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Abstract

Our aim in this paper is to get the complete solution of the second order
partial differential equations with constant coefficients which is general
formula Az, + Az, +Az, +Az,+Az,+Az=0 Where z be the dependent

variable, x and y the independent variables, A (i=12...6)are constants.
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1- Introduction
Let us consider the general form of the linear second order partial
differential equation with constant coefficients
Az, + Az, +Az, +AZ+AZ,+Az=0 ... (1)
to find the complete solution of the equation (1) we will search a new
functions u(x) and v(y) such that the assumption
_pJueodx fvnay (2)

gives the complete solution of equation (1) , this assumption will transform
the above equation (1) to linear first order ordinary equation and contains
two independent functions u(x) and v(y).

2- Basis defentions and concepts

Def 1 [5] : we call to the ordinary differential equation

% +pX)Y =Q) ... (3)

the Linear differential equation.
Def 2 [2] : we call to the ordinary differential equation

% +p()y=Qx)y"in=1 ... (4)

the Bernoulli equation .

Def 3 [8] : A partial Differential equation is an equation that contains
partial derivatives, in contrast to ordinary differential equation, where
unknown function depends only on one variable, in partial differential
equations, the unknown function depends on several variables.

Def 4 [7] Equation that their derivatives of the first degree and they are not
multiplied together are called linear differential equation .

Def 5[4] : Any relation between dependent variable and independent
variables which satisfies partial differential equation and free from partial
derivatives is said to be a solution of the partial differential equation .

Def 6 [4] : the solution of the partial differential equation which contains
only arbitrary constants is called complete solution.

3- classification of partial Differential Equations [1]

second- order partial differential equations and systems can usually be
classified as :-

1) parabolic Equations: parabolic equations describe heat flow and
diffusion processes and satisfy the property A2-4AA, =0, atypical example

is the heat equation z, =c*z,, , where c is an arbitrary constant .

231



2006 alall (3) 23l (11) Alaall 48 puall 2 glall duisldl) dlaa

2) Hyperbolic Equations: Hyperbolic equations describe vibrating systems
and wave motion and satisfy the property A?-4AA,>0 ,a typical example is

the wave equation z,=c?z, , where c is an arbitrary constant .

3) Elliptic Equations: Elliptic equations describe steady — state phenomena
and satisfy the property A?2-4AA,<0 ,a typical example is the Laplace

equation z, +c*z, =0 , where c is an arbitrary constant.

Note 1: consider that the z (x)be a function only of x and z,(y)be a function
only of y and suppose that

02042, (0,04 (0,2, (1).2, (1,.)=0 ... (5)
Inasmuch as x and y independent of each other , each side of equation (5)
must be affixed constant, hence, we can write

!

f,(x2, .2, »)=a and f,(y,z, .2, ».)=b

—a+b=0 —=a=-Db

so, now we can solve each of this ordinary differential equation .

Now , we make an important observation, namely , that we want the
separation constant (b) to be negative , write this in mind, it is general
practice to rename (b=-1?).
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4- the complet solution
Now we want to find the complete solution to the partial differential
equation , which have the form

Azy + Az, +AzZ, +AZ +AZ,+Az2=0 ... (0)
so, for this purpose we present a new method to find the complete solution
by a simple assumption and to do this we classify the equation (6) to the
following kinds:-
1-
a) Az, =0 ...(7)
i.e. A,=A,=.=A=0 > A isnotidentically zero .

b) A,z,=0 ... (8)

I.e A=A=.=A=05A, Isnotidentically zero.
C) Az, =0 ... (9)

l.e A=A =A=.=A =0>A, is not identically zero.
2-

a) Az, +Az, =0 ... (10)

l.e A,=A,=..=A,=0 >A and A, are not identically zero .
b) Az, +Az, =0 ... (11)

l.e (A=A=A,=..=A, =0)>A and A, are not identically zero .
C) Az, +Az,=0..(12)

l.e A=A =..=A,=0>A,and A, are not identically zero.
d) Az ,+Az, +Az, =0... (13)

l.e A,=..=A,=0 >A, A, and A, are not identically zero.
3-

a) Az, +Az, +Az,+Az=0... (14)

l.e (A,=A,=0) >A, A,,A and A,are not identically zero .
b) Az, +Az +Az,+Az=0 ... (15)

l.e (A=A,=0) >A, A,,Aand A, are not identically zero .
C) Az, +Az,+Az,+Az=0... (16)

l.e (A=A,=0) >A,, A,,A and A, are not identically zero .
4-

a) Az, +Az, +Az +Az,+Az=0 ... (17)

I.e A,=05A A, A,,A and A, are not identically zero .
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b) Az, +Az,+Az +Az, +Az=0...(18)
I.e A =05A, A, A, A and A, are not identically zero .
C) Az, +Az,+Az +Az,+Az=0 ... (19)
l.e A, =05A,A, A, A and A, are not identically zero .
5) Az, +Az, +Az, +Az, +Az,+Az=0 ... (20)
>A..., A, are not identically zero .
Now , to find the complete solution to the all above kinds of partial
differential equations, we search a new functions u(x)and v(y) such that the
assumption
(X, y)=eju(x)dx+jvmdy ... (21)
Represents the complete solutions to the partial differential equations (6),
(7), ..., and (20) , by finding z,,z,.z,,z, and z,, and after substituting all
these in equation (6) we get
A (U'(X) +U% (3)) + AUOOV(Y) + A (V) +VE(Y) + AU)+ AV(Y) + A =0 ... (22)

Now, we will give the general form of the complete solutions to each kinds
of the above differential equations and how we can prove their.

1) the complete solutions to any kind of the partial differential

equations as in kind (1) are given by :-

a) 2(x,y)=B¥(y)(x—c)

where B and c are arbitrary constants and w(y) is an arbitrary function

ofy.

b) Either 1) z(x y)=B,'¥, (¥)

or i) 20 y) =B, ¥, (%)
or i) z(xy)=Bg

where B, (i=1273) are arbitrary constants and w,(y) and w,(x)are arbitrary
functions of y and x respectively .
C) 2(x,Y)=B4¥4 () (y—c)
where B, and c are arbitrary constants and w,(x) is an arbitrary function of
X
proof a) since A,.=A,=..=A,=0,
so equation (22) becomes
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AU +U(x))=0

1
= ——=C-X =
u

1
X—C
so the equation (21) becomes

[+ futyay

U=

z(x,y)=¢
— eln(X—C)+¢(y)+b
=By(y)(x—c)
where B and c are arbitrary constants and w(y) is an arbitrary function of y.
proof b :since A=A,=..=A =0
so equation (22) becomes

A, u(x) v(y)=0
= either i)u(x)=0 and v(y) #0
= equation (21) becomes

dex+j v(y)dy

Z(x,y)=e
ea+¢1(y)

=B, \Pl(y)
where B, is an arbitrary constant and w,(y)is an arbitrary function of y.
1) u(x)=0 and v(y)=0
so equation (21) becomes

_[u(x)dx+_[0dy

z(x,y)=e
_e?
=B, ¥, (x)

where B, is an arbitrary constant and ,(x)is an arbitrary function of x.

or i) u(x)=0=v(y)

so equation (21) becomes

z(x,y)=e JoaxeJoar o, _ B,

where B, is an arbitrary constant

proof c) : by the same method as in case (a) we can prove

(X, y)=B,y,(x)(y-¢)

2) the complete solutions to each kind of the partial differential equations

as in kind (2) are given by

(x)+d
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where B, and B,are arbitrary constants

B i R e

where d,,d,.b,b, and 2 are arbitrary constants

c)_

where B, and B,are arbitrary constants
d) either i)

If B¢A—2; A=2; and B="8 42
4 A A

Where as d,,d, and 2 are arbitrary constants

or 1) eneoe £ e

2
If =2~ : A=, andB="8,
4 A A

1 1

Where as D, c and 2 are arbitrary constants
Proof a): since A,=A, =..=A,=0
So equation (22) becomes
A (U'(x) +u*(x)) + Au(x) v(y) =0
VU Ay
A v(y)=—4",

=ﬁ,12
so  v(y) A,

and  u'(X)+u®(X)+A%u(x)=0
the last equation 1s similar to Bernoulli equation and it’s solution is given

by:-

—J.Azdx

&
.[e_I PO ix

u(x)=

S0, equation (21) becomes

.[ € dx + I%ﬂz dy

7.[ Adx
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*J.ldX %ﬂz b
=B([e dx )e B=e
igz
3 1 g
Bt gt Y

so the complete solution is given by
ﬁﬂz )
2(x,y)=e”  (B,e"*+B,),

where B, :;—'f | BZ:—% and 4 are arbitrary constants.
b) since A, =A, =..= A, =0, SO equation (22) becomes

AU'(X) +U*(x)) + A, (V(y) +VE(y)) =0
= AU +u* (X)) =-A(V(Y) +Vi(Y) =-4"

:>u’(x)+u2(x)+/%2 =0 ...(23)

2

and v’(y)+v2(y)—%=0 ... (24)

we get from (23)
12
u(x)=h, tan(f, -b,x) ; bZ="—
(%) ( ) A
where b,and f, are arbitrary constants .
Also, we get from equation (24)
2 _A°
v(y) =b, tanh(f, +b,y) ;b, :E

where b and f, are arbitrary constants.
Therefore equation (21) becomes
2(%,y) = ej‘bltan(fl—blx)dwr.[bz tan (f,+b,y)dy

so, the complete solution is given by

1 . 1 1 . 1
z(x,y)=(d,cos [— Ax +d,sin [— Ax) (b, cosh [— Ay+b,sinh [— Ay)
o 7 [ 400 Gy [ 2y

C) since A = A, =..= A, =0, SO equation (22) becomes

AU(x) V(Y)+ A (V'(y) +V2(y)) =0
And by the same way as in case (a) we can prove that the complete
solution is given by

ilzx 2
2(x,y)=e*?  (B,e*'+B,),
where Bl:;—E’, B, =—% and 2 are arbitrary constants.

d) since A, =..= A, =0, SO equation (22) becomes
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A (U'(x) +u’ (X)) + Au()V(y) + A (V' (y) +Vv* () =0,
here we can't separate the variables, so we suppose that v(y)= 4, where 1 is
an arbitrary constant, then the last equation becomes

u'(x)+u2(x)+%/1u(x)+%ﬂu2 =0

let A=2; and B=%/12, then the last equation becomes

u’(x) +u’(x)+ Au(x)+ B =0,
we can solve this equation by using variable separable method, hence:-

1) If B¢ATZ, we get
u(x) =b tan (f —bx)—g b and f are constants .

there fore by using equation (21) we get

j(btan (f—bx)—g)dwj‘ﬂdy

z(x,y)=¢e

—De 2 cos(f —bx); D is an arbitrary constant .
So, the complete solution is given by

—éx+ 2 2
z(x,y)=e 2 & (dlcos,/B—ATx+b1 sin,/B—AT X)

where d,.b, and 4 are arbitrary constants.
i) if =A72,we get
u(x):i—é ; A:ii , il A2
X—c 2 A A
therefore by substituting in equation (21) we get

1 A
z(x,y)=¢e e

In(x—c)—§x+ly+g

so the complete solution is given by
A
2(x,y) =De 2 (x—c) ;D,c and 2 are arbitrary constants.
Example 1:- to solve the partial differential equation z, +%zyy =0

(Laplace equation , c? =%) , We note that A, = A, =..= A =0, then by using

the formula that is given in kind (2-b) we get the complete solution to

the above partial equation , which is form
z(x,y)=(d, cosAx+d,sinAx) (b,cosh2Ay+Db,sinh21y) ,
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where d,,d,,b,,b, and 2 and arbitrary constants .

3)

a) since A, = A, =0, SO the equation (22) becomes
A U'() +u* (X)) +AU)+ AV (¥))+A =0

and the complete solution of equation (14) is given by

if B A—— nd B——

Where d,,b, and A are arbltrary constants .

or _

if B—— A_—

where D,c and A are arbltrary constants.
b) since A =A, =0, so the equation (22) becomes
AUXV(Y) + AU(X)+ AV () + A =0
and the complete solution of equation (15) by using assumption that is
given in equation (21) is given by

where A and 2 are arbitrary constants.
C) since A = A, =0, S0 the equation (22) becomes
Az, +Az, +Az,+Az=0,
and the complete solution of equation (16) by using the assumption that
IS given in equation (21) is given by

either i)
ifB;tAz A= A and B:LZ
4 A

where d,,b, and 4 are arbitrary constants .

oru>_

if B—— A_—and B_—
4 A,

where D ,c and 4 are arbitrary constants.
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Proof (a) :- since A, = A, =0, SO equation (22) becomes
AU'(X) +u (X)) + Au(x)+ A (y)+A; =0

:>u'(x)+u2(x)+A1u(x)_ E(y) x _Tﬂz
SO v(y) = ASAS and u'(x) +u? (x)+A1u(x)+%2=0

let A=% and B=%2 therefore the last equation becomes
u'(x)+u?(x)+Au(x)+B=0,

this equation we can solve it by variable separable method and its

solution is given by :-

either i) u(x)=b tan(f—bx)——A i B;tATZ

where b? = B—ATZ
Hence by using equation (21) we get

A 22-pg
(btan (f—bx)——)dx + | ———= dy
2(x,y) = s
AEA

=c,e > B ' cos(f —bx) ,
so, the complete solution is given by:-

A AR 2
z(x,y)=e 2> M (dlcoswa—%Hblsin B—ATX)

where d,,b, and 4 are arbitrary constants .

or i) If BZATZ , We get

1 A
ux)=———
()xcz

Jd oS e

=1z(x,y)=e

where ¢, D and 2 are arbitrary constants.
Note (2) :- If we write

A U'(X) +u” () + Au(x) + Ay = —Av(y) =~
then the complete solution is given by:-

either i) z(x y)=e ? > (d, cos,/B——x+blsm,/B——x)

2
If B;t— A_A and B= A +4
4 A A
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where d,,b, and 2 are arbitrary constants .

o i) KM= DR S e

If Bziz;A:i and B:A“’%}“Z
where ¢, D and 2 are arbitrary constants.

b) since A=A =0, SO equation (22) becomes
AU)V(Y)+ A U+ AV(y)+ A =0

o AYDHA =2
AV(Y) + A,

~ _ AA+A
=u(x)=4 andv(y)= —A5+A2/1 ,
there for by using equation (21) we get

A
z(x,y) = Ae

where A and 2 are arbitrary constants.
c) By the same way as in (a) we can get the proof
Note (3) :- If we write
A(V(Y)+VE(Y)) + AV(Y) + A, =—Au(X) = -2,
then by the same method as in case (c) , we can prove that the complete
solution is given by:-

either i)
if B;«r&A—Z;A=i and B=A6;ﬂL2
4 Ay

where d,,b, and 4 are arbitrary constants .
or ii)
if B=A—2 ;A=i and B=—A“’+/1
A;
where D, ¢ and 4 are arbitrary constants.
Example 2 :- To solve the partial defferential equation
z,+z,+2z,+2=0 ,
we see that A =A, =0, so by using the formula which appears in case (c)
we get the complete solution to the above equation which is form
2(x,y) =e D% (d, cosv A2 —1y+b, sinvA2—1y)
where 4,d, and b, are arbitrary constants.
4-
(a) since A, =0, so the equation (6) becomes
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Az, +Az, +Az, +Az,+Az=0
and the complete solution of the partial differential equation (17) is
given by

either i)

2 2 2
if B2 A +A2/1 and B= A6+A5}b

where d,,b, and 4 are arbitrary constants :
or i) ) =DE 4 (0
if B A A AAL g g ATALT

’ A
where D, ¢ and 2?2 are arbitrary constants.
b) since A, =0, so the equation (6) becomes

Az, +Az, +Az, +Az, +Az=0,

and the complete solution of the partial differential equation (18) is
given by :-
either i)

if B;t— and D¢— P B_ and D=
4 4 A’ A1 A3

where d,,d,,a,a, and A are arbitrary constants .

2
=— c_— and D =

if B;t—and D_C— =i
4 4 A1

where d,,b, and ¢ are arbltrary constants .
if B_—andD —A_— = andD At i
4 4 A Ai A A

where d,,b, and ¢ are arbitrary constants .

or iv)

A
where c,,c, and k are arbitrary constants .
C) since A =0s0, the equation (6) becomes

242



2006 alall (3) 23l (11) Alaall 48 puall 2 glall duisldl) dlaa

Az, +Az, +AZ, +Az,+Az=0
and the complete solution to the equation (19) by using equation (21) is
given by

. . By P 2 2
either i) 2(uy)—e = [dlcos\/B—AT y+blsin\/B—A7 J

) 2 2 2
if B2 A=A g g AL A

where d,,b, and 4 are arbitrary constants .

. lzx—éy
or i) z(x,y)=De 2 (y—c)
2 2 2
if B=A A= ATAY g g AL A

where D ,c are arbitrary constants .
proof (a) :- since A, =0, SO equation (22) becomes
A (U'(x)) +u? (%)) + AUV(Y) + Au(x) + Av(y) + A, =0
AW HUR) | AU+ A v(y) =2,

AU)+A AU(X)+ A
SO v(y)=21",
and A U()+u® () +Au() + A, =—2 (AuU(X) + A)

= Uu'(X)+u?(x)+ Au(x)+B =0
where A= AtAY g g ATAL +A1A5}“2 ,
so, the last equation we can solve it by variable separable method and
its solution is given by

either 1) u(x) =btan(f —bx)—EA ;b=B—ATZ and f is an arbitrary constant and

B ¢A72 (ie b=0)therefore by substituting in equation (21) we get

2

2(x,y) = Defgmy cos(f —bx),
Hence , the complete solution of equation (17) is given by

AR 2 2
z(x,y)=e 2 +y (dlcos,/B—'A‘TXerl sin,/B—AT X),

where d,,b, and 4 are arbitrary constants .
. 2
or ii) If B:AT, we get

1 A
ux)=——-——,
) X—C 2

there for by substituting u(x) and v(y) in equation (21) we get
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j ——7)dx+J.12 dy

z(x,y)=e
so the complete solution of equation (17) is glven by

z(x,y)=De g 2 (x=c)

where as D, ¢, 4 are arbitrary constants .

b)since A, =0, SO equation (22) becomes

A (U'(X)+U% (X)) + Ay (v'(y) + V7 (¥)) + Au(x) + Av(y) + A, =0

= A (U () +u0) + AU(X) == A (VI(Y) + V() — AV(y) - A = -

2
=u'(X)+u’(X)+Au(x)+B=0 A_% and B_%

also v'(y)+v3(y)+cv(y)+D=0; c:% and D:%

We can solve the last two equations by variable separable mothod and
we get

- - A2 C2
either i) If Bx-and D==- =

2
u(x) = b, tan(f, —b, x)—’—; b2 = B—AT

and f, is an arbitrary constant .
2
AlSO v(y)=b, tan(fz—bzy)—% : b§=D—% ,

and f, Is an arbitrary constant.
Therefor by substituting in equation (21) we get

j (bytan (1)) [ (b tan (Fp-byy)—)dly
z2(x,y) =

so, the complete solution of equation (18) IS given by

— i 2 ) Cz
z(x,y) =e 2 2 {dlcosJB—T x+als|n1/B—T x}{dzcoswa—Iy+azsm1/D—7y},

where d,.d,,a, and a, are arbitrary constant.
Or ii) If B;tAT and D=5~ , we get

u(x) =btan(f —bx)—’—; b2 = B—AT and f is an arbitrary constant.

Also v(y)= y 1C —% . ¢, IS an arbitrary constant.

Therefore by substituting in equation (21) we get

A 1 c
[ btan(t —bx)—E)dx+J'(E_E) dy

z(x,y)=e
So, the complete solution of equation (18) is given by
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Liaxsc 2 2
2(x,y) =e 5 (AxHey) (y—cl)(dlCOSJB—ATXﬁLblSin]/B—ATX)

Where d,,b andc, are arbitrary constant.
el . 2 2
Or iii) if B:AT and D+ -, We get
1 A

X-C, 2

u(x) =

2
and v(y) =btan(f —by)—% b2 = D—%,

and f is an arbitrary constant.
Therefore by substituting u(x) and v(y) in equation (21) we get

1 A c
j (x—icz_z) dx+j(btan (1-by)-)dy

z(x,y)=e ,
hence the complete solution of equation (18) is given by

7£(Ax+cy) C2 ) CZ
2(xy)=e * " (x=¢,)(dycosy D=y +bysiny[D—=ry)

Where d,,b andc, are arbitrary constant.
. . 2 2

Or iv) if B:AT and D:%, we get

1 c

1 A
-~ and v(y) =
X—¢c, 2 ) y—-c, 2

therefore by substituting u(x) and v(y) in equation (21) we get

1 A 1 ¢
[ (2w

z(x,y)=e ,
so, the complete solution of equation (18) is given by

u(x) =

2(x,y)=Ke 2 (x=¢)(y~c,)
where K,c, and ¢, are arbitrary constants.
Note (4) :- if we write
A(U'() +U% (X)) + AU(X) + Ay ==A (V' (y) +V* (¥)) - Av(y) = -4,
then the complete solution can established by the same way as in above
cases , but
ﬁ,B:A"‘;/12 ,c=i and D:_/12
A A A A
C) since A =0, SO equation (22) becomes
AUV(Y) + Ay (V'(y) +V7 (¥)) + Au(x) + Av(y) + A =0,
Then by the same way as in case (a), we get
u(x) =A* and v'(y) +v(y) + Av(y) +B =0,

where A= ATAY s ATAL Now
A, A,

A=
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) if B;tT we get

v(y)=Db tan(f —by)—— b= B—ATZ
and fis an arbltrary constant.
Hence by substituting u(x) and v(y) in equation (21) we get

J'f dx+J'(btan(f by)—f)dy

z(x,y)=e
so the complete solution of equation (19) is glven by:-

Zx AZ AZ
z(x,y) =e 2’ (d, cos B—Ty+blsin B—Ty).,

Where d,,band 2 are arbitrary constants.
i) if B:ATZ, then

v(y)=—— -2
y—-c 2
Hence by substituting u(x) and v(y) in equation (21) we get
Z(X y) ejizxdx+j(:—5) y

so, the complete solution of equation (19) is given by

2 A

2(x,y)=De 2" (y-0),

where D ,c and 2 are arbitrary constants .

Example 3 :- To solve the partial differential equation
Z,—2,+32,+22,+2=0,

we note that A, =0, so by using the formula which appears in case (b-i)

2 2 . . .
(because B ¢AT and D ;t%) we get the complete solution which is form

3
2(x,y)=e 2 (dlcoswf/”tz—% X+a, sin 1//12—% X)(d,cosV A’ —2y+a,siny A’ -2 y),

where as d,,d,,a;,a, and 2 and arbitrary constants.
5) If no any one of the coefficients equal to zero, then the partial
differential equation is given by
Az, +Az,, +Az, +AzZ, +AZ, +A2=0,
and equation (22) stay at the same formula which is
A (U(X) +U® (X)) + Au(X)V(Y) + A (V(Y) +V (¥)) + Au(x) + Av(y) + A, =0,
so, the complete solution of equation (20) is given by

. ; A 2 2
either i) [z(x, y)=e 2 ly(dlcos,/B—ATx+blsin,/B—ATx)
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. 2 2

if B2 Ac AT A g g AL TAATA
4 A A

Where d,,b and 2 are arbitrary constants.

Orii) z(xy)=De 2 (x—c)
1f B A= AATA g g AL TALEA

’ A
where D,c and 2 are arbitrary constants .
proof: since no any one of coefficients are equal to zero so ,

A (U'(¥) +U* (x)) + AU)V(Y) + Ay (V' (y) + V7 (y)) + Au(x) + Av(y) + A, =0
Here the last equation, we can’t separate the variables, S0, to solve this
problem we consider that v(y) =4 therefore

u'(x)+u’(x)+Au(x)+B=0

where as A=At A g g AL TALTA

the last equation can be solved by using variable separable method and
we get :-

nifB¢§;,men

2
u(x) =b tan (f —bx)—’—; b = B—AT,

and f is an arbitrary constant, therefore by using equation (21) we get

A A?
btan(f -bx)— ; B—
[toran(t-bx)-7: -7

z(x,y)=e
So, the complete solution of equation (20) is given by

Ay 2 2
z(x,Y)zeﬁy 2" (d, cos /B—ATX +blsin,/B—ATx)

Where d,,b and 2 are arbitrary constants.
i) if B:fgwthen
1 A
=2
therefore by substituting u(x) and v(y) in equation (21) we note that

1 A
(————)dx+| Ady
2 y)=e e Y,

so, the complete solution to equation (20) is given by
2(x,y)=De 2 (x—c)

where D,c and 2 are arbitrary constants .

Example 4 :- To solve the partial differential equation
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1 1 1
Z,t+2Z, _EZW +2, +§Zy +ZZ=0’

we note that B¢ATZ, so by using the formula in case (5-i) we can get the
complete solution , which is form is given by :-

—(1+l)x+
z(x,y)=e ? ” (dlcosgiﬂhblsin?i)tx)

—waly ﬁl Eﬂx

—e 2 c,e 2 +ce2’),
where c, =%(o|1 —ib,),c, =%(dl +ib,) and 4 are arbitrary constants.

Example 5 :- To solve the partial differential equation

L 2 =0
zxx+zxy+zzyy+ z,+2,+2=0,

we note that B:ATZ, so by using the formula in case (5-ii) we can get the
complete solution , which is form

ly—(l+%ﬂ) X

z(x,y)=De
where D ,c and 2 are arbitrary constants .
Example 6: to solve the partial differential equation 4z, =z, (parabolic
equation) which describe heat flow and diffusion processes under the
boundary conditions z(0,y)=z(z,y)=0 and the initial condition
z(x,0) =3sin2x we will apply the formula which is given in kind (3-a) and
hence

(X_C)1

z2(x,y)=e %Y (d, cos%ﬂx+blsin%/1x)
Where ,d, and b, are constants.
Since z(0,y)=0 = e *¥d,=0=d, =0
S0 z(x,y)=e *' b, sin%ix

Since z(z,y)=0=b, e sin%/1=0
= %ﬂ,znﬂ' ‘n=0,12,..

= A=2n= z(x, y):ble’4nzy sinnx ,andsince  z(x,0)=3sin2x

=b =3,n=2

Therefore z(x,y) =3e™* sin2x

Example 7 : To solve the partial differential equation 4z, -z, =0

(hyperbolic equation) which describle vibrating systems and wave
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motion under the boundary conditions z(0,y)=z(,y)=0 and the initial
conditions z(x,0)=0, z,(x,0) =3sin 27x

We will apply the formula which is given in kind (2-b) and hence

z(x,y) =(d, cos%;txjtd2 sin%/ix)(bl coshidy+b, sinhily)

=2z(X, y):(dlcos%/ix+ dzsin%/lx)(b1 cos Ay +a, sin iy)

, & =ib,

Since z(0,y) = 0= d, (b, cos Ay +a, sin ly) =0

=d, =0, so z(x, y):sin%ﬂx(c1 cos Ay + ¢, sin Ay)

Where ¢, =d,b, and c, =d, a,

Since z(5,y)=0=sin 2/1 (c,cos Ay +c,sindy) =0

= 2/1: nz;n=0.12,..

:>/1=2n—ﬂ:>
5

. Nz 2nr . 2nmw
zZ(x,y) = sm?x(cl cos?y +C, sm?y)

Since z(x,0)=0:>clsinn?ﬂx=0
=c =0=

. A4r . 2nrx
z(x,y):czsm?xsm?y:

2nzc, . Nz 2nr
z,= sin — xos——y
5 5 5

Since z,(x,0) =3sin 2z

:>2n—7rc2 sin " x = 3sin 22
5 5

:%:27zz>n:10

andzn—ﬂc2 =3=¢, _3
5 Ar

= 2z2(x,y) = %sin 27xsin4ny

249



2006 alall (3) 23l (11) Alaall 48 puall 2 glall duisldl) dlaa

The References

[1] A.D. Polyanin, V.F. Zaitsev, and A. Moussiaux, Handbook of "First
Order Partial differential Equations™ , Taylor & Francis , London, 2002.
[2] Braun, M., " Differential Equations and Their Application ", 4thed.
New York : Spring- Verlag, 1993.

[3] Codington, E.A., "An Introduction to Ordinary Differential
Equations™ , New York: Dover, 1989.

[4] Georgef. Carrler, "Partial Differential Equation Theory and
Technique ", 1976.

[5] John Wiley & Sons, "Differential Equation Graphics. Models. Data
" New York, Inc, 1999.

[6] Mallokl, I.A., " Thesis of the Separation Technique for Non Linear
Partial Differential Equation : General Results and it's Connection with
other Methods" , University of Keel, April, 1987.

[7] Richard E. Williams on, "Introduction to Differential Equation and
Dynamical Systems" , New York, 2001.

[8] Stanley J.Farlow, "Partial Differential Equation for Scientists and
Engineers"”, New York, 1989.

250



