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Abstract

Let R be a *-ring, an additive mapping T:-RR is called A left (right) Jordan *-
centralizer of a *-ring R if satisfies ¥)=T(x) x* (T()= x*T(X)) for all x O R. A Jordan
*-centralizer of R is an additive mapping whichosth left and right Jordan *-centralizer.
The purpose of this paper is to prove the resulteming Jordan *-centralizer. The result
which we refer state as follows: Let R be a 2-tmrdiree semiprime *-ring and let T: R
. R be an additive mapping such that’2TE T(X) x* + x* T(x) holds for allx O R. In

this case, T is a Jordan *-centralizer

‘Jm ‘.\..\ Akl “

) Lol i 13) (adl)s ) 2 sa* I3 Ha8 Ti R R Amaeadll Al e i+ ddla R o<

~ S e T il 3 gl s 3 e iy, TE) = TRX (T) =X*T(X) ) R x IS
Y Laill G o) V) ARl 4l 4nd % dila R CSE Y1 08 i Gl 138 3 el g (5ol () sa
A s T G Rd XIS 2T () =T ()0 3¢5 T ()18 byl Gt Apnpani W2 Tr RS R oS

Ol Fl 8 el

1. Introduction

Throughout, R will represent an associative ringhwéenter Z(R). A ring R is-
torsion free, ifnx = 0,x [0 R impliesx = 0, wheren is a positive integer. Recall that R is
prime if aRb = (0) impliesa = 0 orb = 0, and semiprime &Ra = (0) impliesa =0. An
additive mapping —x* on a ring R is called an involution Ky)* =y* x* and &)** =x
for all x, y 0 R. A ring equipped with an involution is calledifg (see [1]). As usual the

commutatorxy - yx will be denoted by, y]. We shall use basic commutator identities



[xy, 7] =[x 2]y + X[y, Z] and [, yZ] = [X, Y]z + Y[X, Z] for all x,y,z R, (see [1, P.2]). Also
we write xo y=xy+yx for all x, y R (see [1]). An additive mapping d:-RR is called a
derivation if dky) = d)y + xd(y) holds for all pairsx,y(IR, and is called a Jordan
derivation in case df) = dX)x + xd(x) is fulfilled for all x 0 R(see [2]). Every derivation
iIs a Jordan derivation, but the converse is in g@neot true. A classical result of
Herstein [3] asserts that every Jordan derivatioa @rime ring of characteristic different
from 2 is a derivation. Cusack [4] generalized Itmnss theorem to 2-torsion free
semiprime ring. A left (right) centralizer of R & additive mapping T: RR which
satisfies Txy) = TX)y (T(xy) = XT(y)) for all x, y O R. A centralizer of R is an additive
mapping which is both left and right centralizerleft (right) Jordan centralizer of R is
an additive mapping T: RR which satisfies B¢) = TX)x (T(A)= XT(x)) for all x O R. A
Jordan centralizer of R is an additive mapping Wwhis both left and right Jordan
centralizer (see [5,6,7, and 8]). Every centralizeia Jordan centralizer. B. Zalar [8]
proved the converse when R is 2- torsion free sem@ring. Inspired by the above
definition we define. A left (right) reverse *-cealizer of a *-ring R is an additive
mapping T: R- R which satisfies H)=T(X)y* (T(yx) =x*T(y)) for all x,y[IR. A reverse
*-centralizer of R is an additive mapping which b®th left and right reverse *-
centralizer. A left (right) Jordan *-centralizer Bfis an additive mapping T:-RR which
satisfies T)=T(X) x* (T(A)= x*T(x)) for all x O R. A Jordan *-centralizer of R is an
additive mapping which is both left and right Jordacentralizer. Every reverse *-
centralizer is a Jordan *-centralizér.this work we will study an ldentity on a Jordan
centralizers of semiprime *-rings. We will prove case T: R-R be an additive
mapping, satisfies 2X0) = T(x) x* +x* T(x) holds for allxJ R, where R be a 2-torsion

free semiprime *-ring, then T is a Jordan *-cengexis.

2. TheMain Results

If T: R - Ris aJordan *-centralizer, where R is an arbytraring, then T satisfies
the relation 2T¢) = T(x) x* + x* T(x) for all x O R. It seems natural to ask whether the
converse is true. More precisely, we are askingtdrean additive mapping T on a *-
ring R satisfying 2T) = T(x) x* + x* T(x)for all x 0 R, is a Jordan *-centralizer. It is our
aim in this paper to prove that the answer is mffitive in case R is a 2-torsion free

semiprime *-ring.



Theorem 2.1. Let R be a 2-torsion free semiprime *-ring andTeR- R be an additive
mapping such that 2¥) = T(X) x* + x* T(x) holds for allx O R. In this case T is a
Jordan *-centralizer.

For the proof of the above theorem we shalnée following.

Lemma 2.2. [6]. Let R be a semiprime ring. Suppose that theioslaixb + bxc = 0 holds

for all x 0 R and some a, b,[¢ R. In this casea+ c)xb = 0 is satisfied for akk 0 R.

Proof of Theorem 2.1: We have
2TOA) = T(X) X* +x*T(x) for allx OR, 1)
We intend to prove the relation
[TX),x*]=0 forallxOR (2)

In order to achieve this goal we shall first pravenveaker result that T satisfies the
relation
[TK),x*?)=0  forallx OR (3)

Since the above relation can be written in the f¢iifx), x* x> +x*[T(X),x*]= 0, it is
obvious that T satisfies the relation (3) if Tsatisfies (2) .
Putting in the relation (¥ + y* for x one obtains

2T(ky+yx)*)=T(X*)y+ XT(y*) + T(y*)x + yT(x*) forallxyOR. (4)
Our next step is to prove the relation

8Teyx) = TEY((Y)* + 3(y)*) + ((xy)* +3()*)T(X) + 2 T(y) x*
X*2T(y) -T(y) x**> forallx, yOR (5)

For this purpose, we put in the relation (4)y2¢ yx) fory, then using (4) we obtain

AT((X(xy+yx)+(xy+yx)x)*) = 2T (") (xy+yx) + XT((xy+yx)*) + 2T((xy+yx)*)x + 2(y +
Y)T(X) = 2TE*) (xy + yX)+ XT(O)y +X T(y*) +XT(y*)x + () TO¢) + T (yx)+
XT(y*)x+ T(y*) 32 + yT(X*) x + 2(xy + yX) T(x*)

Thus, we have

AT (KOxy+yx) + (y+yx)X)*) = T(x*)(2xy+3yx) +(3xy+2yx) T(x*) +

XT (X )y + YT (¢ )X + 2T (y*)x + XT(y*)
+Te*) ¢ forallx, yOR, X6

On the other hand, using (4) and (1), we obtain
AT((XOy+YX)+(xy+y)x)*)=4T(0Cy+yC))+8T (09 *)=2T (3¢ 2)y+2¢ T(y*)+2T(y* )x+2y

T (¢ 2)+8T(00p)*)=T () (Xy)+XT (3¢) y+2¢ T(y)+2T(y* )+

YT O )x+(YX) T (x*)+8T ((xyx)*)



forallxyOR  (7)
By comparing (6) with (7) we arrive at (5). Let u®ve the relation
T (3) (-2 2y +(xyx-2Xy-2y0C ) T () T () (Xy+ yx)* +(xy+yx)*
TOOX* +x2 TX)Y* +y*T()x*>=0  for allx,y OR. (8)
Putting in (4) 8%yx)* for y* andx* for x using (5), we obtain
16T (Cyx+xyx’)=8T () (xyxX)* +8x* T(xyx) +8T (xyx)x* +8(xyx)* T(X)=
8T (X)) +x* T(X) (yxe+ Bxy)* +(xyxet yxC)* T(X)+2x* T (y)xe* -3 *T (y)-x* T(y)x* >+
T () X+ BCY)* +(xy+3y)* T +2 T(y)xes 2 - 2 T(Y)x* - T(y) x>+ 8(yX)* T(¥)
We have, therefore
16T (Cyx+ xyx)=T () (xyx+BXCY)* +(9yx+ 3yx)* T()+x* T(X)
(Yxt3xy)* +(xy + 3p)*TOOXE +5¢2 T(Y)X* + T(y)x? - T(y)x+>
% 3T(y) forallx,y OR. (9)
On the other hand, we obtain first using (5) arahthfter collecting some terms using (4)
16T (Cyx+xy)=16T(K(xy)X) + 16T ((yx)X)=2T () (3Y+Xyx)* +2(yx+x°y)*
T (X)+4x* T (xy)x* -2x* 2 T(xy)-2T (Xy)x* 2+ 2T (X) (3xyx-+yxe)* +
2(3yCHxyx)* T () +4x T (yX)X* -2 T (y)-2T (yX)x* *=
T(X) (6X2y+2yx2+8XyxX)* +(8XyxX+BY3C+2X2Y)* T (X)+4x* T (Xy+YX)X* -2x* 2 T (xy+yX)-
2T (xy+yx)xcs =T () (6Xy+2yx+8xyx)* +(Bxyx+Byx“+ 2CY)* T(X) + 2 T(x)(xy)* + 2¢+2
T(Y)X* + 2Ty + 20)* TEIXH - x+2 Ty* -5 T(y) - x*2 T(y)x* - (v x)*T(X) -
TEY(OCY)* - T(y)x?
- Pk S-y* T (X)xx 2 for akyOR,
We have, therefore
16T(CYX + xyxY) = T(x) (5XCy + 25 + Bxyx)* + (Syx+2Cy+8xyx)*
T(X)+2x* T (X) (Xy)* +2(yX)* T(X)x* +x* 2 T(y)x* +x* T(y)x* 2-x*2 TOQY* - y* T(X)x* 2-x* 3T (y)-
T(y)x*3 foraly O R. (10)

By comparing (9) with (10), we obtain (8). Replarin (8)y by xy, we obtain
TO)OCYx- 207Xy +(xYx-2Y- 20 T TOIOxE XY+ (yxekxy)* T(X)
X+ X2 T(X) (xy)* +(xy)* T(X) x*2=0  for allxyOR. (11)
Right multiplication of (8) by*gives
T() (yx - 2" - 2EY)* +(xyx - 2y -29C)* T(x) X*+ x*T(¥)
Ry + XY)* A (xy + yx)* T X% 42 T(x) (xy)* +y* TOOx*
=0 forglyOR (12)



Subtracting (12) from (11), we obtain
() [ TOAT+20Y)* [T() X< T+2()* [T 1+ (xy)* [ (9] +
(yX)*[x* T +y*[x* T(X)]x*2 =0, forallx,yOR.
This reduces after collecting the first and the figrms together to
(9* [ TOOI+20CY)* [T X< T+2(yC)* [T (3,5 T+0xy)* X T ()] < +
VX T()]x*2=0  forallx, y OR. (13)
Substitutingy (T(x))* for y in the above relation gives
XTOYY* D AT + 2TEOA)*[T().x¢] +2x2 T)y* [T(x). %] + T(X)
X§)* X, T+ TOIy* [x*, T(¥)] x**=0 forallx,y OR. (14)
Left multiplication of (13) by TX) leads to
TE)(9* X%, TO1+2T ) 0CY)* [T X T+2T () () * [T X1+ T (X)

x§)* [x*, T()]x*+ THY*[x*, T(X)]x*2 = 0, for allx, y O R (15)
Subtracting (15) from (14), we arrive at
[T X Ty*[T(¥),%*2]-2[T (%), x**]y* [T(x), x*] =0 for alk, y O R.
From the above relation and Lemma 1.2.3 it foll ket
[TO)X*]Yy*[T(X),x*)] =0  forallx,yOR. (16)

From the above relation one obtains easily
([T(X), x*] x*+ x*[T(X),x*]) y*[T(x), x**] =0 forallx,y O R.
Replacey by y*, we get
[TX)x*3y [TX)x? =0, forall,yOR.
This implies (3). Substitutior + y for x in (3) gives
[T0), y< 2T+ T+ T, (y+ ) T+HT (), 0y+yx)*] = 0 (17)

Putting in the above relatiorx for x and comparing the relation so obtained with the
above relation, we obtain

[T,y + y)*] + [T x** =0 forallx,y OR. (18)
Putting in the above relationxf+yx) for y we obtain according to (4) and (3)

0 =2[T() ,(CY + Y&+ 2xyx)*] + [TOIY* + X T(y) + TEIX* +y*T(¥), X% =252 [T() ,
Y]+ 2 [T) Y41 X2 + 4 [T() ,(xyx)*] + T [y* X2 + x[T(y).x*?] +
[T(y) e ] +[y* 52| T(X) forall yOR,
Thus, we have
2x<2 [T(x),y*] + 2[T().Y*1x% + 4[T(),(xyx)*] + TOI[y* x*7]
+H[y* XA T () [T(Y) X2 +H[T(y),x* ] x*=0  for allxy OR.  (19)



Fory = x the above relation reduces to
X2 [T()x*] + [T()x*]x*% + 2[T(),(%)*] = 0
This gives
X*2 [T(X),x*] + 3[T(X),x*]x*? = 0, for allx O R.
According to the relation [k} , x*] x*+ x*[T(X) , x*] = O (see (3)) one can replace in the
above relationc*? [T(x) , x*] by [T(X) , X*] x*2, which gives

[T(X),x*] x**=0, for allx O R . (20)
And
x*2[T(X),x*] =0, forallxOR (21)
We have also,
X*[T(X),x*] x*=0 forallx OR (22)

Because of (18) one can replace in (19Y[X¢?] by -[T(X),(xy+yx)*], which gives

0 = 2¢2[T(x),y*] + 2[T(X),y*1x** + 4[T(),(9)*] + TEI[y* X7 +
[y X2 T(x) - Xk [T(X), (xy+yX)*] - [T(X), (xy+yx)*] X+ =232 [T(X),y*]
2[T(X),y*1x2 + A[T(). X 10xy)* + 4 [T(X),y*1x+ 4(yx)* [T(x),x*]
+TELY* 7] + [y* X< T(X) - 3 [T Ty* - X2 [T(x),y*]- x*
[T(.y* 13¢5 -()* [T(3),5¢"] - [T().XT00)* - X [T (X, y*]x*
- [TO),y* ]2 - y*[T(X),x*]x*=0 for allx,y x O R.
We have, therefore
X2 [T(),y* J+T (X, y* 13 2+3[T(4). X 1(xy)* +3()* [T (¥, x*]
+2¢% [T(X),y* I +T () [y* X 2T+ y* 3¢ 2] T (35 [T(%), 5+ Ty -
V¥ [T(X),x*]x*=0, forallx,yOR, (23)
The substitutiorxy for y in (23) gives
0= 2[T(X),0)*] + [T(3),(xy)* ]3¢ 3T (x),5* 1(>Cy)* +3(yx)* [T(¥).x*] +
2x< [T (), (xy)* ]3¢+ TOL(xy)* 2] + [(xy)* 2] T(4) - x* [T(x).x] (xy)*-

()* [T ()3 13¢5 = 3¢ 2T (%), IXs + () [T, T+y* [T (3. x*]x+
HT(9.y* 13 3+3 () * [T (%),3 [+3[T(3) 5 JOCY)* + ¢ [T(X),y* ]3¢ + 23)*[T(X) , X*]x*+
TOIY* L X% + [y* 32T -3 [T, ] (y)* - &y)* [T(X), x*] x*

forallx,y O R,
Which reduces because of (20) and (21) to
X2 [T(X),y* 13¢5+ () * [T(0) 5 [+T (0, y* 1 3+3(xyx)* [T(x) 5" [+
B[T()X10CY)* +2¢ [T(X),y*< 132 + 24%)* [T(X) , X< ]x+ TE[y* , - 2]x +



[y* , x*2x*T(X) - X*[T(X) , x*] (xy)* =0 for all xyOR. (24)
Right multiplication of (23) byx*gives
X 2T (), y* I+ [T (), y* e +3[T (9,561 0Cy)* +3 () * [T (), ] x* +2x*
[T,y I 2T (OLy* e s +[y* X+ T()x<-x* [T(%),x1(xy)*-

VE[T(X)x*]x*?>=0  forallx, yOR, (25)

Subtracting (25) from (24), we obtain

[y* X 2I0¢ T+ 3D, [T().xH] + 20)* [T(x) , ] 3 +y* [T(X).x*]

X*2+(A*[T(X),x*] =0 forallx, y OR,

Which reduces because of (21), (20) to

200)* [T(X),x ]+ 3(yx)* [x* [T(X).x] + 2(yx)* [T(X), x*] x*=0 for allx,yCR.

Replacing in the above relation - K)&* |x* by x*[T(x),x*], we obtain
(WA [T(X), x*]+ 2(y)* [T(X) , x*] x*=0 for allx, y O R.
Because of (3), (20), (21) and (22) the relatio) (educes toy?)* [T(x),x*] = 0 for all

X, Yy O R, which gives together with the relation aboxe(*[T(x),x*] = 0 for allx,y 0 R,

whence it follows

Xx*[T(X),X*]y* X*[T(x),x*] = 0 for allx, y O R.

Thus, we have

X*[T(x),x*] =0, for all x O R. (26)
Of course, we have also
[T(X),x*] x*=0 forallx[OR. (27)

From (26) one obtains (see the proof of (18))
y* [T(X), x*] + X5 [T(X), y*] + X*[T(y) , x*] =0 forallxy OR.

Left multiplication of the above relation by Hj(x*] gives because of (27)

[T(X), x*] y* [T(X),x*]=0 forallx,yOR,

Whence it follows
[T(X),x*]=0 for allx O R. (28)
Combining (28) with (1), we obtain
T =T x* forall xOR.
And also
O =x*T(x) forall xOR.



Which means that T is a Jordan *-centralizer. Th@opof the Theorem is complete.

If R is prime ring, we get the following colay

Corollary 2.3. Let R be a 2-torsion free prime *-ring and letR:— R be an additive

mapping such that 2%) = T(X)x* + x*T(x) holds for allx O R. In this case, T is a Jordan
*-centralizer.
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