual of behavior of a colony of ants, termites, and bees. Kennedy and Eberhart originally 

proposed the PSO algorithm in 1995; it has been found that it is strong in solving an optimization 

continuous and discrete nonlinear engineering problems. Initially, each particle in the swarm has a 

position in solution space and it has different dimension depending on variables of the objective 

function. Generally, the method begins by spreading the particles randomly in the solution space 

and finally gathering these particles toward the best fitting solution. More specifically, each particle 

has position and velocity and tries to set it flying in the direction of a possible attractive region 

according to its own flying experience, then share social information among a swarm, so that the 

other members try to follow the best one (closest to optimum solution), this step represent one 

iteration in this process. This will continue to find the convergence until a minimum error solution 

obtained or terminating the process by reaching the maximum number of iterations. The mechanism 

of the particle when it compares its current position and velocity with the previous one and update 

its position and velocity is given as [3, 12]: 

  

vj(t+1) = w·vj(t) + C1 ·rand ·(pbest(t) – xj(t)) + C2 · rand· (gbest(t) – xj(t))                       … (8) 

 

xj(t+1) = xj(t) + vj(t+1)                                                      … (9) 

 

 

     Where vj(t+1) is the speed of the jth particle at (t+1) iteration, xj(t+1) is the location of the jth 

particle at (t+1) iteration, w is the inertial weight factor (weighting function), C1 and C2 are random 

number range [0,1], that called  acceleration constants called cognitive learning rate and social 

learning rate respectively, rand is the random function in the range [0,1], pbest is the individual best 

position of the particle, and gbest is the global best position of the swarm of the particles. The 

weighting function, w is responsible for dynamically adjusting the speed of the particles, so it is 

responsible for balancing between global and local search. Applying a large inertia weight at the 

start of the algorithm and decays into a smaller value through the PSO execution makes the 

algorithm search locally at the end and globally at the beginning of the execution. The weighting  

Function w is calculated as follows:  

 

 ( )       .
         

       
/                                       …(10) 

 

 

 Where           are the initial and final weights,         is the maximum iteration number and 

     is the current iteration number [3].  

     The flow chart depicting the implementation of modified PSO algorithm for optimizing the 

parameters of the FOPID controller for the given system as shown in Figure (4):  
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Figure (4) the flow chart of modified PSO-FPOID algorithm. 

 

The proposed control structure using FOPID controller with modified PSO as shown in Figure (5): 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (5) the structure of the proposed nonlinear FOPID path tracking controller of 2-

WMR. 
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Wheel Mobile Robot Modeling 

    In the past few years, several studies have been completed in the field of 2-WMR control design, 

the aim is designing and implementing the driving control signal that the 2-WMR must obey to 

keep track of a desired track precisely and minimizing the tracking error. Tracking error of a 2-

WMR can be detrimental for many reasons, it might cause collisions with obstacles, or cause the 

robot to fail to accomplish the task successfully, and finally it may cause an increase of the traveling 

distance and in turns the traveling time. [13]  

 

Kinematic Modeling of Non-Holonomic 2-WMR 

     The 2-WMR, shown in Figure (6), consists of a castor wheel in the head of the 2-WMR and two 

driving wheels mounted on the same axis located at the back of as shown in Figure (6). The castor 

carries the mechanical structure and saves the platform more stable. The motion and the orientation 

of 2-WMR are achieved via two-DC motors which forms the actuators of the right and left wheels. 

The two wheels have the same radius denoted by r, and the distance between the two wheels is L 

[1]. The c is the center of mass of the 2-WMR and center of axis of the wheels.  

 

Figure (6) a non-holonomic 2WMR. 

 

 From Figure (6), referring to the position of the 2-WMR in the world coordinate frame {o, x, y}, 

the kinematic equations of 2-WMR can be described as follows [2, 13]:  
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 Where: VLi are the linear velocity, VA are the angular velocity and R the radius of the 2-WMR 

instantaneous curvature trajectory. Integrating equations 15, 16 and 17 and we get [2, 13,14]:  
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 Where the vector p (0) = (      ,   ) is the initial pose. Equations (18), (19) and (20) are valid and 

works for all kinds of wheeled 2-WMR heading in a specific path at certain velocity     ( )  
( ( )  ( )  ( )). For the special case of 2-WMR [13, 14]:  
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  The kinematic equations 21, 22 and 23 can be convert into discrete form [13]: 
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    Where  ( )  ( )  ( ) are the components of the position at the k-step of the movement and     
is the sampling interval between two adjacent samples. For the simulations, the current form of the 

position components can be expressed in nonlinear discrete difference equations as follows [13]:  

 

 ( )     ,     ( )        ( ) -    ( )     (   )                                                       ...(27) 

 ( )     [     ( )        ( )]     ( )     (   )                                                       ...(28) 

 (  )  
 

 
,     ( )        ( )-    (   )                                   …(29) 

 

 Equations (27)-(28) are used in the design of the proposed FOPID controller. Also, it is used in the 

simulations of the 2-WMR using MATLAB environment in time-domain. The kinematics equations 

15, 16 and 17 can be represent as follows:  
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 The 2-WMR can be headed to any position in a free workspace where it is assumed that the wheels 

of 2-WMR are ideally set up in such a way that they have ideal gently sloping with no sliding. The 

2-WMR cannot make lateral movement because the number of degrees of freedom of the movement 

for 2-WMR is 2, the wheel must not move orthogonally to the wheel plane. Additionally, the linear 

velocity of the point c of the 2-WMR must be in the direction of the axis of symmetry (x-axis); this 

is referred to as the non-holonomic constraint [2,13]:  
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Simulation Results 

 The proposed controller is tested under computer simulations with MATLAB environment. The 

simulations are carried out off-line by tracking a desired position (x, y) and orientation angle (θ) 

with an infinity shape and circle trajectories in the tracking control of the robot. The 2-WMR model 

parameters values are taken from [15]:               M= 0.65kg, I = 0.36 kg.m2, L = 0.115 m, r = 0.033 

m and sampling time is equal to 0.5 second.  

      The proposed nonlinear FOPID neural controller has been designed by finding the optimum set 

of the five parameters by the proposed modified PSO. The designed FOPID together with the 

conventional nonlinear PID neural controllers are applied to 2WMR with kinematic model. The first 

step of the design procedure is to set the values of the following parameters of the proposed 

modified PSO algorithm: Population size of particles is equal to 25 and iteration number is equal to 

100. It is shown from the model of the 2WMR that it is MIMO system, with input of Vl  and Vr and 

output [x(k) y(k)  (k)]. Now, to design a motion controller for the 2WMR, it required to design a 

single PID or FOPID controller for reach output to track the desired reference input. At the end, the 

design comes to three conventional PID controllers and each controller have three parameters so the 

number of weights in each particle is a vector of nine parameters. While with a FOPID controller, 

the total number of weights to be adjusted or tuned in each particle is a vector of fifteen parameters 

because each controller have 5 parameters to tune. The acceleration constants C1 and C2 are equal to 

1.4, r1 and r2 are random values between 0 and 1. Two case studies are used in this paper.  

 

Case Study 1: 

The required infinity path which has explicitly continuous gradient with rotation changing 

radius. This path can be express as [14]: 

  ( )               .
  

  
/                                                                                                … (32) 
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)                                                             …(33) 

 

 ( )        (
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 )       ( )
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)                                         … (34) 

 

     The initial situation of the robot model starts with p (0) = [1.75, -0.25, π/ 2]. The 2-WMR path 

tracking with the proposed FOPID controller is shown in Figure (7). This Figure explains the 

position, orientation, pathing performance. The simulation results demonstrated the activity of the 

FOPID controller by showing its ability to generate small, smooth values of the control input speeds 

for right and left wheels without an acute shape as shown in Figure (8), that the amplitude of the 

controls design is damped more than in the conventional PID controller.   
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Figure (7) desired trajectory and actual 2-WMR trajectory 

 

 
     (a) Control action using PID controller.          (b) Control action using FOPID controller. 

 

 
(c) Desired and actual 2-WMR orientation using PID and FOPID controllers 

Figure (8) Simulation results for infinity path. 

 

    The modified particle swarm optimization is used for tuning the parameters of the PID neural 

controller (Kx, Ky, Kθ) which is demonstrated in Table (1). The tuned parameters of the proposed 

FOPID controller (Kx, Ky, Kθ,   and λ) are shown in Table (2).  

 The Mean Square Error (MSE) has been used as the performance index in the control design 

methodology as equation and it is used as the objective function in the modified PSO:  
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 )                                                                                   ...(35) 

Where pop is a number of particles. 

 

Table (1) Parameters of the PID controller 

KPx KIx KDx KPy KIy KDy KPθ KIθ KDθ 

0.5376 1.1374 0.7944 1.8264 0.1743 6.4422 -1.538 -0.292 0.2756 

Table (2) Parameters of the FOPID controller 

KPx KIx KDx λx αx KPy KIy KDy λy αy KPθ KIθ KDθ λθ αθ 

3.362 3.635 0.426 0.975 0.717 -1.594 1.918 1.845 1 0.408 -2.115 -1.081 -0.764 0.781 0.888 

 

Case Study 2: 

 The circle path that the 2-WMR must follow can be describe by the following equations [16]: 

 

  ( )       (
 

  
)                                        ... (36) 

  ( )     .
 

  
/                                    .. (37) 

 ( )  
 

 
 

 

  
                                                                            ... (38) 

 

 Equations (36 and 37) describe the path coordinates, while the orientation of the 2-WMR is 

expressed by equation (38). The initial situation of the 2-WMR model starts with p (0) = [1.1, -0.5, 

π/ 2]. The tracked path by 2-WMR is illustrated in Figure (9). This Figure explains the excellent 

performance obtained by the FOPID where position and orientation are mostly coincided on the 

desired track.  

 

Figurer(9)Desired trajectory and actual 2-WMR trajectory. 
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     The simulation results demonstrate the ability of the proposed controller to generate small, 

smooth values of the control input speeds for right and left wheels without an acute shape as shown 

in Figure (10). Tables (3) and (4) list the tuned parameters of the nonlinear PID and the proposed 

FOPID controller for this case study respectively.  

 

Table (3) Parameters of the PID controller 

KPx KIx KDx KPy KIy KDy KPθ KIθ KDθ 

2.3523 0.2898 0.1588 -0.978 -0.519 0.8552 -4.332 -2.289 0.4336 

 

Table (4) Parameters of the FOPID controller 
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       (a) Control action using PID controller.          (b) Control action using FOPID controller. 

 

 
(c) Desired and actual 2-WMR orientation of PID and FOPID 

Figure (10) Simulation results for circular path 

 

     Finally considers the trajectory errors for both PID and FOPID controllers, it can be seen from 

table (5) that the proposed nonlinear FOPID neural controller gives small trajectory errors than the 

conventional nonlinear PID neural controller. While the difference in the error is small for small L 

(distance between the two wheels), it is shown from simulations that with larger values of L the 

difference in the error becomes very apparent. 
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Table (5) The values of MSE for PID & FOPID controller 

 

 

 

 

 

 

CONCLUSIONS 

   In this research the nonlinear PID neural network controller and nonlinear FOPID neural 

controller with modified PSO method for MIMO non-holonomic 2-WMR have been presented. 

Simulations and results show that the proposed nonlinear FOPID neural controller gives better 

results than the conventional nonlinear PID neural controller by following the desired path without 

oscillations and minimum mean squared error as seen from the results. The designed FOPID 

controller can track any path with minimum control action and perfect orientation. It is worthy to 

mention that the best result for this problem solved using FOPID tuned with modified PSO can be 

obtained by running the algorithm more than one time due the heuristic nature of the PSO algorithm 

so that best set of the tuned parameters can be found. 
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