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 -المستخمص: 
ي الجزئطددي مدد  لكفمددل لممدددفنلت التيف ددمطي الخ طدد ل عمددا الاددل اهددنا ف اددا هددحا ال اددص هدد  الا دد

  حات المددددددددددددددددددددددددددددفمات ال ف تدددددددددددددددددددددددددددي  التدددددددددددددددددددددددددددا  دددددددددددددددددددددددددددط ت ف الدفمددددددددددددددددددددددددددديالرت دددددددددددددددددددددددددددي ال ف طدددددددددددددددددددددددددددي 
0654321  zAzAzAzAzAzA yxyyxyxx   اطددددددددص اz   هدددددددد  المت طددددددددر المدتمددددددددنyx,   همددددددددف

)2,1,...,6(  ا  المدفمات مستقمط مت طرط    iAi ها   ا ت. 
 

 

Abstract 
 Our aim in this paper is to get the complete solution of the second order 

partial differential equations with constant coefficients which is general 

formula 0654321  zAzAzAzAzAzA yxyyxyxx  where z be the dependent 

variable, x and y the independent variables, )6,...,2,1( iAi are constants. 
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1- Introduction 
Let us consider the general form of the linear second order partial 

differential equation with constant coefficients 

0654321  zAzAzAzAzAzA yxyyxyxx      … (1) 

 to find the complete solution of the equation (1) we will search a new 

functions u(x) and v(y) such that the assumption  
 

dyyvdxxu

ez
)()(

 … (2) 

gives the complete solution of equation (1) , this assumption will transform 

the above equation (1) to linear first order ordinary equation and contains 

two independent functions u(x) and v(y). 

2- Basis defentions and concepts  

Def 1  [5] : we call to the ordinary differential equation  

)()( xQyxp
dx

dy
  … (3) 

the Linear differential equation. 

Def 2   [2] : we call to the ordinary differential equation  

1;)()(  nyxQyxp
dx

dy n     … (4) 

the Bernoulli equation . 

Def 3  [8] : A partial Differential equation is an equation that contains 

partial derivatives, in contrast to ordinary differential equation, where 

unknown function depends only on one variable, in partial differential 

equations, the unknown function depends on several variables. 

Def 4 [7] Equation that their derivatives of the first degree and they are not 

multiplied together are called linear differential equation . 

Def 5[4] : Any relation between dependent variable and independent 

variables which satisfies partial differential equation and free from partial 

derivatives is said to be a solution of the partial differential  equation . 

Def 6 [4] : the solution of the partial differential equation which contains 

only arbitrary constants is called complete solution. 

3- classification of partial Differential Equations  [1] 

second- order partial differential equations and systems can usually be 

classified as :- 

1) parabolic Equations: parabolic equations describe heat flow and 

diffusion processes and satisfy the property ,04 31

2

2  AAA   atypical example 

is the heat equation ,2

xxy zcz  where c is an arbitrary constant . 
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2) Hyperbolic Equations: Hyperbolic equations describe vibrating systems 

and wave motion and satisfy the property ,04 31

2  AAA a typical example is 

the wave equation ,2

xxyy zcz    where c is an arbitrary constant . 

3) Elliptic Equations: Elliptic equations describe steady – state phenomena 

and satisfy the property ,04 31

2  AAA a typical example is the Laplace 

equation 02  yyxx zcz  , where c is an arbitrary constant. 

Note 1: consider that the )(1 xz be a function only of x and )(2 yz be a function 

only of y and suppose that  

0...),)(,)(,(...),)()(,( 222111 





 yzyzyfxzxzxf   … (5) 

Inasmuch as x and y independent of each other , each side of equation (5) 

must be affixed constant, hence, we can write 

azzxf 


),...,,( 111  and  bzzyf 


),...,,( 222  

baba  0  

so, now we can solve each of this ordinary differential equation . 

Now , we make an important observation, namely , that we want the 

separation constant (b) to be negative , write this in mind, it is general 

practice to rename )( 2b . 
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4- the complet solution 
 Now we want to find the complete solution to the partial differential 

equation , which have the form 

0654321  zAzAzAzAzAzA yxyyxyxx   … (6) 

so, for this purpose we present a new method to find the complete solution 

by a simple assumption and to do this we classify the equation (6) to the 

following kinds:- 

1-  

a)  01 xxzA   … (7) 

 i.e.  1632 0... AAAA   is not identically zero . 

b) 02 xyzA  … (8) 

 i.e  2631 0... AAAA    is not identically zero . 

c) 03 yyzA  ... (9) 

i.e  36421 0... AAAAA   is not identically zero. 

2-  

a) 021  xyxx zAzA  ... (10) 

i.e 21643 0... AandAAAA    are not identically zero . 

b) 031  yyxx zAzA  ... (11) 

i.e 16421 )0...( AAAAA   and 3A  are not identically zero . 

c) 032  yyxy zAzA ... (12) 

i.e 2641 0... AAAA  and 3A  are not identically zero. 

d) 0321  yyxyxx zAzAzA ... (13) 

i.e 2164 ,0... AAAA   and 3A  are not identically zero. 

3- 

a) 06541  zAzAzAzA yxxx ... (14) 

i.e 54132 ,,)0( AAAAA   and 6A are not identically zero . 

b) 06542  zAzAzAzA yxxy  ... (15) 

i.e 54231 ,,)0( AAAAA  and 6A  are not identically zero . 

c) 06543  zAzAzAzA yxyy ... (16) 

i.e 54221 ,,)0( AAAAA   and 6A  are not identically zero . 

4- 

a) 065421  zAzAzAzAzA yxxyxx  … (17) 

i.e 54213 ,,,0 AAAAA  and 6A  are not identically zero . 



 2002( للعام 3( العدد )11مجلة القادسية  للعلوم الصرفة المجلد )

 

 032 

b) 065432  zAzAzAzAzA yxyyxy …(18) 

i.e 54321 ,,,0 AAAAA  and 6A  are not identically zero . 

c)  065431  zAzAzAzAzA yxyyxx  … (19) 

i.e 54312 ,,,0 AAAAA  and 6A  are not identically zero . 

5) 0654321  zAzAzAzAzAzA yxyyxyxx  … (20) 

61..., AA  are not identically zero . 

Now , to find the complete solution to the all above kinds of partial 

differential equations, we search a new functions )(xu and )(yv such that the 

assumption  
 

 dyyvdxxu

eyxz
)()(

),(  … (21) 

Represents the complete solutions to the partial differential equations (6), 

(7), …, and (20) , by finding yyyxyxxx zandzzzz ,,,  and after substituting all 

these in equation (6) we get 

0)()())()(()()())()(( 654

2

32

2

1  AyvAxuAyvyvAyvxuAxuxuA   … (22) 

Now, we will give the general form of the complete solutions to each kinds 

of the above differential equations and how we can prove their. 

1) the complete solutions to any kind of the partial differential 

equations as in kind (1)  are given by :- 

a) )()(),( cxyByxz   

where B and c are arbitrary constants and )(y  is an arbitrary function 

of y . 

b) Either   i) )(
11

),( yByxz   

              or   ii) )(
22

),( xByxz   

             or   iii) 
3

),( Byxz   

where )3,2,1( iBi  are arbitrary constants and )(1 y  and )(2 x are arbitrary 

functions of y and x respectively . 

c) )()(
44

),( cyxByxz   

 where 4B  and c are arbitrary constants and )(4 x  is an arbitrary function of 

x 

 proof a)  since 0... 632  AAA  , 

so equation (22) becomes  
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,
1

1

0))(( 2

1

cx
u

xc
u

xuuA








 

so the equation (21) becomes  

)()(

),(

)()(ln

)(

cxyB

e

eyxz

bycx

dyyv
cx

dx





 









  

where B and c are arbitrary constants and )(y  is an arbitrary function of y. 

proof b : since 0... 631  AAA  

so equation (22) becomes  

 

)(

),(

)21(

0)(0)()

0)()(

11

)(

)(0

2

1

yB

e

eyxz

becomesequation

yvandxuieither

yvxuA

ya

dyyvdx





 













 

where 1B  is an arbitrary constant and )(1 y is an arbitrary function of y. 

ii)  0)(0)(  yvandxu  

so equation (21) becomes  

)(

),(

22

)(

0)(

2

xB

e

eyxz

dx

dydxxu





 





  

where 2B  is an arbitrary constant and )(2 x is an arbitrary function of x. 

or   iii) )(0)( yvxu   

so equation (21) becomes  

3

00
3),( Beeyxz

bdydx

 


 

where 3B  is an arbitrary constant  

proof c) : by the same method as in case (a) we can prove  
)()(),( 44 cyxByxz    

2) the complete solutions to each kind of the partial differential equations 

as in kind (2) are given by  

a) )
2

2

1
(

2

2

1

),( BxeB

y
A

A

eyxz  

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where 21 BandB are arbitrary constants  

b) )

3

1
sinh

2
3

1
cosh

1
()

1

1
sin

2
1

1
cos

1
(),( y

A
by

A
bx

A
dx

A
dyxz    

where andbbdd 2121 ,,,  are arbitrary constants  

c) )
2

2

1
(

2

2

3

),( B
y

eB

x
A

A

eyxz 







 

where 21 BandB are arbitrary constants  

d) either i) 

)
4

2sin
24

2
cos

1
(2),( x

A
Bdx

A
Bd

yxA

eyxz 





 

If 2

1

3

1

2

2

;
4


A

A
Band

A

A
A

A
B   

Where as 21 ,dd  and   are arbitrary constants  

Or   ii) )(2),( cx
yxA

eDyxz 





 

If  
1

3

1

2

2

;
4 A

A
Band

A

A
A

A
B   

Where as  D, c and   are arbitrary constants  

Proof  a): since 0... 643  AAA  

So equation (22) becomes 

,0)()()(

)(

,)(
)(

)()(

0)()())()((

22

2

2

1

2

1

2

2

2

2

1












xuxuxuand

A

A
yvso

yv
A

A

xu

xuxu

yvxuAxuxuA







 

the last equation is similar to Bernoulli equation and it’s solution is given 

by:- 

dxe

e
xu

dx

dx











2

2

)(




, 

so, equation (21) becomes  

 












dy
A

A
dx

dxe

e

dx

dx

eyxz

2

2

1

2

2

),(






 

by
A

A
dxe

dx

e







2

2

1

2

)(ln 


 



 2002( للعام 3( العدد )11مجلة القادسية  للعلوم الصرفة المجلد )

 

 032 

,)
1

(

;)(

22

2

2

2

1

2

2

1
2








g
eBe

eBedxeB

x
y

A

A

b
y

A

A
dx










 

 

so the complete solution is given by  

,)(),( 21

2

2

2

1

BeBeyxz x
y

A

A

 


 

where 


and
Bg

B
B

B
2221 , 


  are arbitrary constants. 

b) since 0... 642  AAA  , so equation (22) becomes  

22

3

2

1

2

3

2

1

))()(())()((

0))()(())()((





yvyvAxuxuA

yvyvAxuxuA
   

0)()(
1

2
2 

A
xuxu


   … (23) 

and 0)()(
3

2
2 

A
yvyv


 … (24) 

we get from (23) 

1

2
2

1111 ;)(tan)(
A

bxbfbxu


  

where 1b and 1f  are arbitrary constants . 

Also, we get from equation (24)  

3

2
2

2222 ;)(tanh)(
A

bybfbyv


  

where 1b and 1f  are arbitrary constants. 

Therefore equation (21) becomes 
 

 dyybfbdxxbfb

eyxz
)(tan)(tan 222111

),(  

so, the complete solution is given by  

)

3

1
sinh

2
3

1
cosh

1
()

1

1
sin

2
1

1
cos

1
(),( y

A
by

A
bx

A
dx

A
dyxz    

c) since 0... 641  AAA , so equation (22) becomes  

0))()(()()( 2

32  yvyvAyvxuA  

And by the same way as in case (a) we can prove that the complete 

solution is given by  

,)(),( 21
2

2
23

BeBeyxz y
x

A

A

 


 

where 
2221 ,


Bg
B

B
B 


  and   are arbitrary constants. 

d) since 0... 64  AA , so equation (22) becomes  
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0))()(()()())()(( 2

32

2

1  yvyvAyvxuAxuxuA , 

here we can't separate the variables, so we suppose that )(yv , where   is 

an arbitrary constant, then the last equation becomes  

0)()()( 2

1

3

1

22  
A

A
xu

A

A
xuxu  

let 
1

2

A

A
A   and 2

1

3 
A

A
B  , then the last equation becomes  

0)()()( 2  BxAuxuxu , 

we can solve this equation by using variable separable method, hence:- 

i) If 
4

2A
B  , we get  

2
)(tan)(

A
bxfbxu   ; b and f are constants . 

there fore by using equation (21) we get  

 


 dydx
A

bxfb

eyxz
)

2
)(tan(

),(  

;)(cos2 bxfeD
yx

A


 

D is an arbitrary constant . 

So, the complete solution is given by  

)
4

sin
4

cos(),(
2

1

2

1
2 x

A
Bbx

A
Bdeyxz

yx
A


 

 

where andbd 11,  are arbitrary constants. 

ii) if ,
4

2A
B  we get  

2

1

3

1

2 ,;
2

1
)( 

A

A
B

A

A
A

A

cx
xu 


  

therefore by substituting in equation (21) we get  

,

),(

2
)(ln

)
2

1
(

gyx
A

cx

dydx
A

cx

e

eyxz








 






 

so the complete solution is given by  




andcDcxeDyxz
yx

A

,;)(),( 2 


 are arbitrary constants.  

Example 1:- to solve the partial differential equation 0
4

1
 yyxx zz  

(Laplace equation , 
4

12 c ) , we note that 0... 642  AAA , then by using 

the formula that is given in kind (2-b) we get the complete solution to 

the above partial equation , which is form  
)2sinh2cosh()sincos(),( 2121 ybybxdxdyxz   , 
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where andbbdd 2121 ,,,  and arbitrary constants . 

3) 

a) since 032  AA , so the equation (22) becomes  

0))()())()(( 654

2

1  AyvAxuAxuxuA  

and the complete solution of equation (14) is given by 

     either   i)  )
4

2
sin

14

2
cos

1
(5

6
2

2
),( x

A
Bbx

A
Bd

y
A

A
xA

eyxz 








 

if 
1

2

1

4

2

;
4 A

Band
A

A
A

A
B


 , 

where andbd 11,  are arbitrary constants . 

or   ii) )(5

6
2

2
),( cx

y
A

A
xA

eDyxz 








 

if 
1

2

1

4

2

;
4 A

Band
A

A
A

A
B


 , 

where D,c and   are arbitrary constants. 

b) since 031  AA  , so the equation (22) becomes  

0)()()()( 6542  AyvAxuAyvxuA  

and the complete solution of equation (15) by using assumption that is 

given in equation (21) is given by 

y
AA

AA
x

Aeyxz

)

25

64(

),(










  

where A and   are arbitrary constants. 

c) since 021  AA , so the equation (22) becomes  

06543  zAzAzAzA yxyy , 

and the complete solution of equation (16) by using the assumption that 

is given in equation (21) is given by 

either i) )
4

2
sin

14

2
cos

1
(4

6
2

2
),( y

A
Bby

A
Bd

x
A

A
yA

eyxz 








 

if 
3

2

3

5

2

;
4 A

Band
A

A
A

A
B


  

where andbd 11,  are arbitrary constants . 

or ii) )(),(
24

6
2

cyeDyxz
y

A
x

A

A






 

if 
3

2

3

5

2

;
4 A

Band
A

A
A

A
B


 , 

where D ,c and   are arbitrary constants. 
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Proof (a) :- since 032  AA , so equation (22) becomes 

1

2

1

6

1

5

1

42

654

2

1

)()()()(

0)()())()((

AA

A
yv

A

A
xu

A

A
xuxu

AyvAxuAxuxuA






 

so 
5

6

2

)(
A

A
yv





 and 0)()()(
1

2

1

42 
A

xu
A

A
xuxu


 

let 
1

2

1

4

A
Band

A

A
A


  therefore the last equation becomes  

0)()()( 2  BxuAxuxu , 

this equation we can solve it by variable separable method and its 

solution is given by :- 

either i) 
42

)tan()(
2A

Bif
A

bxfbxu   

where 
4

2
2 A

Bb   

Hence by using equation (21) we get  

,)cos(

),(

5

6
2

5

6
2

2

1

)
2

)(tan(

bxfec

eyxz

y
A

A
x

A

dy
A

A
dx

A
bxfb
















 

so, the complete solution is given by:- 

)
4

sin
4

cos(),(
2

1
2

1

2 4

6
2

x
A

Bbx
A

Bdeyxz
y

A

A
x

A







 

where andbd 11,  are arbitrary constants . 

or  ii) If 
4

2A
B   , we get  

,)(

),(

2

1
)(

5

6
2

5

6
2

2

)
2

1
(

cxeD

eyxz

A

cx
xu

y
A

A
x

A

dy
A

A
dx

A

cx



 


















 

where c, D and   are arbitrary constants. 

Note (2) :- If we write  
2

564

2

1 )()())()((  yvAAxuAxuxuA  

then the complete solution is given by:- 

either i) )
4

sin
4

cos(),(
2

1

2

1

2 5

2

x
A

Bbx
A

Bdeyxz
y

A
x

A





 

If 
1

2

6

1

4

2

;
4 A

A
Band

A

A
A

A
B


  
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where andbd 11,  are arbitrary constants . 

or ii) )(),( 5

2

2
cxeDyxz

y
A

x
A





 

If 
1

2

6

1

4

2

;
4 A

A
Band

A

A
A

A
B


  

where c, D and   are arbitrary constants. 

b) since 031  AA  , so equation (22) becomes  

0)()()()( 6542  AyvAxuAyvxuA  

,)()(

)(
)(

)(

25

64

42

65








AA

AA
yvandxu

xu
AyvA

AyvA












 

there for by using equation (21) we get 

,),( 25

64 y
AA

AA
x

Aeyxz










  

where A and   are arbitrary constants. 

c) By the same way as in (a) we can get the proof  

Note (3) :- If we write  
2

465

2

3 )()())()((  xuAAyvAyvyvA , 

then by the same method as in case (c)  , we can prove that the complete 

solution is given by:- 

either i) )
4

sin
4

cos(),(
2

1

2

1

2 4

2

y
A

Bby
A

Bdeyxz
x

A
y

A





 

if 
3

2

6

3

5

2

;
4 A

A
Band

A

A
A

A
B


  

where andbd 11,  are arbitrary constants . 

or ii) )(),(
24

2

cyeDyxz
yx

A

A






 

if 
3

2

6

3

5

2

;
4 A

A
Band

A

A
A

A
B


  

where  D, c  and   are arbitrary constants. 

Example 2 :- To solve the partial defferential equation  
,02  zzzz yxyy  

we see that 021  AA , so by using the formula which appears in case (c) 

we get the complete solution to the above equation which is form  

)1sin1cos(),( 2

1

2

1

)1( 2

ybydeyxz xy     

where 11, bandd  are arbitrary constants. 

4-  

(a) since 03 A , so the equation (6) becomes  
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065421  zAzAzAzAzA yxxyxx  

and the complete solution of the partial differential equation (17) is 

given by  

either i) )
4

sin
4

cos(),(
2

1
2

1
2

2

x
A

Bbx
A

Bdeyxz
yx

A


 

 

if 
1

2

56

1

2

24

2

;
4 A

AA
Band

A

AA
A

A
B

 



 , 

where andbd 11,  are arbitrary constants . 

or  ii) )(),( 2

2

cxeDyxz
x

A
y




 

if 
1

2

56

1

2

24

2

;
4 A

AA
Band

A

AA
A

A
B

 



 , 

where  D, c  and 2  are arbitrary constants. 

b) since 02 A , so the equation (6) becomes  

065431  zAzAzAzAzA yxyyxx , 

and the complete solution of the partial differential equation (18) is 

given by :- 

either i)  

,)
4

sin
4

cos)(
4

sin
4

cos(),(
2

2

2

2

2

1

2

1
22 y

c
Day

c
Ddx

A
Bax

A
Bdeyxz

y
c

x
A




 

if 
3

2

6

3

5

1

2

1

4

22

,,;
44 A

A
Dand

A

A
c

A
B

A

A
A

c
Dand

A
B

 
  

where andaadd 2121 ,,,  are arbitrary constants . 

or ii) )
4

sin
4

cos()(),(
2

1

2

1
22 x

A
Bbx

A
Bdcyeyxz

y
c

x
A




 

if 
3

2

6

3

5

1

2

1

4

22

,,;
44 A

A
Dand

A

A
c

A
B

A

A
A

c
Dand

A
B

 
  

where candbd 11,  are arbitrary constants . 

or iii) )
4

sin
4

cos()(),(
2

1

2

1
22 y

c
Dby

c
Ddcxeyxz

y
c

x
A




 

if 
3

2

6

3

5

1

2

1

4

22

,,;
44 A

A
Dand

A

A
c

A
B

A

A
A

c
Dand

A
B

 
  

where candbd 11,  are arbitrary constants . 

or iv) )()(),( 21
22 cycxkeyxz

y
c

x
A




 

if 
3

2

6

3

5

1

2

1

4

22

,,;
44 A

A
Dand

A

A
c

A
B

A

A
A

c
Dand

A
B

 
  

where kandcc 21,  are arbitrary constants . 

c) since 01 A so, the equation (6) becomes  
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065432  zAzAzAzAzA yxyyxy  

and the complete solution to the equation (19) by using equation (21) is 

given by  

either i) ]
4

sin
4

cos[),(
2

1

2

1
2

2

y
A

Bby
A

Bdeyxz
xy

A


 

 

if 
3

6

2

4

3

2

25

2

;
4 A

AA
Band

A

AA
A

A
B








 

where andbd 11,  are arbitrary constants . 

or ii) )(),( 2

2

cyDeyxz
y

A
x




 

if 
3

6

2

4

3

2

25

2

;
4 A

AA
Band

A

AA
A

A
B








, 

where D ,c are arbitrary constants . 

proof (a) :- since 03 A  , so equation (22) becomes  

0)()()()())())(( 6542

2

1  AyvAxuAyvxuAxuxuA  

2

52

64

52

2

1 )(
)(

)(

)(

))()((










 yv

AxuA

AxuA

AxuA

xuxuA
, 

so ,)( 2yv  

and ))(()())()(( 52

2

64

2

1 AxuAAxuAxuxuA    

        0)()()( 2  BxAuxuxu  

where 
1

2

56

1

2

24

A

AA
Band

A

AA
A

 



 , 

so, the last equation we can solve it by variable separable method and 

its solution is given by  

either i) 
4

;
2

)(tan)(
2A

Bb
A

bxfbxu   and f is an arbitrary constant and 

)0.(
4

2

 bei
A

B therefore by substituting in equation (21) we get  

)cos(),(
2

2 bxfDeyxz
yx

A


 

, 

Hence , the complete solution of equation (17) is given by 

)
4

sin
4

cos(),(
2

1

2

1
2

2

x
A

Bbx
A

Bdeyxz
yx

A


 

, 

where andbd 11,  are arbitrary constants . 

or  ii) If 
4

2A
B  , we get  

2

1
)(

A

cx
xu 


 , 

there for by substituting u(x) and v(y) in equation (21) we get  
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,),(
2)

2

1
( 





dydx

A

cxeyxz


 

so the complete solution of equation (17) is given by  

)(),( 2

2

cxeDyxz
x

A
y




 

where as D, c,   are arbitrary constants . 

b)since 02 A , so equation (22) becomes  
0)()())()(())()(( 654

2

3

2

1  AyvAxuAyvyvAxuxuA  

,;0)()()(

)())()(()())()((

2

1

42

2

65

2

34

2

1

A
Band

A

A
ABxAuxuxu

AyvAyvyvAxuAxuxuA









 

also 
3

2

6

3

52 ;0)()()(
A

A
Dand

A

A
cDycvyvyv


  

We can solve the last two equations by variable separable mothod and 

we get  

either i) If 
44

22 c
Dand

A
B  

4
;

2
)(tan)(

2
2

1111

A
Bb

A
xbfbxu  , 

and 1f  is an arbitrary constant . 

Also ,
4

;
2

)(tan)(
2

2

2222

c
Db

c
ybfbyv   

and 2f  is an arbitrary constant. 

Therefor by substituting in equation (21) we get  

 


 dy
c

ybfbdx
A

xbfb

eyxz
)

2
)(tan()

2
)(tan( 222111

),( , 

so , the complete solution of equation (18) is given by  

,
4

sin
4

cos
4

sin
4

cos),(
2

2

2

2

2

1

2

1
22

































y
c

Day
c

Ddx
A

Bax
A

Bdeyxz
y

c
x

A

where 2121 ,, aandadd  are arbitrary constant. 

Or  ii) If 
44

22 c
Dand

A
B   , we get  

4
;

2
)(tan)(

2
2 A

Bb
A

bxfbxu   and f is an arbitrary constant. 

Also 1

1

;
2

1
)( c

c

cy
yv 


  is an arbitrary constant. 

Therefore  by substituting in equation (21) we get  

 





 dy
c

cy
dx

A
bxfb

eyxz
)

2

1
()

2
)(tan(

1),(  

So, the complete solution of equation (18) is given by  
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)
4

sin
4

cos)((),(
2

1

2

11

)(
2

1

x
A

Bbx
A

Bdcyeyxz
cyAx




 

Where 111, candbd  are arbitrary constant. 

Or   iii) if 
44

22 c
Dand

A
B  , we get  

2

1
)(

2

A

cx
xu 


  

and 
4

;
2

)(tan)(
2

2 c
Db

c
byfbyv  , 

 and f is an arbitrary constant. 

Therefore by substituting u(x) and v(y) in equation (21) we get  

 





dy
c

byfbdx
A

cx
eyxz

)
2

)(tan()
2

1
(

2),( , 

hence the complete solution of equation (18) is given by  

)
4

sin
4

cos)((),(
2

1

2

12

)(
2

1

y
c

Dby
c

Ddcxeyxz
cyAx




 

Where 211, candbd  are arbitrary constant. 

Or iv) if 
44

22 c
Dand

A
B  , we get  

2

1
)(

1

A

cx
xu 


  and 

2

1
)(

2

c

cy
yv 


  

therefore by substituting u(x) and v(y) in equation (21) we get  

 








dy
c

cy
dx

A

cx
eyxz

)
2

1
()

2

1
(

21),( , 

so, the complete solution of equation (18) is given by  

))((),( 21

)(
2

1

cycxeKyxz
cyAx




 

where 21, candcK  are arbitrary constants. 

Note (4) :- if we write  
2

5

2

364

2

1 )())()(()())()((  yvAyvyvAAxuAxuxuA , 

then the complete solution can established by the same way as in above 

cases , but  

3

2

3

5

1

2

6

1

4 ,,
A

Dand
A

A
c

A

A
B

A

A
A

 



  

c) since 01 A , so equation (22) becomes  

0)()())()(()()( 654

2

32  AyvAxuAyvyvAyvxuA , 

Then by the same way as in case (a), we get  
,0)()()()( 22  ByAvyvyvandxu   

where 
3

2

46

3

2

25

A

AA
Band

A

AA
A

 



 . Now  
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i) if 
4

2A
B  , we get  

4
;

2
)(tan)(

2A
Bb

A
byfbyv   

and f is an arbitrary constant. 

Hence by substituting u(x) and v(y) in equation (21) we get  

 


 dy
A

byfbdx

eyxz
)

2
)(tan(2

),(


, 

so the complete solution of equation (19) is given by:- 

).
4

sin
4

cos(),(
2

1

2

1
2

2

y
A

Bby
A

Bdeyxz
y

A
x




, 

Where andbd 11,  are arbitrary constants. 

ii) if 
4

2A
B  , then 

2

1
)(

A

cy
yv 


  

Hence by substituting u(x) and v(y) in equation (21) we get  

 





 dy
A

cy
dxx

eyxz
)

2

1
(2

),(


, 

so, the complete solution of equation (19) is given by  

)(),( 2

2

cyeDyxz
y

A
x




, 

where D ,c and  are arbitrary constants . 

Example 3 :- To solve the partial differential equation  

023  zzzzz yxyyxx , 

we note that 02 A , so by using the formula which appears in case (b-i) 

(because 
44

22 c
Dand

A
B  ) we get the complete solution which is form  

)2sin2cos()
4

9
sin

4

9
cos(),( 2

2

2

2

2

1

2

1
2

3

yaydxaxdeyxz
yx




 , 

where as andaadd 2121 ,,,  and arbitrary constants. 

5) If no any one of the coefficients equal to zero, then the partial 

differential equation is given by  

0654321  zAzAzAzAzAzA yxyyxyxx , 

and equation (22) stay at the same formula which is  

0)()())()(()()())()(( 654

2

32

2

1  AyvAxuAyvyvAyvxuAxuxuA , 

so, the complete solution of equation (20) is given by  

either i) )
4

sin
4

cos(),(
2

1

2

1
2 x

A
Bbx

A
Bdeyxz

yx
A


 
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if 
1

65

2

3

1

42

2

;
4 A

AAA
Band

A

AA
A

A
B








 

Where andbd 11,  are arbitrary constants. 

Or ii) )(),( 2 cxeDyxz
yx

A


 

 

If 
1

65

2

3

1

42

2

;
4 A

AAA
Band

A

AA
A

A
B








  

where D,c and  are arbitrary constants . 

proof: since no any one of coefficients are equal to zero so , 
0)()())()(()()())()(( 654

2

32

2

1  AyvAxuAyvyvAyvxuAxuxuA  

Here the last equation, we can’t separate the variables, so, to solve this 

problem we consider that )(yv  therefore  

0)()()( 2  BxAuxuxu  

where as 
1

65

2

3

1

42

A

AAA
Band

A

AA
A








, 

the last equation can be solved by using variable separable method and 

we get :- 

i) if 
4

2A
B  , then  

,
4

;
2

)(tan)(
2

2 A
Bb

A
bxfbxu   

and f is an arbitrary constant, therefore by using equation (21) we get  

4
;

2
)(tan(

2

),(

A
B

A
bxfb

eyxz


  

So, the complete solution of equation (20) is given by  

)
4

sin
4

cos(),(
2

1

2

1
2 x

A
Bbx

A
Bdeyxz

x
A

y




 

Where andbd 11,  are arbitrary constants. 

ii) if  
4

2A
B  , then  

2

1
)(

A

cx
xu 


  

therefore by substituting u(x) and v(y) in equation (21) we note that  

 





dydx
A

cxeyxz
)

2

1
(

),( , 

so, the complete solution to equation (20) is given by  

)(),( 2 cxeDyxz
yx

A


 

 

where D,c and  are arbitrary constants . 

Example 4 :- To solve the partial differential equation  
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0
4

1

2

1

2

1
 zzzzzz yxyyxyxx , 

we note that 
4

2A
B  , so by using the formula in case (5-i) we can get the 

complete solution , which is form is given by :- 

,)(

)
2

3
sin

2

3
cos(),(

2

3

2
2

3

1
2

)1(

11
2

)1(

xxyx

yx

ecece

xibxideyxz























 

where andibdcibdc )(
2

1
,)(

2

1
112111   are arbitrary constants. 

Example 5 :- To solve the partial differential equation  

02
4

1
 zzzzzz yxyyxyxx , 

we note that 
4

2A
B  , so by using the formula in case (5-ii) we can get the 

complete solution , which is form  

)(),(
)

2

1
1(

cxeDyxz
xy


 

, 

where D ,c and  are arbitrary constants . 

Example 6: to solve the partial differential equation yxx zz 4 (parabolic 

equation) which describe heat flow and diffusion processes under the 

boundary conditions 0),(),0(  yzyz   and the initial condition 

xxz 2sin3)0,(   we will apply the formula which is given in kind (3-a) and 

hence 

)
2

1
sin

2

1
cos(),( 11

2

xbxdeyxz y     

Where 11, bandd  are constants. 

Since 000),0( 11

2

  ddeyz y  

So xbeyxz y 

2

1
sin),( 1

2  

Since 0
2

sin0),(
2

1   


  yebyz  

xxzceandnxebyxzn

nn

yn 2sin3)0,(sin,sin),(2

,...2,1,0;
2

24

1 








 

2,31  nb  

Therefore xeyxz y 2sin3),( 16  

Example 7 : To solve the partial differential equation 04  yyxx zz  

(hyperbolic equation) which describle vibrating systems and wave 
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motion under the boundary conditions 0),5(),0(  yzyz  and the initial 

conditions xxzxz y 2sin3)0,(,0)0,(   

We will apply the formula which is given in kind (2-b) and hence  

)sinhcosh()
2

1
sin

2

1
cos(),( 2121 yibyibxdxdyxz    

)sincos()
2

1
sin

2

1
cos(),( 1121 yaybxdxdyxz    

; 21 bia   

Since 0)sincos(0),0( 111  yaybdyz   

)sincos(
2

1
sin),(,0 211 ycycxyxzsod    

Where 121 bdc   and 122 adc   

Since 0)sincos(
2

5
sin0),5( 21  ycycyz   





5

2

,...2,1,0;
2

5






n

nn

 

)
5

2
sin

5

2
cos(

5
sin),( 21 y

n
cy

n
cx

n
yxz


  

Since 0
5

sin0)0,( 1  x
n

cxz


 





y
n

xcyxz

c

5

2
sin

5

4
sin),(

0

2

1

  

y
n

osx
ncn

z y
5

2

5
sin

5

2 2 
  

Since xxz y 2sin3)0,(   

yxyxz

cc
n

and

n
n

xx
n

c
n














4sin2sin
4

3
),(

4

3
3

5

2

102
5

2sin3
5

sin
5

2

22

2








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