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يان مياه المجاري اللازمه لتصميم خط أنابيب الضغطخصائص جر  
جامعة واسط /  كلٌة الهندسة  –هادي عبٌد البشر   

 

 الخلاصة :
درسنا فً هذا البحث تاثٌر مواصفات مٌاه المجاري الثقٌله مثل  ولواا اتسلتقرار وتركٌلم الملواد      

                            متباٌنة.الصلبة فً هذه المٌاه على وواا جرٌان مٌاه المجاري الثقٌله ال
المجاري قد  ان تاثٌر الوصائا غٌر النٌوتنٌة وتسٌٌ  القوام بالأجهاد على المواصفات اتنسٌابٌة لمٌاه 

طرٌقلة تجرٌبٌله   تم حسابها عملٌا. وبالأعتماد على  هذه المواصفات ومن ولا  عدة تجارب تلم تطلوٌر
       طلفط الناقلله لهلذه المٌلاه فلً حاللة الجرٌلان الطبلاقً لحسلاب وسلائر الطلفط فلً ولط انابٌلب ال

(laminar flow) . 
ظهرت النتائج ان العمم وكذلك اجهاد القا ٌنوفض بمرور الوقت عند ثبات السرعه الدورانٌله وعلدم  

ثانٌه من بلد  العمل  حٌلث تحظنلا علدم حلدوث انوفلاض ابعلد فلً  099الأعتماد على الوقت ٌص  بعد 
                                                             ثانٌه  . 099بعد  اجهاد القا

تم رسم العلاقات بٌن معد  الجرٌان ووسائر الطفط العالٌة والواطئه بواسلطة مثلا  تصلمٌمً ذوكلذلك 
                                     بٌن وسائر الطفط وطو  الأنبوب وبٌن اعداد اوٌلر ورٌنولدم .

                                 

 

Abstract 
    In This research studied the effect of the sludge characteristics such as 

settling propertiese and concentration of solids in the sludge on the flow 

propertiese of heterogeneous sewage sludges. The non-Newtonian 

(pseudoplastic ) and time-dependent  (thixotropic) influence on the rheological 

characteristics of sewage sludge was calculated experimentally.                                                                                               

    Depending on these characteristics and during several experiments an 

empirical method has been developed to calculate the head losses in pressure 

pipes which convey these sludges under laminar flow conditions.                                                           

    The results showed that the torque (T) and shear stress (τ) decrease with time 

at constant rotational speed,and the time-independent behaviour was 

approached after 900sec.,where no further decrease in shear stress was 

observed after 900s.                       

    A relations has been plotted between the flow rate (Q) and 

maximum,minimum head losses by means of a design example , in addition to 
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the head loss gradient decay along a pipeline and between Euler and Reynolds 

numbers .  

 

Introduction 
    Although flow behaviour of most liquids has been mathematically described 

and empericaly verified,similar knowledge about solid-liquid mixtures is not 

available. 

 Because of the complex nature of solid-liquid mixture ,postulations about their 

flow dynamics are presently beyond the reach of the most sophisticated 

computer programs. 

     In the terminology of rheologists there is a description of the various types 

of flow behaviour that can take place in pipe.Into the more commonly 

encountered phenomena of non-newtonian fluids those which display 

pseudoplastic , dilatant , thixotropic or rheopectic properties. Pseudoplastic and 

dilatant fluids are time independent .If sewage sludge was truly 

heterogeneous,thixotropic behaviour could probably best describe its 

properties. Thixotropic fluids become less viscous as the shear rate is increased 

and also with time they are agitated or sheared. To overcome these 

uncertainties, design engineers are inclined to use a critical flow velocity 1.5 to 

2.0m/s [1]above which flow is assumed to be turbulent.  

    Although the assumption is always true that no settling of solids will occur 

under turbulent flow conditions[1],there is a minimum velocity above which no 

settling of solids will occur,even under laminar flow conditions . This 

minimum velocity is calculated by the settling properties of the sludge [2]. 

    In generalities ,sludges with a solids concentration below 3% are usually 

near Newtonian fluid but when the concentration of solids is higher than 3% 

the non- Newtonian properties (pseudoplasticity and thixotropy) begin to take 

over and these sludges conform to non-Newtonian fluid models,pseudoplastic 

or Bingham plastic fluid [2, 3].This indicates that the viscosity is dependent on 

the shear rate (du/dr) and here an alternative method is required for calculating 

the Reynolds number and friction headloss.These sludges are time-dependent 

,called thixotropic [3] where shear stress reduces with time . 

   The aim of this research was to calculate concentrated activated sludge flow 

characteristics required for the design of a pressure pipeline which conveys a 

sewage sludge under flow conditions. 
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   The rheological characterization of non-Newtonian sludges has received 

much attention in the literature and the development of this discipline is 

ongoing. The Herschel-Bulkley model is the most suitable model to describe 

the flow of non-Newtonian fluids [2] : 

 

  τ = τy+K(dv/dr)
n
…………………………(1 ) 

 Investigation by [2,4] indicated that most sludges conform to pseudoplastic 

behavior(τy=0, n<1) . 

  The Minimum Flow Velocity  

   The flow velocity must exceed the minimum flow velocity (Vmin) to prevent 

the settling of solids inside a pipeline , (Vmin) depend on the relative densities 

of solids and liquids in the fluid , the authors[2 ,5] proposed the following 

relationship to calculate the  (Vmin) : 

(Vmin) = 1.9D
0.2

[ (ρp – ρ )/ρ]
0.3

 ……………………..(2) 

  Reynolds Number For non-Newtonian Fluids  

 A generalized Reynolds number (Re) for non Newtonian pseudoplastic fluids 

in case of laminar or turbulent flow [2] is : 

                                ρ .V
2-n

.D
n
         

Re =                            ……………… (3 )  

                            K[(3n+1)/4n]
n
 .(8)

n-1
 

 The critical Reynolds number ( Rec ) for pseudoplastic fluids at which laminar 

flow condition terminated is depend on (n) and calculated by  [3] :  

                      6464 n 

Rec =                            ………………….. (4)                 

           (1 + 3n )
2
[1/(2 +n)]

(2+n)/(1+n)
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To calculate the headloss due to friction in a pipe the Darcy  equation [1] is 

generally 

 used: 

 

                                              L         V
2
 

                           H =    4f                           …………………….   ( 5   )                                  

                                              D          2g          

                                                                                                                          

 

Experimental  
To determine the rheological partameters an experimental set-up as   

schematicaly shown in fig.1 .The equipment consisted of a variable-speed 

stirrer with torque meter provided with a rotating inverted cup (rotor) fitted 

inside a static cup with dimensions as shown in calculations procedure. 

The static cup with rotor in place was filled to a predetermined level with the 

sludge to be used. A rotor speed (R) was fixed and the torque (T) was 

measured for t = 0 ,60 ,90,180,350,500,900s intervals respectively. 

The procedure was repeated for R =30 ,45 ,60 ,85,120,150,170,200 r.p.m 

respectively and at each time using a new sample.   
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  Calculation Procedure:  
 The rotor and cup properties are  :  

  

 Rotor height  h = 0.038m 

 Rotor radius rr = 0.042m 

 Cup radius rc = =0.051m 

 The shear stress ( τ ) and shear rate (du/dr)  at the  rotor wall given in the 

following equations [4 ,6 ] respectively :  

 

 τ = T/(2πh.rr
2
)  ……………………………(6) 

 dv/dr = k3[1+k1(1/n-1) + k2(1/n-1)
2
].R/60  ………………………..(7) 

 

k1 = [(u
2
-1)/(2u

2
)][1 + 2ln (u)/3]  

u = rc/rr =0.051/0.042 =1.214 

k1 =0.1423 

k2 =[ (u
2
 -1 )/6u

2
 )].ln( u ) = 0.0104 

k3 = 4π/(1-1/u
2
) = 39 

Fig.1Schematic diagram of stirrer with torque meter 

1-Torque measuring unit 2- Calibration and rotational  speed setting 3-Circlar rotor 

4- Rotating inverted cup 5- Stand 6-cup 7-Sludge sample 
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The measured values of torque with time and rotational speed are shown in 

table 1 . 

 

Table.1 The torque and rotation speed with time  

                                        T ( N.m )  R 

r/min 

900s 500s 350s 180s 90s 60 s 0 s 

.0..0 .0.0.0 .0.000 .0.000 .0.0.0 .0.0.. 0.0188 30 

.0.0.0 .0.0.0 .0.00. .0.0.0 .0.... .0.... .0..00 45 

.0.0.0 .0.000 .0.0.0 .0.... .0..00 .0...0 .0.... .. 

.0.000 .0.0.0 .0.00. .0..00 .0...0 .0.0.0 .0.0.. .0 

.0.000 .0.00. .0... .0.... .0.000 .0.0.. .0.000 0.. 

.0.000 .0.... .0..0. .0.... .0.0.. .0.000 .0...0 150 

.0.0.0 .0..0. .0...0 .0.0.0 .0.000 .0..0. .0...0 170 

.0.00. .0...0 .0...0 .0.0.. .0.0.0 .0.... .0.00. 200 

 

    Sample calculations of shear stress (τ) and shear rate  (dv/dr) for t = 0,  to t = 

900s, 

using the  corresponding (T) values from table1 and equations (6) and (7) 

respectively ,are shown in tabl 

 

Table2. The shear stress and shear rate  with time 
... 0.. 00. 0.. .0 .. .0 0.  R (r/min) 

0..000. 00.0.0. 0.00... 000..0 ..0..0 ..0... 0000.0 ..0.. τ t = 0s 

0..0... 0.00.0. 00.0.00 ..00.. ..0..0 ..0.0. 000.. ..00.. dv/dr 

..000. 0.0000 ..0000 .000.0 ..00.. 0.0... 0..0... 0000.00 τ t = 60s 

..0.0. 0.0000 .000.. ..0... 000.0. 0000... 0..0000 0000.00 dv/dr 

.00.00 .00... 000.0. ..0.0. .00.0. ..00.. .00..0 0000. τ t =90s 

.00.00 000.0. ..0... ..0.00 0000.. 0000.00 00000.. 0000..0 dv/dr 

..00.0 .000.. ..0... ..0... 0.000. ..0... .00..0 0.00.. τ t 

=180s 0.00... 00000.. 0..0.00 0.0.0. .000.. .0000. 0.0.0. ..0000 dv/dr 

..000. 0000.. 0.0... 0.0000 ..00.. ..0... 0.0... 000..0 τ t 

=350s 0..00.. 0..0.00 0.000.0 0..0... .00.0. 0.000 0.000. .00..0 dv/dr 

..0.0 ..0.0. ..0..0 .00.00 0.0... 0.00.0 000..0 ..0... τ t 

=500s 0..00.. 00000.. 00.000. 0.000.. ..00.. 0.0... .00..0 ..00.. dv/dr 

.00... .00... 000.00 0.0... 0.0..0 ..0..0 .0000. ..00.. τ t=900s  

0..00.. 0.00..0 0..0.0. 0.000.. .00... 0.0... 0.0.00 .000.. dv/dr 
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    The linearised form of the Herschel-Bulkley model (Eq.1) is used to 

calculate the fluid consistency coefficient (K) and flow behaviour index (n) 

from the respected shear stress and shear rate values . 

 

 Log(τ – τy) = Log(K) + n.Log (dv/dr)…………………..(8) 

 When τy = 0 (for pesudoplastic fluids ) ,the equation simplifies to:   

 Log (τ) = Log(K) + n.Log (dv/dr) ………………………(9) 

  

Log(K) is the intercept of  Log (τ) when Log (dv/dr) =0 and flow behaviour 

index (n) is the slope of the Log –Log  plot of (τ) vs. (dv/dr) .The calculated 

values of (K and n) are shown in table 3. 

 

Table3. Values of K and n for each time interval  
0.. 0.. 00. 0.. 0. .. . Time(s) 

.0.00 0.000. 00... 0.0... 000.00 00... .0... K(N.s
n
)/m

2
 

.000. .0.0. .00.. .00.. .0.00 .0... .0000 n 

 

The physical properties of activated sludge in this study are measured at 25c 

and these properties are : 

 

 Concentration of sludge X = 6% 

 Sludge particle density  ρp = 1340kg/m
3
 

 Liquid density was calculated by the following equations [7,8] : 

  

ρ = [ρp .X + ρw (1-X)]  ………………………….(10) 

    = 1340* 0.05 + 1000(1-0.05) = 1020 kg/m
3
 

   The physical and rheological properties (K ,n ) can be used to calculate the 

initial headloss and minimum headloss of pressure pipes which convey this 

sludge under laminar flow conditions . The required calculations showed in the 

following design example .  

 

 Design Example 

Design requirement : 

 Required flow rate  Q = 0.18 m
3
/s 

 The length of pipe = 1600m 

 Secondary losses Hs = 6.5 *V
2
/2g 

 

Calculation of initial conditions:  

 Choose initial flow velocity V= 1.5m/s 

 Q= V.a (a is cross-sectionpipe area), 
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 A= Q/V 

 From required flow rate  

 a = 0.18/1.5 m
2
 

 D = 0.3909 m 

 Select standard size pipe : D =0.4m 

 By equation (2) calculate Vmin 

  

  Vmin = 1.9D
0.2

[(ρp – ρ)/ ρ]
0.3

 

  Vmin = 1.117m/s and then calculate Lf ,Re,Rec ,f , dH/dL, Z , Log(dH/dL) –Z 

for each time interval where :  

 Z = dH/dL at  tz = 900s (time –independent ) 

 These values are calculated and shown in table 4 . 

 

Table 4 the calculations required to calculate pipeline losses  
Log(dH/dL)-Z dH/dL f Re Rec  (m)Lf Time 

(s) 

-1.593 .0.0 .0.... ..00.. .0.00. . . 

-1.605 .0..00 .0.... ..0 .0..0. ..0.. .. 

-1.673 .0..0. .0... ..00.0 .000 0..000 0. 

-1.798 .0.... .0..0. .0000. .0000. ..00.. 0.. 

-2 .0.0.0 .0.0.. .000.0 .0.. 00.000 00. 

-2.259 .0.0.. .0...0 00.0. .00.0. 00.00 0.. 

∞ .0...0 .0.0.. 00. .0.00. 0..000 0.. 

 

 To calculate the minimum friction losses (Hmin) an equation have been 

obtained : 

 Log [(dH/dL)-Z] = Log(a) – β.Lf  ……………….( 11 ) 

 Where(Lf = t .V, α ,β are the intercept and slope of Eq(11) and these values are 

calculated by mean of linear regression  : 

 α = 0.034 ,  β = 0.00203 

 The integration of Eq(11) give  Hmin : 

 Log [(dH/dL)-Z] - Log(a) = – β.Lf  

 

 (dH/dL – Z ) / α = (10)
-βLf

  

 dH = α (10)
-βLf

 + Z dL  

Hmin = [α/(β.Ln10)]{1-10 
–βLz

} +Z.L  ……………………………(12) 

 

 Where the limits of integration are (0 , Lz) and (Lz = tz .V) ,tz = 900s,Lf = 

1005.3m as shown in table 4 
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 By Eq.(12) calculate minimum friction losses: 

 Hmin = 46.4m . 

 Calculate secondary losses HS = 6.5*(1.117)
2
/(2*9.8) = 0.413m  

The total losses = (Hmin +LS) 

 Total mininmum losses = 46.813m.  

 Calculate total maximum friction losses which occurs at t =0s when the pump 

switched on .By Darcy Eq.(Eq5) calculate Hmax , 

  

 Hmax = 4fL.V
2
/ (2gD ) , where (f = 0.0788,at t = 0,from table 4) therefore 

 Hmax= 80.057m 

  Total maximum friction losses Hmax+ HS = 80.057+0413 = 80.47m. 

 After that repeat steps each time with an increased flow velocity (V) ,until 

Re>Rec at any time as shown in table 4 where at Re>Rec laminar flow is 

terminated at V>3.4m/s. 

 According to the calculations shown in table 6 the calculations of total 

mininmum 

 and maximum head losses with an increased flow velocity(V) shown in table5 

 

Table 5 Total minimum and mzximum head losses with flow rate  
Total Hmin 

(m) 

  Total Hmax 

(m) 

 

Q 

(m
3
/s) 

V 

(m/s) 

..0.00 ..0.. 0.1403 1.117 

..000. .000.. .000.. 00. 

0.0... 0.0..0 .00.0. 00. 

0.00.0 0.0000 .0..0 00. 

..00.. 0.00... .0... 00. 

.00.00 0.000.. .0.00. .0. 

..0.00 0000.0. .0... .0. 

.00000 0.0000 .000. .00 

.00... 00.00.. .0000 .0. 

..00.. 00.00.0 .00.0 000 

.000.0 0..00.. .0... 00. 

..00. 0.00... .0... 00. 

 

Also in this study the Euler number(Eu) have been calculated ,where Eu is 

important in the flow problems in which a pressure gradient exsists, where , 

  Eu = Δp/ρV
2
  , where 

 Δp –pressure drop  ,  Δp= 4fLV
2
ρ/2D 

 ρ – density of liquid  
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The pressure drop was calculated by Darcy equation (Δp= 4fLV
2
ρ/2D)at each 

velocity The values of pressure drop and Euler number are  calculated and 

shown in table6. 

 

Table6.The values of Euler and Reynolds numbers 

Eu 
Δp 

bar 
f Re 

V 

(m/s) 

00.0. 4.5611 0.0448 00. 0000. 

00000. .0...0 .0.0.0 ..00.. 00. 

...00 .00. .0.00 00.0.. 00. 

00.0.0 000..0 .0.... ..00. 00. 

0.00.. 0000.. .0.... ...00. 00. 

00.000 0000.. .0.0.0 000 .0. 

00.0.0 00...0 .0.0.. 0.000.. .0. 

0.00. .0.0... .0.00. 00..0.0 .00 

..0.. .0.00. .0..0. 0...0. .0. 

..000 .0.... .0.... 0...00. 00. 

.00.0 .0...0 .0...0 ...0 00. 

0.0.. .0..0. .0...00 ..0. 00. 

 

 

Results And Discussion 
From the experimental set-up as shown in fig.1, it was possible to calculate the 

rheological characteristics of the sludge . A log-Log plot (T vs R)yielding a 

straight line and flow index(n<1) as shown in table 3 will therefore confirm 

pseudoplasticity the linearity of Log Tvs LogR was calculated by regression. 

 

 The  pseudoplasticity is also demonstrated in fig.2 where it is shown that all 

curves pass through the origin. 

 

 The shear stress decreases with time at constant rotational speed (R) and at a 

specific shear rate as shown in fig.2 ,that means the activated sludge is also 

thixotropic . Furthermore ,the liquid is regarded thixotropic if the vaue of (T) as 

indicated in table 1 decreases with time for a specific R. 

 

The rheological characteristics were used to develop the following empirical 

equations to calculate the maximum an minimum head losses in pressure pipes 

conveying these sludges under laminar conditions as shown in fig.3 ,where 

these equations are : 
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 Total Hmax = 228.25 Q
0.531 

…………………………………(13) 

 

 TotalHmin  = 0.566(Hmax  + 4.475 Q
0.352

 )………………….(14) 

 Where  the indexes in equations 13 ,14 are the indexes (n at t = 0 ,and at t = 

900s  

 respectively From table3) . 

 

 The head loss gradient (dH/dL) in pipes is not a constant value but decreases 

with time until time independent behaviour is approached as shown in fig.4 . 

 

Relation  Eu = f(Re) has been plotted as shown in fig.5 where Eu decreases 

with increasing Reynolds number and clearly observed that this relation is non 

linear . 
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Fig.2 The relation between shear stress and shear rate 
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Fig.3 The relation between total head loss and flow rate 
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Fig.4The head loss gradient along a pipe 
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Fig.5 The relation Eu = f (Re) 

 

 

   

 Conclusion  
1- The time independent behaviour is approached after 900s where no further 

decrease in shear stress is observed after this time as shown in fig.2 . 
 

2- It is obvious that the activated sludge has a pseudoplastic - thixotropic flow 

behaviour . 
 

 3- The rheological properties of the sludge shown in table (2 ,3) as well as the 

physical properties can be used to calculate the initial head losses of pressure 

pipes which convey these sludges under laminar flow conditions, and the 

minimum head losses can be calculated by Eq.(12) as shown in design example 

,the relation between the head losses and flow rate shown in fig.3 . 
 

 4- The total maximum and minimum head losses can be calculated by an 

empirical equations (13 ,14) . 
 

 5-The thixotropic effect decreases with time .As the fluid is subjected to shear 

stress, the head loss gradient decreases until time independent  is reached as 

shown in fig.4 

Re 

Eu 
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Nomenclature 

τ – shear stress (N/m
2
) 

 τy – yield stress 

 K- fluid consistency coefficient ( N.s
n
)/m

2
 

 dv/dr –shear rate (S
-1

)  

 ρ- fluid density 

 ρp – particle density  

 D- pipe diameter 

 V- flow velocity 

 H- Head loss due to friction  

L-Length of pipe  

 f- friction factor  

 T –torque  

 rc –cup radius = 0.05m 

 rr –rotor radius =0.042m 

 u =rc/rr = 1.19 

R –rotor speed r.p.m 

 n-flow index (slope of Log-Log of plot of torque vs R ) 

 h- Rotor height   
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