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Abstract.
In 2005 Halgwrd [ 3], introduced a paper for f OC[-11]with 1< p <o, be a convex

function, we are interested in estimating the degree of 3-monotone approximation for the
function f, which are copositive on [-11] . We obtained that f and g are piecewise

positivein [— 11] in terms of the Ditzian-Totik modulus of smoothness .
1. Introduction and auxiliary results.

Let Y, ={a<y, <y, <..<y, <h}, s20 . We denote byA’(Y,), the set of all
functions f , such thaf-1)"* f(x)= 0, for xO|y,,y,..|, 0<k <t . Functionsf and
g, that belong to the same claay(Y,) are said to beopositive on [a, b] . Copositive
approximation is the approximation of a functiofi , from AO(YS), class by polynomials
that are copositive withf . Also , let EX(f k), = inf |f —p,|, be thedegree of

annnﬂAo(YS)
copositive polynomial approximation of f .

We denote J,(n&) =y, -4,(y, )n*,y, +A,(y,)n*|n[ab], 0<j<s+1, and
denoteQ, (Y,,£) = LSJJJ. (n,£), andOZ(Y,,£) = SL+J1Jj (n) . [2]
=1 j=0
Functionsf and g are calledveakly almost copositive on | , with respect toYy if
they are copositive onl \OJ(Y,,£), where £>0 . We define a function class
(e-alma)°(Y,) :{f (-1 f(x)2 0, for xOT1\OY(Y,,£)}, the set of all weakly almost

nonnegative functions oh, if £>0 .
The degree of weakly almost copositive polynomial approximation of f in

Le[a. ] N2°(Y,), by meanspn, N(e-alm);(Y,) is E7(f,e-almy),
=inf{|f - p|, : pON, ﬂ(g—aImA)g(YS)} :
These results can be summarized in the foligwheorem ( see [5] and [8] ) .

Theorem A.
Therearefunctions f, and f, in Cl[— 1,1], with r 21, sign changes such that
EJ(f,, 0
lim sup ol _11r) =o0 and limsup E”(fj’r)P =0,l<p<oo,
n-e 604(f1,n ’[_ ll]) n-e wz(fz’n ’[_ 1'1])P

where Er?(f ,r)P is the degree of the best copositive L, ( C if p=co ), approximation
to f, by polynomialsfrom I, .



Recently , Y. Hu , D. Leviatan and X. M. Y@]] showed that theorem A can be
considerably improved , thus together with theorAmrevealing an interesting and
unexpected difference between the casps o, and 1< p<co, for copositive

polynomial approximation . Their result is statesdallows .

Theorem B.
Let fDC[—ll], change sign r, times at -1<y, <..<y <1, and let

5:minyi+1—yi|, where y, =-1 and Yy, =1 . Then there exists a constant

Os<isr
C= C(r,é), but otherwise independent of f and n, such that for each n> 457, there
isa polynomial p, O0I,, copositivewith f,
satisfying

”f - pn”Lm [-12] = Ca)z(f ’n_l’[_ 1'1]) : (1'1)

In [2] Bhaya , E. and other , showed thatha second resulty, in (1.1) can not
replaced bya)3(f ,b—a,[a,b])P, for 0< p<1,i.e., she proved .

Theorem C.
Given any A>0, nON, a<0, 0<b, 0<p<1 and 0<e<2, there exists f in
L.[a,b]N2°(Y,), such that

E(f,e—-amY,), > w(f,b-a[ab]),. (12)

The second result in [2], shows thatmodulus of any ordek >0 can be used for
O<p<l.

Theorem D.
Let fin Lo[a,b]N2°(Y,), 0< p<1, and k be a positive integer . Then there exists a

polynomial p,_, in M, N(e-almd)y(Y,), satisfying |[f - P, |, < c(p)r(f.b-a[ab]), .
2. Themain results

We will modify this polynomial near the pointé sign change obtaining a smooth
piecewise polynomial approximatiofy,, with controlled first and third derivatives . We

will consider g, that its convexity afy,,y!,y'} with f .

Theorem 2.1
Let f in Lo[a,b]NA°(Y,) . Then for each n>457, there exists a function f, in

N[-1]N(s-2°(Y,)), copositivewith  in Y = Up, , suchthat
i=1

[ =t g < GOt (f 0 [ 22, (22)
oo 1903, < ClkIas(r ). (29
and
8,000 oy = Cat(f .07 [- 1]}y, for xOIY, (24)

where (S-2°(Y,)) isthe set of all piecewise positive.



Proof. Let n>407", and indexl1<i<k, be fixed . Forx(l, we seto, to be the
polynomial of degrees 2, which vanishes ay,,
X_yi X_yi' " X_yi" !
O-i X)= " ' " O-i yi + ra-i yi [4]’
() yi_yi{yi_yi ( ) Yi = Vi ( )}
whereo;, (y;) and g, (y!) are chosen so that

|0_i (yl,)‘ _ {ng)(f ’n_l.[_ ll])P Sgr(f (y,')) if |f(yl')‘ < ng’(f 'n—l,[_ ll])p ,

) o
and
|0'i (yi")| - {icz)ig)f ,:‘1‘1’ [_ :Ll])P sgr(f (yi")) ,|C]:V|Vf (yi")| < ng)(f nt [_ 11])P |

If £(y/)=0, thensgr(f(y')) ., equals the sigi on (y_,y,) . Sinceo, OM,, and
o,(y!) ando,(y'), have opposite signs , then the only zer@ofn I7is y, .
Hence g, is copositive withf in I, . Also , the first derivative of,
2X=Y, -y
=y - )

] 2X_ yi - yll
Ui X)= n T n

( ) (yi -V )(yi -V
is a linear function , and

(yi + y{j _—a) andai.(yi ; yi"j _ a(y)

2 ' (yi"_ Yi )

a,(y)

)O-i (Yi")"' (

o’

(yi - yi)
are of the same sign , which implies tlaglt, does not change sign in

p,, and for anyx[ p, .
(2o
2 2 |yi_yi| |yi_yi|
1

||ai'(x)||LP[_n] > 2% min{
>2" ﬁminﬂ@ () Jor ()} = 2° ﬁ(@mi”{wf(f o[-l e (fn - 1)

n

An(X) af(f 'n_l'[_ 1'1])P' (2-5)
From [3], we have
[ =,y s Cat(fn™[-11).. (26)
It is well known ( see proof of Lemma 8 in] [ that there exists a polynomial
Q, (x) of degree< n, which is a polynomial of best approximation toin [— ],1], and
satisfying
[f = Qi oy = Cat(f,n7[-21]),, (2.7)

Q] < el -3 (29

Now , we define the piecewise polynomial fiime S(x) 0 C[-1]], as follows

and

k
1 ;if xOoul?,
i=1

S(x)=40 ;if xDLkJ,oi,
i1

c ;if xD[yi’,y‘;yi]lsi <k.

Finally , the function



( (x)= Q.(x)-a, (x)S(x)+ o (x) ;if xO17,
" Q, (x) ; o.w
is copositive withf in'Y = Lkai , and indeedf , coincides witho; in
i=1
p,, and , letC be an absolute constant such that

”f B fn Lp[-17] s C”f p[-11] — Cw3 (f n_l [ 1'1])
From (2.5), then

HA ( ) ( ]‘Lp[ 1] 2 Chy Hf ( )HL ol ll]ZCA ( )Anl(x)wf(f,n‘l,[—l,l]),, =Cw;ﬂ(f'n_l’[_11])P '

k
Now , to prove the remaining (2.3), fm]{yl' yi ¥ y,} 1<i<k (forxOUI?,
i=1

from (2.8), we have (2.3) is valid , and feflY itis trivial ), from [4], look at

\;M 19(x) < on’| sfi\qgv) — o5,
Ax)=na, ( n\l . for xO17, then
b0 104, [ 16
Scns"imgs N S
<c(p.v.n2)n?! \z Q=0 [ ISl

< C(p,v,n,2)n3(||Qn — f
Now , from (2. 6) and (2.7), we get
oo 1900, < Clon2)a(r.n 1),

Lp [_Ll] j .

R L

Also , let us introduce the following auxiliapyoposition .

Proposition 2.9
if f in Cc’-1NL.[-11 is such that ‘(1—x2)%f(3)(x)(sM, x0[-14],

-1<y, <..<y, <1, and o= min

Y~ i, then for every n=C, there exists a

I<i<k+1
polynomial p, Ol , such that
Pol Ly <€ af(f .0 [- 1), (210)
and
n(X)(f' - p"’]Lp[—ll] =Cy ag(f' h [ 1'1])P (2-11)

where the constant C, depends only on k and p .
Proof. Note that (2,10) is trivial ( see [1] theorem 3.3.. In (2.11) is valid since
xD[— ],1], then from [1], we get

8, (4(F"- )

—H -p,

Lp[-11]

<C2a)<"(f' nt [~ 11]), .

Lp[-14]

4



Now , let us introduce the following theoremaamain result

Theorem 2.12
Let f in L,[a,b]NA°(Y,), change sign k21, times at —1<y, <..<y, <1, and let
o=miny,, —yi|, where y, =-1 and y,,, =1 . Then there exists a constant C, such

O<i<k
that for each n>C, thereis a function g in L.[a,b]NA°(Y,), copositive with f , and
satisfying

”f -9 Lp[-11] = Cag](f ’n_l’[_ 1’1])P (2-13)
where the constant C, dependsonly on k .

Proof. If n>437", there existsp, 0T, let g = p, +2%|f - Py, oy : T, (y,,x) in
L.[ab]N2°(Y,), where N is sufficiently large (N = ((18/C)+ 1) n will do )[4], and

k
n = +1 is such thasgr(f (x)) =7 [sgn(x-y,) .

Also , let f, in 2%~ 11N (S-2°(Y,)) be a function which was described
in theorem 2.1 . (3.9) can be written as

poxcferf) | sclnar(rn[-1d),

It follows from proposition 2.9, that therigis a polynomial p, O, , best
approximation tof ; and satisfies (2.7), such that

||fn - pN”Lp[—l,l] < ”fn - 1:”Lp[—n] -I-”]c - pN"Lp[—:Ll]
<caf(f,n[-11), (214)

and

b 2 A
”An(x)( fn ~ Py )”Lp[—n] s Cﬁa’g](fn’n ’[_ 1’1])P : (2'15)
Together with (2.4), this impliesgn(p,, (x)) = sgr(f, (x)), xOY = _lelei :

In turn , it follows thatp, is copositive with f in Y :_iji, and also by (2.2),
(2.10) and (2.14), we get -
I* =0l g =1 = fat =0l g
<[t = ol g * I -

n Lp [—l,l]

k
' fo =Py =2 =Pl g 7] Ty (v, %)

<|f-f

+
Lp[-11] ]

= ”f - fn"LP[—n] +||fn - pN”LP[—l,l] +CHf B pNH
<cef(f,n[-11]), .

Lp [_1’1]

O
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