
  2002( لسنة 1( العذد )11هجلة القادسية للعلوم الصرفة الوجلذ )

 

 

 354 

 Principally Pseudo-Injective Modules 
By 

Akeel Ramadan Mehdi Al-Yassri 

Department of Mathematics 

College of Education 

Al-Qadisiyah University 

E-mail : akeel_math@yahoo.com 

 

Abstract 

          The concepts of pseudo-injective modules and principally quasi-injective modules are generalized 

in this paper to principally pseudo-injective modules . Many   characterizations and properties of principally 

pseudo-injective modules are obtained. Relationships between principally pseudo-injective modules and 

other classes of modules are given for example we proved that for each integer  n 2 , then M
n  is 

principally pseudo-injective R-module if and only if  M  is principally quasi-injective R-module. New 

characterizations of semi-simple Artinian ring in terms of principally pseudo-injective modules are 

introduced. Endomorphisms ring of principally     pseudo-injective modules are studied . 

 

§0:- Introduction 

            Throughout this paper, R will denote an associative, commutative ring        with identity, and all R-

modules are unitary (left) R-modules. Given two                            R-modules M and N. M is called pseudo-

N-injective if for any R-submodule A of N and every R-monomorphism from A into M can be extended to 

an R-homomorphism from N into M [16] . An R-module M is called pseudo-injective if M is                           

pseudo-M-injective[19]. An R-module M is called principally N-injective if for any cyclic R-submodule A 

of N and every R-homomorphism from A into M can be extended to an R-homomorphism from N into M. 

An R-module M is called principally quasi-injective (or semi-fully stable[2]) if M is principally                       

M-injective[14]. An R-module M is called p-injective if M is principally                  R-injective[13]. An R-

module M is called pointwise injective if for each                   R-monomorphism f:A→B (where A and B are 

two R-modules), each                        R-homomorphism g:A→M and for each aA , there exists an R-

homomorphism     ha:B→M ( ha  may depend on a) such that (ha  f)(a)=g(a) [8].An R-module M is   

pointwise injective if and only if M is principally N-injective for every                     R-module N [8].An R-

module M is called pointwise ker-injective if for each            R-monomorphism f:A→B (where A and B are 

R-modules), each R-homomorphism g:A→M and for each aA , there exist an R-monomorphism 
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α:M→M and              R-homomorphism βa:B→M (βa may depend on a) such that (βa  f)(a)=(αg)(a) 

[12]. An R-monomorphism f:N→M is called p-split if for each aN, there exists an               R-

homomorphism ga:M→N ( ga may depend on a ) such that (ga  f)(a)=a [8] .          An R-monomorphism 

f:N→M is called pointwise ker-split if for each aN, there exist an R-monomorphism α:N→N and an R-

homomorphism ga:M→N ( ga may depend on a) such that (ga  f)(a)=α(a) [12]. Recall that an R-module M 

is fully stable (fully p-stable) if for each R-submodule N of M and each R-homomorphism                    (resp. 

R-monomorphism) f:N→M, then f(N)N [1].A ring R is called Von Neumann regular(in short, regular) if 

for each aR , there exsits  bR  such that a=aba .For an R-module M , J(M),E(M) and S=EndR(M) will 

respectively stand for the Jacobson radical of M ,the injective envelope of M and the endomorphism ring of 

M. HomR(N,M) denoted to the set of all R-homomorphism from R-module N into         R-module M . For a 

submodule N of an  R-module M and aM ,                        [N:a]R =｛rR ׀ raN｝. For an R-module M 

and aM, then annR(a) denoted to the set  [(0):a]R . A submodule N of an R-module M is called essential 

and denoted by N
e
 M . if every non zero submodule of M has non zero intersection with N. An      R-

module M is called uniform if every non zero  R-submodule of M is essential . 

 

§1:-  Principally pseudo-N-injectivity 

           In this section we introduced the concept of principally pseudo-N-injective modules as  generalization 

of both pseudo-N-injective modules and principally        N-injective modules. 

Definition(1.1):- Let M and N be two R-modules. M is said to be principally pseudo-N-injective (in 

short, p-pseudo-N-injective) if for any cyclic R-submodule A of N and any R-monomorphism f: A  → M can 

be extended to an R-homomorphism form N to M . An R-module M is called principally pseudo-injective 

(in short ,            p-pseudo-injective) if  M  is principally pseudo-M-injective . A ring R is called principally 

pseudo-injective if  R is a principally pseudo-injective R-module . 

 

Examples and remarks(1.2):- 

 (1) All principally quasi-injective modules (also,pseudo-injective modules) are trivial examples of p-

pseudo-injective modules. 

(2) The concept of  p-pseudo-injective modules is a proper generalization of both pseudo-injective modules 

and principally quasi-injective modules ; for examples :- 

i-) Let R=Z2[x,y]/(x2
,y

2
) be the polynomial ring in two indeterminates x,y over Z2  modulo the ideal (x

2
,y

2
). 

Since R is a principally quasi-injective ring [1] thus by (1) above we have  R is p-pseudo-injective. Assume 

that R is a self pseudo-injective ring. Since R is a Noetherian ring, thus by [5] R is a self-injective ring and 
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this contradiction since R is not self-injective ring [4] . Therefore R is p-pseudo-injective ring  is  not self 

pseudo-injective. 

ii-) Let R be an algebra over Z2 having basis｛e1,e2,e3,n1,n2,n3,n4｝with the following multiplication table :- 

 e1 e2 e3 n1 n2 n3 n4 

e1 e1 0 0 n1 n2 0 0 

e2 0 e2 0 0 0 0 0 

e3 0 0 e3 0 0 n3 n4 

n1 0 n1 0 0 0 0 0 

n2 0 0 n2 0 0 0 0 

n3 n3 0 0 0 0 0 0 

n4 0 n4 0 0 0 0 0 

 

Let M =Re2 , then by [9] we have that M is pseudo-injective R-module is not        quasi-injective R-module. 

By (1) above we have M is p-pseudo-injective R-module. Since every R-submodule of M is cyclic[3] , thus 

M is not principally quasi-injective R-module. Therefore M is p-pseudo-injective R-module is not 

principally            quasi-injective. 

(3) The examples ( i ) and ( ii ) in (2) are showed that the concept  of                                p-pseudo-N-

injective modules is a proper generalization of both pseudo-N-injective modules and principally N-injective 

modules, respectively . 

(4) Every pointwise injective R-module is p-pseudo-N-injective, for all R-module N and so every pointwise 

injective R-module is p-pseudo- injective. 

(5) Every p-injective R-module is p-pseudo-R-injective. 

(6) Isomorphic R-module to p-pseudo-N-injective R-module is p-pseudo-N-injective, for any R-module N. 

(7) If  N1 and N2 are isomorphic R-modules and M is a p-pseudo-N1-injective              R-module , then M is 

p-pseudo-N2-injective R-module .  

                  In the following theorem we give many characterizations of                               p-pseudo-N-

injective modules. 

Theorem(1.3):- Let M and N be two R-modules and S=EndR(M).Then the following statements are 

equivalent :- 

(1) M is p-pseudo-N-injective. 

(2) For each mM, nN such that annR(n)=annR(m), there exists an                       R- homomorphism 

g:N→M such that g(n)=m. 

(3)  For each m M, nN such that  annR(n)= annR(m), we have SmHomR(N,M)n. 

(4) For each R-monomorphism f:A→M (where A be any R-submodule of N) and each aA, there exists an 

R-homomorphism g:N→M such that g(a)=f(a). 
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Proof:- (1)(2)Let M be a p-pseudo-N-injective R-module. Let mM, nN such that annR(n)= annR(m). 

Define f:Rn→M by f(rn)=rm, for all rR. It is clear that f is a well-defined R-monomorphism. Since M is p-

pseudo-N-injective R-module, thus there exists an R-homomorphism g:N→M such that g(x)=f(x) for all 

xRn. Therefore g(n)=f(n)=m.  

 (2)(3)Let mM, nN such that annR(n)=annR(m).By hypothesis, there exists an R-homomorphism g:N

→M such that g(n)=m. LetαS, thus α(m)=α(g(n))=        (αg)(n). SinceαgHomR(N,M) , thus  α

(m)HomR(N,M)n . Therefore SmHomR(N,M)n.  

(3)(4)Let f:A→M be any R-monomorphism where A be any R-submodule of N, and let aA. Put m=f(a), 

since mM and annR(m)=annR(a), thus by hypothesis we have SmHomR(N,M)a. Let IM:M→M be the 

identity R-homomorphism. Since IMS, thus there exists an R-homomorphism  gHomR(N,M) such that 

IM(m)=g(a). Thus g(a)=m=f(a).  

 (4)(1)Let A=Ra be any cyclic R-submodule of N and f:A→M be any                     R-monomorphism. 

Since aA, thus by hypothesis there exists an                              R-homomorphism g:N→M such that 

g(a)=f(a). For each xA , x=ra for some rR, we have that g(x)=g(ra)=rg(a)=rf(a)=f(ra)=f(x). Therefore M 

is p-pseudo-N-injective R- module.  □                                             

          As an immediate consequence of Theorem(1.3) we have the following corollary in which we get many 

characterizations of p-pseudo-injective modules.  

Corollary(1.4):- The following statements are equivalent for an R-module M :- 

(1) M is p-pseudo-injective. 

(2) For each n,mM such that annR(n)=annR(m), there exists an R-homomorphism    g:M→M such that 

g(n)=m. 

(3) For each n,mM such that annR(n)=annR(m), we have SnSm where                S= EndR(M). 

(4) For each R-monomorphism f:A→M (where A be any R-submodule of M) and each aA, there exists an 

R-homomorphism g:M→M such that g(a)=f(a).  

Proposition(1.5):-Let M and N be two R-modules. If M is p-pseudo-N-injective, then every R-

monomorphism α:M→N  is p-split . 

Proof:-Let α:M→N be any R-monomorphism and aM. Define β:α(M)→M by β(α(m))=m for all 

mM. β is a well-defined R-monomorphism. Since M is            p-pseudo-N-injective R-module and α

(a)α(M), thus by Theorem(1.3) there exists an R-homomorphism h:N→M such that h(α(a))=β(α

(a)).Put ha=h and since         β(α(a))=a , thus (ha α)(a)=a. Therefore α is  p-split  R-homomorphism. □ 
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Corollary(1.6):-If M is p-pseudo-injective R-module , then every                            R-monomorphism 

α:M→M  is p-split.  

           It is easy to prove the following lemma by using [8 , Theorem(1.2.4) ] . 

Lemma(1.7):- An R-module M is pointwise injective if and only if every                 R-monomorphism 

α:M→ E(M)  is p-split.  

 

         In the following proposition we get a new characterization of pointwise injective modules. 

Proposition(1.8):-An R-module M is pointwise injective if and only if M is                 p-pseudo-E(M)-

injective. 

Proof:- Let M be a pointwise injective R-module. By remark(1.2(4)), then M is       p-pseudo-N-injective 

for all R-module N. Thus M is p-pseudo-E(M)-injective           R-module. Conversely, let M be a p-pseudo-

E(M)-injective R-module. By proposition(1.5), every R-monomorphism α:M→E(M) is p-split and hence 

by lemma(1.7), then M is pointwise injective R-module. □ 

           By proposition(1.8) and [8,Proposition(2.1.1)] we have the following corollary. 

Corollary(1.9) :- Let M be a cyclic R-module. Then M is injective if and only if M is p-pseudo-E(M)-

injective. In particular, a ring R is self-injective if and only if R is  p-pseudo-E(R)-injective R-module.  

            By proposition(1.8) and  [8,Corollary(2.1.5)] we have the following corollary. 

Corollary(1.10):-Let R be a principal ideal ring . Then any R-module M is injective if and only if   M is 

p-pseudo-E(M)-injective.  

Proposition(1.11):- Let N be a cyclic submodule of an R-module M. If N is            p-pseudo-M-

injective, then N is a direct summand of M. 

Proof:- Let IN:N→N be the identity R-homomorphism . Since N is                              p-pseudo-M-injective 

R-module, thus there exists an R-homomorphismα:M→N such thatα(a)=IN(a) for all aN. Hence (α

 i )(a)=a for all aN, where  i  is the inclusion R-homomorphism from N into M. Thus  i:N→M is split R-

homomorphism and hence N is a direct summand of M [11]. □ 

             An R-module M is called regular if every cyclic R-submodule of M is direct summand of M [11]. 

Then by proposition(1.11) we have the following corollary. 

Corollary(1.12):- If every cyclic R-submodule of an R-module M is                         p-pseudo-M-

injective, then M is a regular R-module.  

              R.Yue Chi Ming in [13] proved that a ring R is regular if and only if every       R-module is p-

injective. The following proposition is a generalization of this result. 
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Propositon(1.13):- The following statements are equivalent for a ring R. 

(1) R is a regular ring. 

(2) Every R-module is p-pseudo-R-injective, 

(3) Every ideal of R is p-pseudo-R-injective R-module. 

(4) Every cyclic ideal of R is p-pseudo-R-injective R-module. 

 Proof:-(1)(2) Let R be a regular ring and M be any R-module. Let f:Ra→M  be any R-monomorphism 

where Ra be any cyclic ideal of R . Since R is a regular ring and aR, thus there exists bR such that 

a=aba . Put m=f(ba) and defined g:R→M by g(x)=xm for all xR. It is clear g is an R-homomorphism. For 

each yRa, y=ra for some rR , then g(y)=g(ra)=rg(a)=r(am)=raf(ba)=rf(aba)=rf(a)=f(ra)=f(y). Therefore 

M is p-pseudo-R-injective.  (2)(3) and (3)(4) are obvious.              (4)(1) by Corollary(1.12). □ 

Proposition(1.14):- Let M and N be two R-modules. If M is p-pseudo-N-injective, then M is p-pseudo-

A-injective for each R-submodule  A of  N. 

Proof:- Let A be any R-submodule of  N, B be any cyclic R-submodule of A and   f:B→M be any R-

monomorphism. Let iB be the inclusion R-homomorphism from B into A and iA be the inclusion R-

homomorphism from A into N. Since B is a cyclic    R-submodule of N and M is p-pseudo-N-injective, thus 

there exists an                       R-homomorphism h:N→M such that (h iA iB)(b)=f(b), for all bB. put            

g=h  iA:A→M. For each bB, then g(b)=(h iA)(b)=(h iA)(iB(b))=(h iA iB)(b)=f(b). Therefore M is p-

pseudo-A-injective R-module. □ 

 

              As an immediate consequence of proposition(1.14) we have the following corollary. 

Corollary(1.15):- Let N be any submodule of an R-module M. If N is                      p-pseudo-M-

injective, then N is p-pseudo-injective. 

 

Proposition(1.16):- Any direct summand of p-pseudo-N-injective R-module is      p-pseudo-N-injective. 

Proof:- Let M be any p-pseudo-N-injective R-module and A be any direct summand R-submodule of M. 

Thus there exists an R-submodule A1 of M such that M=AA1. let B be any cyclic R-submodule of N and 

f:B→A be any R-monomorphism. Define g:B→M=AA1 by g(b)=(f(b),0), for all bB. It is clear that g is 

an                          R-monomorphism and since M is p-pseudo-N-injective R-module, thus there exists an R-

homomorphism h:N→M such that h(b)=g(b) for all bB.                                      Let πA be the natural 

projection R-homomorphism of M=AA1 into A .                                        Put h1=πA h:N→A .Thus h1 is 
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an R-homomorphism and for each bB, then        h1(b)=(πAh)(b)=πA(g(b))=πA((f(b),0))=f(b). Therefore A 

is p-pseudo-N-injective      R-module. □ 

            By proposition (1.16) and Corollary (1.15) we have the following corollary. 

Corollary(1.17):- Any direct summand of p-pseudo-injective R-module is also      p-pseudo-injective.  

 

           An R-module M satisfies (PC2), if each cyclic submodule of M which is isomorphic to a direct 

summand of M is a direct summand of M [17] .The following proposition is a generalization of  

[10,Theorem(2.7)]. 

 

Proposition(1.18):- Any p-pseudo-injective R-module satisfies (PC2). 

Proof:- Let M be a p-pseudo-injective R-module. Let A be any cyclic R-submodule of M which is 

isomorphic to a direct summand submodule B of M. Since M is            p-pseudo-injective, thus M is p-

pseudo-M-injective. Since B is a direct summand of M, thus by proposition(1.16) B is p-pseudo-M-injective 

R-module. Since A is isomorphic to B, thus by remark((1,2),6) A is p-pseudo-M-injective. Since A is a 

cyclic R-submodule of M, thus by proposition(1.11) A is a direct summand of M. Therefore M satisfies 

(PC2). □ 

 

 

   §2:-  Relationships between p-pseudo-injective modules  and other     classes of modules 
 

Theorem(2.1):-If M1M2 is p-pseudo-injective R-module, then Mi is principally Mj-injective for each  

i,j=1,2  , i≠j. 

Proof:- Let M1M2 be a p-pseudo-injective R-module, we show M1 is principally M2-injective. Let A be 

any cyclic R-submodule of M2 and f:AM1 be any              R-homomorphism. Define g:AM1M2 by 

g(a)=(f(a),a) for all aA, then g is an R-monomorphism. Since M1M2 is p-pseudo-M1M2-injective R-

module and (0)M2 is an R-submodule of M1M2, thus by proposition(1.14) M1M2 is          p-pseudo-

(0)M2-injective R-module. Since M2 isomorphic to (0)M2, thus by remark((1.2),7) M1M2 is p-

pseudo-M2-injective R-module. Thus there exists an     R-homomorphism h:M2M1M2 such that 

h(a)=g(a) for all aA. Let                    π1:M1M2→M1 be the natural projection R-homomorphism of 

M1M2 to M1, put h1=π1 h:M2→M1. Thus for each aA we have that h1(a)=(π1 h)(a)= π1(g(a))= 

π1((f(a),a))=f(a). Therefore M1 is principally M2-injective R-module. Consequently, M2 is principally M1-

injective.□ 
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           The following corollary is immediately from Theorem(2.1). 

Corollary(2.2):- If i

i

M


 is p-pseudo-injective R-module, then Mj is principally Mk-injective for all 

distinct j,k  .  

Corollary(2.3):-For any integer n 2 ,  M
n  is p-pseudo-injective R-module if and only if M   is 

principally quasi-injective. 

Proof:- Let M
n  be a p-pseudo-injective R-module. Then by Corollary(2.2) M is principally M-injective 

and hence M is a principally quasi-injective R-module. Conversely, let M be a principally quasi-injective R-

module. Then M
n  is principally  quasi-injective  R-module [2] and hence M

n  is p-pseudo-injective R-

module . □ 

      

              In the following theorem we give a new characterization of                             pointwise injective 

modules. 

Theorem(2.4):-  The following statements are equivalent for an R-module M : 

(1) M is  pointwise injective . 

(2) ME(M) is principally quasi-injective R-module .  

(3) ME(M) is p-pseudo-injective R-module . 

proof:-(1) (2)Let M be a  pointwise injective  R-module. Since E(M) is  pointwise injective  R-module , 

thus ME(M) is  pointwise injective [8] and hence      ME(M) is principally quasi-injective R-module.  

(2) (3)It is clear.                     (3) (1) Let ME(M) be  a p-pseudo-injective R-module. Thus by 

Theorem(2.1) M is  principally E(M)-injective and hence M is  p-pseudo-E(M)-injective R-module. 

Therefore by proposition(1.8) we have that M is  pointwise injective R-module. □ 

           By Theorem(2.4) and [8,Proposition(2.1.1)] we have the following corollary. 

Corollary(2.5):-Let M be a cyclic R-module. Then M is injective if and only if M E(M) is p-pseudo-

injective R-module . 

           By Theorem(2.4) and [8, Corollary(2.1.5)] we have the following corollary. 

Corollary(2.6):-Let R be a principal ideal ring. Then any R-module M is injective if and only if   

ME(M)  is p-pseudo-injective R-module . 
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           Since any finitely generated Z-module is not injective[18], thus by Corollary(2.6) we have the 

following corollary. 

 

Corollary(2.7):-For any finitely generated Z-module M, then M E(M) is not          p-pseudo-injective 

Z-module .          

            The following theorem gives a relation between p-pseudo-injective modules and other classes of 

modules. 

Theorem(2.8):- The following statements are equivalent for an R-module M:- 

1) M is pointwise injective R-module. 

2) M is principally quasi-injective and pointwise ker-injective R-module. 

3) M is p-pseudo-injective and pointwise ker-injective R-module. 

Proof:-(1)(2) and (2)(3) are obvious.     (3)(1) Let M be a p-pseudo-injective                              and 

pointwise ker-injective R-module. Let :ME(M) be any R-monomorphism. Since M is pointwise ker-

injective, thus   is pointwise  ker-split [12]. Hence for each aM there exist an R-monomorphism f:M→M 

and an R-homomorphism βa:E(M)→M such that (βa α)(a)=f(a). Since M is p-pseudo-injective R-module 

and f:MM is an R-monomorphism, thus by Corollary(1.6) f is p-split. Thus for each aM there exists an 

R-homomorphism ga:MM such that (ga  f)(a)=a. For each aM, put ha=ga βa:E(M)→M, hence (ha 

α)(a)=((ga βa) α)(a)=(ga  (βa α))(a)= ga((βa α)(a))=(ga  f)(a)=a. Then for each aM, there exists an R-

homomorphism ha:E(M)→M such that (ha α)(a)=a. Thus each R-monomorphism α:M→E(M) is     p-split 

and hence by lemma(1.7) M is pointwise injective R-module. □ 

            Since every semi-simple R-module is p-pseudo-injective, thus by Theorem(2.8) we have the 

following corollary. 

Corollary(2.9):-Every sime-simple pointwise ker-injective R-module is pointwise injective.  

 

      By Theorem(2.4) and  Theorem(2.8)we get the following corollary. 

Corollary(2.10):- The following statements are equivalent for an R-module M. 

(1) ME(M) is p-pseudo-injective R-module. 

(2) M is p-pseudo-injective and pointwise ker-injective R-module.  

 

                     The following proposition gives a condition on which p-pseudo-injective module is 

principally quasi-injective. 
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Proposition(2.11):-Any uniform p-pseudo-injective R-module is principally     quasi-injective. 

Proof:-Let M be any uniform p-pseudo-injective R-module. Let f:N→M be any        R-homomorphism 

where N be any cyclic R-submodule of M. If ker(f)=(0), thus f is R-monomorphism. Since M is p-pseudo-

injective, thus there exists an                        R-homomorphism f1:M→M such that f1(n)=f(n) for all 

nN.Thus M is principally quasi-injective R-module. If ker(f)≠(0).Since ker(f) ker(iN+f)=(0) where iN  is 

the inclusion R-homomorphism from N into M and M is a uniform R-module, thus ker(iN+f)=(0).Hence iN+f 

is an R-monomorphism. Since M is p-pseudo-injective       R-module, thus there exists an R-homomorphism 

h:M→M such that h(n)=(iN+f)(n), for all nN. Put g=h-IM:M→M. g is an R-homomorphism and for each 

nN we have that g(n)=(h-IM)(n)=h(n)-IM(n)=(iN+f)(n)-iN(n)=f(n). Therefore M is principally     quasi-

injective R-module. □            

 

Remark(2.12):-Direct sum of two p-pseudo-injective R-modules need not be         p-pseudo injective, for 

example ; let  p be a prime number, then Zp and E(Zp) are        p-pseudo injective Z-modules but by 

Corollary(2.7) ZpE(Zp) is not                           p-pseudo- injective Z-module. 

 

         The following proposition gives a condition on which direct sum of any two      p-pseudo-injective R-

modules is p-pseudo-injective.   

Proposition(2.13):- The following statements are equivalent for a ring R:- 

(1) Direct sum of any two p-pseudo-injective R-modules is p-pseudo-injective.   

(2) Evrey p-pseudo-injective R-module is pointwise injective.  

Proof:-(1)(2)Let M be any p-pseudo-injective R-module. By hypothesis ME(M) is p-pseudo-injective 

R-module. Thus by Theorem(2.4) we have that M is pointwise injective R-module. (2)(1)Let M1 and M2 

be any two p-pseudo-injective                  R-modules. By hypothesis M1 and M2 are pointwise injective R-

modules.Thus M1M2 is pointwise injective [8]and hence M1M2 is p-pseudo-injective               R-

modue.□   

         Faith and Utumi in [6] are proved that a ring R is a semi-simple Artinian if and only if every  R-

module is quasi-injective. In the following corollary we give a new characterization of semi-simple Artinian 

ring in terms of p-pseudo-injective              R-modues which is a generalization of Faith's and Utumi's result. 

 

Corollary(2.14):- The following statements are equivalent for a ring R:- 

(1) R is a semi-simple Artinian ring. 

(2) Every R-module is p-pseudo-injective. 



  2002( لسنة 1( العذد )11هجلة القادسية للعلوم الصرفة الوجلذ )

 

 

 364 

(3)Every cyclic R-module is p-pseudo-injective and direct sum of any two                 p-pseudo-injective R-

modules is p-pseudo-injective.   

Proof:- (1)(2) and (2)(3) are obvious.    (3)(1)By using proposition(2.13) and [8,Theorem(1.2.12)]. 
□ 

 

            

             As an immediate consequence of proposition(2.13) we have the following corollary. 

 

Corollary(2.15):-If the direct sum of any two p-pseudo-injective R-modules is        p-pseudo-injective, 

then every principally  quasi-injective R-module (so simple         R-module) is pointwise injective.  

   

Corollary(2.16):-If the direct sum of any two p-pseudo-injective R-modules is        p-pseudo-injective, 

then R is a regular ring. 

Proof:-Let  M be any simple R-module , thus by Corollary(2.15) M is pointwise injective R-module .Since 

M is a cyclic , thus M is injective R-module[8] .Hence every simple R-module is injective  and this implies 

that R is a regular ring [11]. □ 

   

           In the  following theorem we give a new characterization of semi-simple Artinian ring which is a 

generalization of Osofsky's result in [7,p.63]. 

 

Theorem(2.17):-The following statements are equivalent  for a ring  R :- 

(1) R is a semi-simple Artinian ring . 

(2) For each R-module M , if N1 and N2 are p-pseudo-injective R-submodules of M , then  N1 N2  is a p-

pseudo-injective  R-module . 

(3) For each R-module M , if N1 and N2 are principally quasi-injective R-submodules of M, then  N1 N2  is 

a p-pseudo-injective  R-module. 

(4) For each R-module M , if N1 and N2 are quasi-injective R-submodules of M, then  N1 N2  is a p-pseudo-

injective R-module. 

(5) For each R-module M , if  N1 and N2 are injective  R-submodules of M, then  N1 N2  is a p-pseudo-

injective R-module. 

proof:- (1)(2).It follows from corollary(2.14).  (2)(3) , (3)(4) and (4)(5)  are obvious.  (5)(1)Let 

M be any R-module and E=E(M) is the injective envelope of M ,let Q =EE , K={(x,x)Q  xM } and let 

Q =Q /K .Also, put M1={y+KQ yE(0)} and  M2={ y+KQ  y(0)E}. It is clear that                Q = 
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M1+ M2.Define 1 :E→M1  by 1 (y) =(y,0) +K    , for all  y E   and  2 :E→M2   by 2 (y) = (0,y) +K   , 

for all y E . Since ( E  (0)) K= (0)  and                             ((0)  E ) K=(0)  , thus we have 1  and 2  

are R-isomorphisms. Since E is an injective R-module , therefore  Mi   is injective R-submodule of Q , for  

i=1,2 [7] . Thus by (5) , we have M1 M2  is a  p-pseudo-injective  R-module.                      Define 

f:M→M1 M2  by f(m)=(m,0)+K  , for all   mM.                                                  Since M1 M2 ={y+KQ  

yM(0)}, thus it is easy to prove that f is an                   R-isomorphism. Thus M is a p-pseudo-injective  

R-module, by remark ((1.2),6) . Hence every R-module is p-pseudo-injective  and this implies that R is a 

semi-simple Artinian ring , by  Corollary(2.14) . □ 

 

Proposition(2.18):- The following statements are equivalent  for a ring  R :- 

(1) Every p-injective R-module is pointwise injective. 

(2) Every p-injective R-module is principally quasi-injective. 

(3) Every p-injective R-module is p-pseudo-injective. 

Proof:- (1)(2) and (2)(3) are obvious.  (3)(1)Let M be any p-injective           R-module  and E(M) 

be the injective envelope of M. Then ME(M) is  p-injective and hence by hypothesis M E(M) is p-

pseudo-injective R-module. Therefore M is pointwise injective R-module, by Theorem(2.4). □ 

 

             In the  following theorem we give a new characterization of semi-simple Artinian ring .  

Theorem(2.19):-The following statements are equivalent for a ring R :- 

(1) R  is a semi-simple Artinian ring . 

(2)For each R-module M , M is p-injective if and only if  M is p-pseudo-injective. 

(3)For each R-module M , M is p-injective if and only if  M is principally           quasi-injective. 

Proof:- (1)(2) It is obvious.   (2)(3)Let M be a p-injective R-module. By hypothesis M is  p-pseudo-

injective . Thus every p-injective R-module is                   p-pseudo-injective and hence by proposition(2.18) 

we have that every p-injective      R-module is principally quasi-injective. Hence M is principally quasi-

injective          R-module .Conversely, is clear.     

(3)(1) Let  M be any simple R-module, then M is principally quasi-injective. By hypothesis, M is p-

injective. Thus every simple R-module is p-injective. Since R is a commutative ring, then R is a regular 

ring[13] and hence every R-module is               p-injective[13]. Thus by hypothesis we have that every R-

module is principally       quasi-injective and hence every R-module is p-pseudo-injective. Therefore R is a           

semi-simple Artinian ring , by Corollary(2.14). □ 
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§3:-Endomorphism rings of p-pseudo-injective modules   
 

           It is easy to prove the following lemma. 

lemma(3.1):-Let M be an  R-module, S=EndR(M) and W(S)=  ｛ S׀ker( ) e M｝ , thus 

W(S) is a two sided ideal of S.      

 

Theorem(3.2):-Let M be a p-pseudo-injective R-module , S=EndR(M) and let W(S)= 

｛ S׀ker( ) e M｝.Then  

(1) S/W(S) is a regular ring. 

(2) J(S)W(S). 

proof(1):-Let +W(S)S/W(S) ;  S. Put K=ker() and let L be the relative complement of  K  in M . 

Define :(L)→M  by  ((x))= x, for all xL .It is easy to prove that  is a well-defined  R-

monomorphism .Since M is a p-pseudo-injective     R-module, thus by Corollary(1.4) we have that for each                        

a=(x)(L) ,(xL) ,there exists an R-homomorphism  :M→M such that                (a)=(a). If 

u=x+yLK (xL and yK), thus (- )(u) = (x)-( )(x) = (x)-( ((x)))=(x)-( (a))=(x)-

((a))=(x)-(((x)))=(x)-(x)=0, and this implies that uker(- ) and hence LKker(- ). 

Since LK is an essential R-submodule of M [7], thus ker(- ) is an essential R-submodule of M 

[11] ,so            - W(S), in turn  +W(S)=(  )+W(S) . Therefore S/W(S)  is a regular ring . 

proof(2):- Let J(S). Since by (1) S/W(S) is a regular ring, thus there exists S such that  -

  W(S).Put β= -  . Since J(S) is a two sided ideal of S, thus   - J(S). Since J(S) is quasi-

regular, then(IM- )
-1 

exists where IM is the identity R-homomorphism from M to M. Hence (IM- )
-1

(IM-

 )=IM .Since                       (IM- )
-1

( -  )= , thus (IM- )
-1

β= .Since βW(S), (IM- )
-1
S 

and W(S) is a two sided ideal of S by lemma(3.1), thus  W(S).                            Therefore J(S) W(S).  

□ 

            It is easy to prove the following corollary. 

Corollary(3.3):- Let M be a p-pseudo-injective R-module, S=EndR(M) and      W(S)=｛ S｜

ker( )
e 

M｝. Then H K = HK + W(S) (H K) , for each         two-sided ideals H and K of S. In 

particular, K=K
2
 + W(S)  K for each two-sided ideal K of S.  

 

            The following proposition is a generalization of [10,proposition(2.5)]. 
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Proposition(3.4):- If M is p-pseudo-injective R-module and S=EndR(M), then SA=SB, for any 

isomorphic R-submodules A,B of M.  

Proof:- Since A isomorphic to B, then there exists an R-isomorphism  :AB.Let bB, since   is R-

epimorphism , thus there exists an element aA such that (a)=b. It is clear that annR(a)=annR(b). Since M 

is p-pseudo-injective R-module, then by corollary(1.4) SbSa and so SbSA for all bB. then SBSA. 

Similarly we can prove that SASB. Therefore SA=SB.  □         

      As an immediate consequence of proposition(3.4)we have the following corollary. 

Corollary(3.5):-If R is p-pseudo-injective ring and A,B any two isomorphic ideals of R , then A=B.   

          A ring R is called terse if every two distinct ideals of R are not  isomorphic[20]. 

Proposition(3.6):- The following statements are equivalent for a ring R :- 

(1) R is p-pseudo-injective ring. 

(2) R is terse ring.  

(3) annR(x)=annR(y) implies Rx=Ry  for each x,y in R. 

Proof:-(1) (2)Let R be a  p-pseudo-injective ring. Let A and B are any two distinct ideals of R, thus by 

Corollary(3.5) A and B are not  isomorphic. Therefore R is a terse ring.  (2) (3)[1,Theorem(2.12)]. 

(3) (1)Let  x,yR such that annR(x)=annR(y).By hypothesis we have Rx=Ry .We will prove that SxSy. 

Let aSx ,thus there exists  fS such that a=f(x).Since xRx=Ry , thus there exists rR such that x=ry. 

Define g:RR by g(m)=rf(m)  for all mR. Thus gS and g(y)=rf(y)=f(ry)=f(x)=a. Since g(y)Sy ,thus 

aSy. Hence SxSy and thus by Corollary(1.4) we have that R is                                                      a  p-

pseudo-injective ring . □ 

          As an immediate consequence of proposition(3.6) and [1,Theorem(2,12)] we have the following 

corollary. 

Corollary(3.7):- The following statements are equivalent for a ring R :- 

(1) R is p-pseudo-injective ring . 

(2) R is fully p-stable ring . 

(3) Distinct cyclic ideals of R are not isomorphic.   

       

           As an immediate consequence of [1,Theorem(2,8)] and proposition(3.6) we have the following 

corollary. 

Corollary(3.8):- The following statements are equivalent for a ring R :- 

(1) R is fully stable ring. 

(2) R is p-pseudo-injective ring and RxHomR(Rx,R) for each xR.  
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 -الخلاصة:

قووولا متمموووا  ووول  ووودو  مفهووو مل ودم لاتووو ما وم ملكتووو  ودملديووو   ودم لاتووو ما يوووي  وم ملكتووو  ك ت وووتل           

 لوو  مووت ودصيتتووولا  ودتوو وو دلم لاتوو ما و  ملكتوو جم. ك ت ووتل  وديحووا ودووم ودم لاتوو ما وم ملكتوو  ودملديوو  

ودم لاتو ما وم ملكتو  ودملديو  ك ت وتل   أووخلى أتوكل موت ودم لاتو ما ودعلاقو  يوتت .تاطأمقلا  ك ت تل  ودملدي  

n يك خوول وخوو  دمووص موولالا وووحت  م جوو   موو لا ،توواطأم قوولا M وولت ودم لاتوو ص  2
n  ودحلقوو  ملووم R  تموو ت

أمطتخوول جملوو  مووت ودصمتوو وا  يووي  و موولكك ك ت ووتل  . Mو موولكك موولد  ك ت ووتل  قدو   قووط قدو موولت ودم لاتوو ص 

حلقوو  ودصيوولملاا ودم لات دتوو  دلم لاتوو ما . دلحلقوولا ومكصتختوو  يووي  ودي ووتط  يلامدوو   وودو ودخوو   مووت ودم لاتوو ما

 لا لاك ا.  ودملدي  ك ت تل  ق و  ملكت 


