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ABSTRACT

Let M be a 2-torsion freel-ring with involution satisfies the condition
xaypz=xpyaz for all x,y,ze M and «,f € I' .an additive mapping *: M- Mis

called Involution if and only if (a« b)*=b* « a*and (a*)*=a . In section one of this
paper ,we prove if M be a completely primeI"-ring and T:M- M an additive
mapping such that T(ax a)=T(a)x a* (resp., T(aax a)=a*a T(a ))holds for all
aeM,a eI’ . Then T is an anti- left *centralizer or M is commutative (res.,an anti-
right* centralizer or M is commutative) and so every Jordan* centralizer on
completely primeT" -ring M is an anti- *centralizer or M is commutative. In section
two we prove that every Jordan* left centralizer (resp., every Jordan* right
centralizer) onT -ring has a commutator right non-zero divisor(resp., onT" -ring has
a commutator left non-zero divisor)is an anti- left *centralizer(resp., is an anti-
right *centralizer) and so we prove that every Jordan* centralizer on I"-ring has a
commutator non —zero divisor is an anti-* centralizer .

Key wards :T" -ring,involution, primeI” -ring,semi-primeI" -ring , left centralizer,
Left* centralizer ,Right centralizer, Right* centralizer, centralizer, Jordan
*centralizer.
1-INTRODUCTION

Throughout this paper,M will represent I" -ring with center Z .In [8] B.Zalar
proved that anyJordan left (resp.,right )centralizer on a 2-torsion free semi-prime
ring is a left (resp.,right)Centralizer . In [3] authors proved that anyJordan left
(resp.,right) o - centralizer on a 2-torsion free R has a commutator right (resp.,
left) non- zero divisor is a left (resp.,right) o -Centralizer . In [7] Vukman proved
that if R is2-torsion free semi-prime ring and T:R - R be an additive mapping such
that 2T(x* )=T(X)x+xT(x) holds for all x,ye R .Then T is left and right
centralizer.In [6 ]Rajaa C.Shaheen defined Jordan centralizer onT" -ring and
showed that the existence of a non-zero Jordan centralizer Ton a 2-torsion free
completely primeI” -ring M which satisfies the condition xa y fz=x fy« z for all
x,y,ze Mand «, g € T"implies either T is centralizer or M is commutative T -
ring.We should mentioned the reader that the concept of I'" -ring was introduced by
Nobusawal[5] and generalized by Barnes[1],as follows

LetMand I' be additive abelian groups, M is called a I" -ring if for any x,y,z
eMand «, g e I the following conditions are satisfied
I)x ay eM
Q)(xt+y) az=x azty az

X(a+p)z=x az+x fz

X o (y+2)=X ay+X az
@)X ay) Bz=x aly )
many properties of I" -ring were obtained by many research such as [2]




Let A,B be subsets of a I" -ringM and A a subset of T" we denote AA B the
subset of M consisting of all finite sum of the form Zaiﬂibl. where a, e A/b, €B

and A, € A .Arightideal(resp.,left ideal) of aI” -ring M is an additive subgroup I of

M such that IT Mc I(resp.,MTI" I 1).1f I is a right and left ideal inM,then we say
that I is an ideal .M is called a 2-torsion free if 2x=0 implies x=0 for all xe M.AT -
ringM is called prime if al' MT b=0 implies a=0 or b=0 and M is called completely
prime if a T b=0 implies a=0 or b=0(a,b eM),SinceaI'bT"'aT'b ca I' M I" b,then
every completely prime I" -ring is prime.AT -ring M is called semi-prime if

al’ MT" a=0 implies a=0and M is called completely semi-prime if a I" a=0 implies
a=0(ae M)

Let R be a ring,.A left(right) centralizer of R is an additive mapping T:R —»R
which satisfies T(xy)=T(x)y(T(xy)=xT(y)) for all x,ye R.A Jordan centralizer be an
additive mapping T which satisfies T(Xx o y)=T(X) o y=xo T(y).

A Centralizer of R is an additive which is both left and right centralizer.An easy
computation shows that every centralizer is also a Jordan centralizer.Many Papers
work about the problem every Jordan centralizer be centralizer such as in[8 ] .In [6]
Rajaa work this problem on some kind of T"-ring.In this paper we define Jordan
*centralizer on T" -ring with involution* and study this concept on some kind of T -
ring with involution.
Now ,we shall give the following definition which are basic in this paper.
Definition1.2:- Let M be a T -ring with involution* and let T:M — M be an
additive map , T is called
Left* centralizer of M,if foranya,b e Mand « € I", the following condition satisfy
T(aa b)=T(a) a b*,
Right* centralizer of M,if for anya,b e M and « < I, the following condition
satisfy
T(aa b)=a* o T(b),
Jordan left* centralizer if for allac M and « € I", the following condition satisfy
T(aaa)=T(a) xa*
Jordan Right* centralizer if for allac M and « € I", the following condition satisfy
T(aaxa)=a* aT(a)
Jordan* centralizer of M,if for anya,b e M and « < I, the following condition
satisfy T(aa b+tb aa)=T(a) a b*+b*a T(a)=a* «a T(b)+T(b) aa*.
Now we shall prove the following Lemmas which are necessarily to prove our main
result in this paper.
Lemma 1.3:-Let M be a 2-torsion freeI” -ring with involution* and let T:M — M
be an additive mapping which satisfies T(ac a)=T(a) « a*,(resp., T(@axa)=a* «
T(a)) forallacM and « e I' ,then the following statement holds for all a,b,ce M
and o, pel’,
(1) T(aabtb aa)=T(a) a b*+T(b) xa*
(resp., T(@a btb aa)=a* a T(b)+ b*a T(a))
(i) Especially if M is 2-torsion free andaa b fgc=afbeac forall a,b,ce M
and a, p e T'then
T(aabpa)=T(a) ab* pa* (resp., T@aaxbpa)=a* ab*p T(a))
(iii) T(@aabpctcabpa)=T(a) ab* pc*+T(c) ab* pa*.
(resp., T@abpctcabpa)=a*ab* fT(c)+tc* ab* fT(a)

Proof:-(i) Since T(aax a)=T(a) oa* forallacMand a eT",....... @)



Replace a by a+b in (1),we get
T@@aabtb aa)=T(a) ab*+T(b) xa*......cccoooei i (2
(ii) by replacingbbya gbtb pga, g e I'
W=T(acx(a gbtb pa)+(a gbtb pa) aa)
=T(a) x(a pb+b pa)*+T(a gbtb pa) aa*
=T@) a(a ghb)*+T(a) ¢ (b pa)*+ (T(a) p b*+T(b) B a*) aa*
Since * is involution,then
W =T(@) a(b* ga*)+T(a) ¢ (a* pb*)+ T(a) g b*aa*+T(b) f a* aa*
Sinceaabpfc=afbeacthen
W=T(a) o (a* pb*)+2T(a) a (b* pa* )+ T(b) f a* aa*
On the other hand
W=T(aa(a pgbtb pa)+(a gbtb pa) aa)
=T(ax(a gb)taa(b pa)+(a pb) ca+(b pa) aa)
=T(acxapbtbpaca)t2T(aabpa)
=T(a)xa* pb*+T(b) pa*aa*+2T(aabpsa)
By comparing these two expression of W, we get
2T(aabpa)=2T(a) ab* pa*
Since M is 2-torsion free ,then
Taabpa)=T@) ab*fa*.....ccccccoiiiiiii s (3)
(iii)In (3) replace a by a+c ,to get
T@aabpctcabpa)=T(a) ab*pc*+T(c) ab*pa*..................(4)
Theorem 1.4:- Let M be a 2-torsion free completely prime T -ring which satisfy
the condition xayfz=x fya zforall x,y,zeM,a, T, and letT:M — M be
an additive mapping which satisfies T(ax a)=T(a) « a* ,forallac M and
a e T then T(aa b)=T(b) aa*, foralla,beMand a T or M is commutativeT -
ring.
Pr_(?of:-By [Lemma 1.3,(iii)] ,we have
T@aabpctcabpa)=T(a) ab*pc*+T(c) ab* pga*
Replace cbybaa
W=T(aabpg(baa)t(baa)abpa)
=T(a) ab*p a*ab* +T(baxa) ab* pa*
On the other hand
W=T((aab)g(baa)t(baa)a(bpa))
=T@)ab*pb*aa*+T(baxa) pa*ab*
By comparing these two expression of W, we get
T(baa)p(aab-ba a)*+T(@)ab* g (baa-a a b)*=0
T(baa)p(aabbaa)*-T@)ab* g (aabb a a)*=0
(T(bhaa)- T@ab*)p(aab-b a a)*=0......................(5)
Since M is completely prime T -ring ,then
either T(bx a)- T(a) a b*=0 or (ax b-b ¢ a)=0
if T(ba a)- T(a) @ b*=0then T(ba a)= T(a) « b* so T is an anti-left *centralizers.
andifaab-b « a=0forall a, beMand « € I' ,then M is commutative I -ring®
Theorem 1.5:- Let M be a 2-torsion free completely primeT -ring which satisfy
the condition xayfz=x fya z forall X,y,zeM ,a, f ' ,andand letT:M - M
be an additive mapping which satisfies T(aa a)=a* « T(a)for all ac M and




a T then T(aab)=b* « T(a) foralla,peMand a < I" or M is commutativel -

ring.
Proof:- From[Lemma 1.3,(iii)],we have for all a,p,ce Mand o, g T,
T(@a ab pctc ab pa)=a* ab* g T(c)+c* ab* gT(@)............... (6)

In (6) replace c by a a b, then
W=T(a ab g(a ab)+(a ab) ab ga)
=a*a b*fT(a ab)+ b* aa* gb* aT(a)
on the other hand
W=T@ ab g(aab)+(a ab g (ba a))
=b*aa* g T(aa b)+a* a b* g b*a T(a)
by comparing these two expression of W ,we get
(@aab-baa)*p(Tl@aab)-b*aT(@)=0.........ccovevvvveenien(7)
since M is completely prime T" -ring,then
either (T(ba a)-b*a T(a))=0 = T(aa b)=b* T(a) and so T is an anti- right
*centralizers oraa b-baa=0 = aa b=baa = M is commutative I' -ring®
Corollary 1.6:- Every Jordan* centralizer of 2-torsion free completely prime T -
ring M which satisfy the condition xay g z=x fya zforall x,y,zeM,a, pel', is
an anti-*centralizer on M or M is commutative.

2-JORDAN* CENTRALIZERS ON SOME GAMMA RING

Theorem 2.1:- Let M be a 2-torsion free I” -ring which satisfy the condition
xaypz=xpyazforall x,y,zeM,a, f eI and has a commutator right non-zero

divisor and let T:M—M be an additive mapping which satisfies

T(aaa)=T(a) a a*forallacMand a T ,then T(aa b)=T(b) « a* forall
abeMand o el .

Proof:- from (5),we have

(T(bxa)- T(@)ab*) p(aab-b o a)*=0

if we suppose that

o(b,a)= T(ba a)- T(a) a b* and [a,b]*=(aa b-b a a)*

then d(b,a) g [a,b]*=0forallabeMand a,f el ............... 9)

Since M has a commutator right non-zero divisor ,then 3x,ye M, «a € I such that
if foreveryceM, el

cA[xy]=0=c=0

since * is involution ,we have &(y,x) g2 [x,y]=0 and so &(x,y)=0..................(10)
replace a by a+x

d(b,a+x) g [at+x,b]*=0 andso by () and ()

o(b,x) B [a,b]*+ d(b,a) B [x,b]*=0................. (12)

Now replace b by b+y

o(bty.x) B [a,bty]*+ d(bty,a) £ [xbt+y]*=0

and so by (10) and (11),we get

o(bx) B [a,b]*+d(y.x) g [a,b]*+d(b,x) £ [ay]*+0(y,x) B [ay]*+

o(b,a) B [x,b]*+d(y,a) B [x.b]*+d(ba) B [xyI*+ o(y.a) £ [xy]*=0

by (11),we get

5(a,b) B [xyI*- d(x\y) B [ayl*=0

then




o(a,b) g [x,y]*=0,and so d(a,b) =0 forall a,beMand o e T’

T(@aa b)=T(b) xa*=T Is anti- left *centralizer of M.

Theorem 2.2:- Let M be a 2-torsion free I" -ring with involution which satisfy the
condition xaypz=x fyazforall x,y,ze M ,a, f € I' and has a commutator left
non-zero divisor and let T:M—M be an additive mapping which satisfies
T(aaa)=a* a T(a) forallacMand a €T ,then T(aab)=a* «a T(b) forall
abeMand o el

Proof:- From[Lemma 1.3,(iii)],we have

T(@a ab pctc ab pa)=a* ab* gT(c)+tc* ab* fT(@)............... (12)

In (12) replace c by b « a ,then

W=T@ ab (b xa)+(b aa) ab pa)

=a*ab*fT(b aa)tb*aa*pb*aT(a)

on the other hand

W=T@ a(b gb)aa+(b aa) a(b ga))

=a*ab*pb*aT(a)tb*axa* f T(ba a)

by comparing these two expression of W ,we get

a*a b* g (T(ba a)-b*a T(a)) -b* x a* g (T(ba a)-b* « T(a))=0

then if we suppose B(b,a)= (T(b « a)-b* « T(a))

[a,b] * g B(b,a)=[a,b] * s B(a,b)=0 forall a,peM, «,

Since M has a commutator left non-zero divisor then3x,ye M, a € I' such that if
foreveryceM, g el ,[xy] pc=0=c=0

then by (13),we have

[x,y] B B(X,y)=0=B(X,y)=0.......cereev.......(14)

in (13) replace a by a+x

[a+x,b] * B B(at+x,b)=0

then by (13)

[x,y] * 8 B(a,b)+[a,b] * # B(x,b)=0.....................(15)

Now replace b by b+y

[x,b+y] * g B(a,bty)+[a,b+y] * 5 B(x,b+y)=0

then by using (14) and (15),we get

[x.y] * 8 B(a,b)=0

and since [x,y] is a commutator left non-zero divisor then

B(a,b)=0= T(a a b)=a* a T(b) which is mean that T is an anti- right *centralizer
Corrolary2.3:- Let M be a 2-torsion free I -ring with involution which satisfy the
condition xayfz=x fyazforall x,yze M ,a, f €', hasacommutator non-
zero divisor and let T:M—M be a Jordan *centralizer then T is *centralizer®
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