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Abstract 
we prove in this article a unique common fixed point theorem for α – 

β contractive condition for rational contraction and also we give example 

that explain the main result. 
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1.Preliminaries 
In the year 1992,a partial metric space is a generalization of the 

notion of the metric space defined in 1906,by (Maurice.frechet) such that 

the distance of a point from itself isn't necessarily 0.well known banach 

fixed point theorem also known as banach contaction principle,was.a 

foundation for a development of metric fixed point theory and found 

applications in different areas. There was much popularization of that result 

in tha last seventy years.At 1989 [1] submitted the notion of Quasi-Metric 

Space as a special general concept of Metric Spaces. At1993,[2][3] put 

many theorems due to the b–metric spaces.In (1994)[4] assumptive the 

notion of partial metric space in which the Self-distance of every point of 

space not equal 0.At(1996)o'neill generalized the concept of (P.M.SP) by 

introduced negative distances.At(2013) [5] popularized both the notion of 

(b-M.SP) and (P.M.SP) by presenting the partial b-metric spaces (P.b-

M.SP)as example alot of researchers at present day have studying this 

presupposition and its generalization in different types of (M.SP). 

some authors close to our interest were studying some fixed point 

theorems in the so called b-metric space. After then, some authors started to 

prove ((α – ψ)) versions of certain fixed point theorems in different type 

metric spaces [6,7,8]. Mustafa in [9], gave a generalization of Banach's 

contraction principles in a complete ordered partial b-metric space by 

introducing a generalized (α-ψ)weakly contractive mapping.  
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Definition1[10] Let   be a set and     be a real no. A mapping      
        then      is said to be a(b-M.SP) and   is called the 

coefficient of       if         then following properties satisfied: 

                       

                    

                            ] 
Definition2[4] Let     A map             is a(P.M.SP) then 

      is called (P.M.SP) if          if the following terms are 

satisfying: 

                                   

                    

                    

                                  
Remark3 it's obvious that (P.M.SP) mayn't be a (M.SP), since in a (b-

M.SP) if     then                          . but in (P.M.SP) 

if     then                      doesn't need equalize zero 

therefore (P.M.SP) doesn't need to be (b-M.SP). 

At other hand,[5] admit the concept of (P.b-M.SP) as: 

Definition4[5] Let     and    .            is called a (P.b-

M.SP) if          then 

                                       

                       

                       

                                ]          

then       is a (P.b-M.SP).    the coefficient of       . 

Remark 5 the order of (P.b-M.SP)       is certainly greater than the class 

of (P.M.SP) , Since a (P.M.SP) is a particular kind of a (P.b-

M.SP)       when     also the class of (P.b-M.SP)       is greater 

than the order of (b-M.SP) since (b-M.SP) is a particular kind of a (P.b-

M.SP)      while the self-distance            . 

The following example explain that a (P.b-M.SP) on   need not be a 

(P.M.SP), nor a (b-M.SP) on  . 

Example 6[5] Let         define amap             where 

            {   }]  |   |         

then        is a(P.b-MS) on   with coefficient       but   isn't a(b-

MS) nor a(P.M.S) on  . 

Definition7[9] every partial b-metric Pb defines a b - metric    
 , where 

   
                                     . 
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Definition 8[9] A sequence {  }in a(P.b-M.SP) ( , Pb) is called: 

a) Pb -convergent to a point     if                            

b) A Pb-Cauchy seq.(C.Seq.) if                     defined and limited; 

c) A (P.b-M.SP) (M, Pb) is called Pb-complete if any Pb - (C.Seq.) {  } in    

is Pb Approaches to A Point     where                    

                            

Lemma 9[9] a seq. {  } is a Pb - (C. Seq.) in a (P.b-M.SP)     Pb) iff b_(C. 

Seq.) in the (b-M.SP) ( ,   
). 

Lemma 10[9] a (P.b-M.SP) ( ,Pb) is Pb - Complete iff (b - M.SP) ( ,   
) 

is b - complete. moreover,            
           

iff                                        . 

Definition11[11] The twin of a self-maps    and   of a(M.SP.) ( ,d) are 

said to be weakened compatible if they subrogate at fortuity points that is if 

              for    . 

2. Main Results 
Theorem 1 suppose  , bQ P  be a a (  -M.SP) with coefficient 1q  . Let 

, :T A Q Q  be a mapping satisfies the following 

         2
, , ,

b bb P Pq P Ae Af Q e f Q e f         (2.1) 

   ,e f Q ,    : 0, 0,     be continuous and monotonically 

increasing function with   0t  iff t = 0,l    : 0, 0,     be 

lower semi-continuous with   0t   iff t = 0 also where 

  
   

 
 

, ,
, max , ,

1 ,b

b b
P b

b

P Te Ae P Te Af
Q e f P Te Tf

P Te Tf

  
  

  
 

    A Q T Q  and  T Q  is complete subspace of      (2.2) 

  ,T A weakly compatible pair.     (2.3) 

 Then A and T have unique common fixed point in  . 

Proof:Choose 0e Q . From (2.2), there is seq. 〈  〉 in  . Where 1n nAe Te 

,          

Case ((a)) Let 1n nTe Te  ,     , From (2.1) we obtain  

         2
1 2 1 2 1 2, , ,

b bb P Pq P Ae Ae Q e e Q e e     

Where  

  
   

 
 1 1 2 2

1 2 1 2

1 2

, ,
, max , ,

1 ,b

b b
P b

b

P Te Ae P Te Ae
Q e e P Te Te

P Te Te

  
  

  
 

                        
   

 
 1 1 2 3

1 2

1 2

, ,
max , ,

1 ,

b b
b

b

P Te Te P Te Ae
P Te Te

P Te Te
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If 
   

 
1 2 2 3

2 2

, ,

1 ,

b b

b

P Te Te P Te Te

P Te Tf




 is maximum, then  

  
   

 

   

 
1 2 2 3 1 2 2 32

2 3

1 2 1 2

, , , ,
,

1 , 1 ,

b b b b
b

b b

P Te Te P Te Te P Te Te P Te Te
q P Te Te

P Te Te P Te Te
  

    
            

   

                              
   

 
1 2 2 3

1 2

, ,

1 ,

b b

b

P Te Te P Te Te

P Te Te

 

    
 

Since   is monotonically increasing, we have that  

  
   

 
1 2 2 32

2 3

1 2

, ,
,

1 ,

b b
b

b

P Te Te P Te Te
q P Te Te

P Te Te


 


 

It follows that  

    2
1 2 1 21 , , ,b bq P Te Te P Te Te      

which is contradiction. 

Hence  1 2,P Te Teb  is maximum.  

      2 3 1 2 1 2, , ,b b bq P Te Te P Te Te P Te Te           
 

         1 2,bP Te Te  

Since   is monotonically increasing, we have that 

      2
2 3 1 3 0 12

1
, , ,b b bq P Te Te P Te Te P Te Te

q
    

Similarly we can also prove that  

    2
3 4 2 3, ,b bq P Te Te P Te Te   

           0 14

1
,bP Te Te

q
   

Continuing this way we can conclude that  

         2
1 1 1, , ,b n n b n n b n nq P Te Te P Te Te P Te Te        …..(1) 

Also it is clear that   1,b n nP Te Te   is decreasing sequence of positive real 

nos. which approaches to 0t  . 

let 0t   

assuming n approaches to infinity in (1),we have that  

 α(t) ≤      2
q t t t      t , 

which is contradiction.  

therefore t = 0. 

Thus  1lim , 0n n
n

P Te Te 


b    …..(2) 

From  2Pb ,  lim , 0b n n
n

P Te Te


  … (3) 

From (2) and (3) and by the definition of 
bPd , we have that  
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  1lim , 0
bP n n

n
d Te Te 


 …….. (4) 

We will prove now that  nTe  is (C. seq.) in  , bQ P . Alternatively, we can 

prove that  

 nTe is (C. seq.) in  ,
bPQ d . On contrary suppose that  nTe  is not (C. seq.) 

in  , bQ P . This implies that  , 0
bP n md Te Te   as ,n m  . 

Then there exist 0  and monotonically increasing sequence of natural 

numbers  km  and  

 kn  such that k kn m k   

    ,
b k kP n md Te Te  ….(5) 

 and   1,
b k kP n md Te Te   …(6) 

From (5) and (6), we have that 

  ,
b k kP n md Te Te  

       1 1, ,
b k k b k kP m n P n nq d Te Te d Te Te 

  
 

 

    1,
b k kP n nq q d Te Te    

Taking the upper limit as k   and using (4), we have that  

  lim sup ,
b k kP n m

k
d Te Te q


    ….. (7) 

Also  

  ,
b k kP m nd Te Te  

      1 1, ,
b k k b k kP m n P n nq d Te Te q d Te Te      

Taking upper unit as k   and using (4) , we have that  

  1lim ,
b k kP m n

k
sup d Te Te

q





  …..(8) 

On other hand  

      1 1, , ,.
b k k b k k b k kP m n P m n P n nd Te Te q d Te Te q d Te Te     

Taking upper limit as k  , using (4) we have that  

   2
1lim sup ,

b k kP m n
k

d Te Te q


   ….. (9) 

Also from (5), we have that 

   ,
b k kP m nd Te Te  

        1 1, ,
b k k b k kP m m P m nq d Te Te d Te Te 

  
 

 

       2 2
1 1 2 2, , ,

b k k b k k b k kP m m P m n P n nq d Te Te q d Te Te q d Te Te          

       2 3 2
1 1 2 2 2, , , ,

b k k b k k b k k b k kP m m P m n P n n P n nq d Te Te q d Te Te q d Te Te q d Te Te             
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Taking upper limit as k   and using (4), we have that 

  1 22
lim sup ,

b k kP m n
k

d Te Te
q

 



  …. (10) 

On other hand  

      1 2 1 2, , ,
b k k b k k b k kP m n P m m P m nd Te Te q d Te Te d Te Te   

  
 

 

           2
1 1, ,

b k k b k kP m m P m nq d Te Te q d Te Te 
  
 

 

          1 2,
b k kP n nq d Te Te   

Taking upper limit as k   and using (4), we have  

   4
1 2lim sup ,

b k kP m n
k

d Te Te q 


  …. (11) 

Now 

        2
1 2,

k kb m nq P Te Te     2
1,

k kb m nq P Ae Ae    

           1 1, ,
b k k b k kP m n P m nQ e e Q e e      …(12) 

where        

 
   

 
 

1 1

1 1

1

, ,
, max , ,

1 ,

k k k k

b k k k k

k k

b m m b n n

P m n b m n

b m n

P Te Ae P Te Ae
Q e e P Te Ae

P Te Te

 

 



  
  

  

 

                        
   

 
 

1 1 2

1

1

, ,
max , ,

1 ,

k k k k

k k

k k

b m m b n n

b m n

b m n

P Te Te P Te Te
P Te Te

P Te Te

  





  
  

  

 

Taking k   (9) and (2), we have that 

    2 2
1lim sup , max 0,

b k kP m n
k

Q e e q q


     

Taking upper limit as k  in (12) and from (11), we have that  

       6 2
1lim sup ,

b k kP m n
k

q q Q e e   


      …(13) 

Subcase (i) if    ,from (13),we obtain  

       1lim sup Q ,
b k kP m n

k
e e   


     

                               

which is a contradiction 

Subcase (ii) if    , from (13), we see  

       6 2
1lim sup Q ,

b k kP m n
k

q q e e   


     

               6
q   

Since   is monotonically increasing, we have that  

 6 2
q q  
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It follows that 4
1q    

which is a contradiction. 

Hence we conclude that  nTe  is (C. seq.) in  , d
bPQ . 

let  T Q  is complete subspace of   then  nTe  converges to   in 

  , d
bPT e  

Thus   d , 0
bP nTe u   for some u = TV. From Lemma 10 we obtain  

        
,
lim , , , , 0b n m b n b m b

n m
P Te Te P Te u P Te u p u u


      .. (14)  

Now we claim that AV =u 

From (2.1), we have that 

      2
, ,

bb n P nq P Av Ae Q v e   … (15) 

Where  

  Q ,
bP nv e  

   

 
 

, ,
max , ,

1 ,

b b n n
b n

b n

P Tv Av P Te Ae
P Tv Te

P Tv Te

  
  

  

 

  
   

 
 1, ,

max , ,
1 ,

b b n n
b n

b n

P u Av P Te Te
P u Te

P u Te


  

  
  

 

    0 as n  

Letting n  and 

From (15), we have that  

   2
, 0bq P Av u    

It follows that Av u Tv   

Since (A, T) is weakly compatible pair, we have that Au = Tu 

Suppose Au u   

Now 

         2
,  Q , ,

b bb n P n P nq P Au Ae u e Q u e     … (16) 

Where  

   Q ,
bP nu e

   

 
 

, ,
max , ,

1 ,

b b n n
b n

b n

P Tu Au P Te Ae
P Tu Te

P Tu Te

  
  

  

 

                     
   

 
 1, ,

max , ,
1 ,

b b n n
b n

b n

P Au Au P Te Te
P Au Te

P Au Te


  

  
  

 

        ,bP Au u  as n . 

Hence letting n  in (16), we have that  

         2
, , ,b b bq P Au u P Au u P Au u     …..(17) 

Subcase (iii) if    , from (17) we see 

         , , ,b b bP Au u P Au u P Au u     



ON (α – β) - CONTRACTIVE MAPPING OF PARTIAL b-METRIC 

SPACES AND FIXED POINT THEOREM …... Moayad Mhmoud Khlil 

42-011- 4102 - 104 - 

            ,bP Au u  

Which is a contradiction 

Subcase(iv) if    , from (17), we have  

         2
, , ,b b bq P Au u P Au u P Au u      

              ,bP Au u   

Since   is monotonically increasing function, we have that 

   , ,b bq P Au u P Au u

   

It follows that  1q

   

Which is a contradiction. 

Hence Au u Tu   

hence   is com. fixed pt. of A and T. 

For uniqueness let   is another com. fixed pt. of A and T provided     

then  

   2
,bq P u g    2

,bq P Au Ag  

         , ,
b bP PQ u g Q u g   ……..(18) 

Where  

  
   

 
 

, ,
, max , ,

1 ,b

b b
P b

b

P Tu Au P Tg Ag
Q u g P Tu Tg

P Tu Tg

  
  

  
 

    
   

 
 

, ,
max , ,

1 ,

b b
b

b

P u u P g g
P u g

P u g

  
  

  
 

     max 0, ,bP u g  

    ,bP u g  

Therefore, from (18), we have that 

         2
, , ,b b bq P u g P u g P u g      

             ,bP u g  

Which is contradiction 

since     

hence,   a unique fixed pt. of A and T. 

Example 2. if        and  : 0,bP QQQ   defined as 

    
2

, max ,bP e f e f        . Then it's obviously that  , bQ P  

is a complete (P.b-MS) with    .  

define , :A T Q Q  by  
2

e
T Q  ,   

2

1

e
A Q

e



 and    , : 0, 0,      by 

 t t  and  
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2

t
t  . Then all terms of theorem (2.1) are holding and zero is unique 

fixed pt. of A and T.   

Result 3 in theorem (2.1), if we take             and (P.M.SP)  , bQ P

is exchanged by (M.SP)  ,Q d . Then we will see main result of [5]. 

Result 4 if we put          in (2.1) and let               be a 

mapping, provided          iff       then theorem (2.1) reduces to 

theorem (2.1) in [12]. 
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