
 

 

 

 

 

 

 

 
 

1 

WWaassiitt  JJoouurrnnaall  ffoorr  SScciieennccee  &&  MMeeddiicciinnee                                22000099          22    ((22))::      ((  110011  --  110099  ))  

 
 

Some Results on Invariant Best 

Approximations in p-Normed Spaces 
 

Salwa Salman Abd Albandy 

Dep.of  Math.College of  Education/Baghdad University 

Nadaa Moreah  Atheab Albadry 
Dep. of  Physics-College of Science/ University of  Wassit 

 
 

 p-Normedاتتعض الىتائج عه التقارب الأفضل الثاتت في فضاء
 

 سلوى سلمان عثد الثىدي                          وداء مزيح عذية الثدري

 
 

 الخلاصة
وجييوه احبر يي    ييو  الأوحيي p-normed.هيي ا احث ييق مييبرهن يثيييهبضاء فيي  ف يي  ا   فيي       

بضاجييي     وييييء نييين بميييضبهيا  فييي  ثيهييي ءاحصييي يهي فييي  احض ثارييي   يضميييههي احريييان  ايييي احضوميييما
(Theorem 2.3)  إع ي   إحي كي ح  ميب ض    .وجيوه احضري يا الأف ي  احن ثي  واحض  ه   و 

 (1.14احيم عهي ) احبظ يا 

    

 Abstract  
     In this paper we give two theorems in p-normed spaces. The first 

one is about the existence of fixed point of multivalued nonexpansive 

mapping and then we use these theorems in the proof of the result( 

Theorem2.3 )about existence of invariant best approximation. Note 

that, we need to give Lemma (1.14) 
 

1. Introduction and Preliminaries 
         Fixed point theorems have been used at many places in 

approximation theory.One of them is while existence of best 

approximation is proved .Later on, number of results were developed 

using fixed point theorem to prove the existences of best approximation. 

Kaneko [4] has proved the coincidence point theorem for complete 
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metric space. Latif and Tweddle[9]obtained the coincide-nece point 

theorem for Banach spaces. In this paper we extend the work of  Lami 

Dozo[6] and Singh[14] to multivalued nonexpansive mapping in the sett-

ing of p-normed space.Here and throughout the paper the 

symbols W and→ denote weak and strong convergence, respectively. 
 

     To prove our results we need to give the following: 
 

Definition (1.1).  Let X be a linear space over the field of  real numbers. 

A p-norm on X is a real valued function ║.║p on X with 0 < p ≤ 1, 

satisfying the following conditions: 

 

(1) ║x║p ≥ 0 and ║x║p = 0  x = 0 

(2) ║ αx║p = │α│
p
 ║ x║p 

(3) ║x + y║p ≤ ║x║p +║y║p  

for all x, y ∊ X and all scalars α. The pare ( X, ║.║p )is called a p-normed 

space [5,pp.164].It is a metric space with dp(x,y) = ║x - y║p for all 

x,yX[5, pp.165] ,defining a translation invariant metric dp on X. If  p = 

1, we obtain a normed linear space. It is well known that the topology of 

every Hausdorff locally bounded topological linear space given by some 

p-norms, 0 < p ≤ 1[7].The sp-aces lp,0 < p ≤ 1 are p-normed spaces. Note 

that,a p-normed space is not neces-sarily a locally convex space (such as 

the spaces lp, 0 < p ≤ 1)[3]. 

 

Definition(1.2). Let X be a p-normed space, a set M in X is said to be 

convex if λx + (1 – λ)y ∊ M, whenever x, y ∊ M and 0 ≤ λ ≤ 1[2]. 
 

Definition (1.3). Let X be a p-normed space. A set M in X is said to be 

starshaped, if there exists at least one point  q M such that the line 

segment joining x to q is contained in M (that is, λx + (1 – λ)q  M and  

0 < λ < 1).In this case, q called starcenter of M[2]. 

       A convex set is obviously starshaped with respect to each of it's 

points, but starshaped need not be convex, (see [2]). 
 

      Let X be a p-normed space and M a nonempty subset of X. We 

denoted by: 
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X
 the collection of all nonempty subsets of X. 
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CB(X) the collection of all nonempty closed bounded subsets of X. 

K(X) the collection of all nonempty compact subsets of X. 

  The Hausdorff metric Hp on CB(X) induced by the p-norm of X is 

defined by: 

Hp(A, B) = max{ 
Aa

sup


dp(a, B), 
Bb

sup


 dp(A, b)}  

Where dp(x,B) = inf {║x - y║p : y  ∊ B} for each x ∊ X [1]. 
 

Definition(1.4).  Let X be a p-normed space and M be a nonempty 

subset of X. Let x ∊ X. An element y ∊ M is called a best M-

approximation to x, if : 

║x - y║p = dp(x, M). 

      The set of  best M-approximation to x is denoted by PM(x) and 

defined as 

PM(x) = {z  ∊ M : ║x - z║p = dp(x, M)}[5]. 

       The set PM(x) is always a bounded subset of X and it is closed or 

convex if  M is closed or convex (see[5]). 
 

Definition (1.5).   Let X be a p-normed space, M be a nonempty subset 

of X and f: M → X be a single-valued mapping.A multivalued mapping 

T:M→ CB(X) is said to be a multivalued f-contraction mapping if for a 

fixed constant k, 0 ≤ k ≤ 1 and for all x, y ∊ X, 

Hp(T(x), T(y)) ≤  k ║ f(x) – f(y) ║p 

            If f = I (the identity mapping on X), then each multivalued f-

contraction mapping is multivalued contraction mapping[1]. 
 

Definition (1.6). Let X be a p-normed space, M be a nonempty subset 

of X and f : M → X be a single-valued mapping. A multivalued mapping 

T: M → CB(X) is said to be a multivalued f-nonexpansive mapping if  

for all x, y ∊ X,  

Hp(T(x), T(y)) ≤ ║ f(x) – f(y) ║p[1]. 
 

Definition (1.7). Let X be a p-normed space, M be a nonempty subset of 

X and f : M →X be a single-valued mapping and T : M → CB(X),then 

M is called an invariant set of  T if M T( M )[15,pp.112].  
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Definition (1.8). Let X be a p-normed space, M be a nonempty subset 

of X and T : M → CB(X).An element x ∊ X is called a fixed point of 

multivalued mapping T if x ∊ T(x) [15,pp.184]. 
 

Definition (1.9). Let X be a p-normed space, M be a nonempty subset 

of X and T : M → CB(X).An element x X is called a coincidence point 

of f and T if  f(x) ∊ T(x) [1]. 

       Note that, we denoted by F(T) the set of fixed points of T and by C(f 

∩ T) the set of  coincidence points of  f and T. 
 

Definition(1.10). A complete p-normed space X is said to be satisfy 

Opial's property if for every sequence{xn}in X weakly convergent to x ∊ 

X, the inequ-ality : 

yxn p
inflimxxn p

inflim
nn




 

holds for all x ≠ y[2]. 

   A complete p-normed space satisfying Opial's property is called 

Opial's space.It is well known that every Hilbert space satisfies Opial's 

property [11].The spaces lp,(1 < p < ∞)satisfying Opial's property[5]. 

However,there are Banach spaces which do not satisfy Opial's 

property,such as Lp[0, 2π],(p ≠2) [3]. 
 

Definition(1.11). Let X be a p-normed space, a multivalued mapping T: 

M → 2
X
 is said to be demiclosed, if for every sequence{xn}  M and yn 

∊ T(x), 

n = 1,2,3,…such that xn W x and yn→ y ,we have x∊ M and y ∊ T(x)  
[1].  

 

Definition(1.12). A subset M of  a normed space X is called a weakly 

comp- act if for every sequence {xn} in M contains a subsequence which 

converge weakly in M[13,pp.168]. 
 

       In[4],Kaneko has proved the following coincidence point theorem 

for com- plete metric space. 
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Theorem(1.13). Let (X, d) be a complete metric space, f : X → X be a 

cont- inuous mapping and let T : X → CB(X) which commutes with f 

and T(X) ⊆f(X). Suppose that f is contraction mapping, then there exists 

an x0 ∊ X such that  

f(x0) ∊ T(x0). 

       In [10], Latif and Tweddle proved the following result which is an 

extension of Lami Dozo[6]. 
 

Lemma(1.14). Let M be a nonempty weakly compact subset of a 

Banach space X which satisfying Opail's property. Let f : M → X be a 

weakly continuous  mapping and T : M → K(X) an f-nonexpansive 

mapping. Then (f-T) is demiclosed  [9]. 

     In [8], Latif and Tweddle obtained the following coincidence point 

result in the setting of Banach spaces. 
 

Theorem(1.15). Let X be a  Banach space and M be a weakly compact 

sub- set which is starshaped with respect to q ∊ M. Let f : M → M be a 

weakly cotinuous mapping such that f(M) = M and f(q) = q and let T : M 

→ K(M) be a multvalued f-nonexpansive mapping which commutes 

with f.Then C(f ∩T) ≠ Ø ,provided that  

(1) ( f  ∩ T) is demiclosed, or 

(2) X satisfies Opail's property. 
     

 

2. Main results 
       The main objective of this section is to prove Lemma (1.14) 

,Theorem (1.15) in the setting of p-normed space, prove best 

approximation theorem, and a corollary in the setting of a complete p-

normed spaces satisfying Opial's pr- operty. 

    

        First we prove Lemma (1.14) in the setting of p-normed spaces. 
 

Lemma (2.1). Let M be a weakly compact subset of a complete p-

normed space X which satisfying Opail's property. Let T: M → K(X) be 

an nonexpans-ive multivalued mapping. Then T is demiclosed mapping. 
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Proof.  Let {xn}  M and yn ∊ T(xn) be such that xn W x and yn→ y.It 

is obvious that x ∊ M. Since yn ∊ T(xn), we get 

                          yn = xn – un  for some un∊ T(xn)                               (2.1). 

Since T(x) is compact set, there is a vn ∊ T (xn) such that  

║un - vn║p ≤ Hp(T(xn),T(x)). 

So, by using the nonexpansiveness of T, we have 

Hp(T(xn),T(x)) ≤ ║xn - x║p. 

Thus                       ║un - vn║p ≤ ║xn - x║p                                        (2.2). 

from (2,1)and(2.2), passing to the limit with respect to n, we obtain 

n
lim inf ║xn - x║p ≥ 

n
lim inf║un - vn║p ≥ 

n
lim  inf║xn - yn - vn║p           (2.3)                                                             

T(x) is compact and yn→ y, so for a convenient subsequence still 

denoted by {vn},we have vn→ v ∊ T(x).So from (2.3) we have 

                        
n

lim  inf ║xn - x║p ≥ 
n

lim  inf║x - y - v║p.                                (2.4) 

Since X satisfies Opial's property and xn W x, then 

                       
n

lim  inf ║xn - x║p < 
n

lim  inf║x - y - v║p.                      (2.5) 

From (2.4)and(2.5), we obtain x = y + v.Thus y = x – v ∊T(x) which 

proves that T  is demiclosed.      ■ 

       

    We have the following fixed point result for a complete p-normed 

space. 
 

Theorem(2.2). Let X be a p-normed space and M be a weakly compact 

subset which is starshaped with respect to q ∊ M. Let T : M → K(M) be a 

multivalued  nonexpansive mapping.If T is demiclosed mapping or X is 

Opail's space, then F(T) ≠ Ø . 

Proof. Consider a sequence{kn}of real numbers such that 0 < kn < 1 and 

kn→1 as n→ ∞. Define a mapping Tn by setting 

Tn(x) = kn T(x) + (1 – kn)q for all x ∊ M. 

       Since T maps M into K(M), we observe that for each n  ≥ 1, Tn maps 

M into K(M).Since M is starshaped with respect to q ∊ M and T(M) ⊆ 

M. Also Tn(M) ⊆ M. Let x, y  ∊ M, then 

         Hp(Tn(x), Tn(y)) = kn Hp(T(x), T(y)), 

By the nonexpansiveness of T, we have  

Hp(Tn(x), Tn(y)) ≤ kn║x – y ║p 
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Showing that Tn is an contraction mapping. Now, let I be an identity 

mapping on X, then I is continuous and commutes with Tn ⊆ X = 

I(X).Thus all the conditions of  Theorem(1.15)are satisfied and hence 

there is an xn ∊ M such that 

xn∊ Tn(xn). 

So by the definition of  Tn(xn), there is a un ∊ Tn(xn) such that  

xn = knun + (1 – kn)q 

xn = knun + (1 – kn)q + knxn - knxn 

knxn - knun = knxn + (1 – kn)q - xn 

xn – un = xn + ( 
kn

1
- 1)q -

kn

1
xn  

║xn – un║p = ( 
kn

1
- 1)

p
║q - xn║p 

║xn – un║p = ( 
kn

1
- 1)

p
{║q ║p - ║xn║p}. 

   Since T(M) ⊆ M is bounded and xn ∊ Tn(xn) ⊆ M,we have ║xn║p is 

bounded ,so by the fact kn→1,we have ║xn – un║p → 0. Since M is 

weakly compact , there is a subsequence{ xni
}of sequence which 

converges weakly to x0 ∊ M. As unixni
  ∊ T( xni

), if T is demiclosed, 

then 0 ∊ T(x0) and hence x0 ∊ T(x0). If X satisfies Opail's property,then 

it follows from Lemma (2.14) that T is demiclosed and hence T have a 

fixed point x0 ∊ M as in the previous case.  ■ 
 

Theorem(2.3).  Let X be a complete p-normed space. Let T : X → 

CB(X)be an nonexpansive mapping such that T(x0) = {x0} for some x0 ∊ 

X. Let M be a nonempty T-invariant subset of X and  x0 ∊ F(T). Assume 

that PM(x0)is nonempty, weakly compact and starshaped with respect to q 

∊ M. If  T is demiclosed on PM(x0), then PM(x0) ∩ F(T)≠Ø . 
 

Proof.  Let D = PM(x0) and let u ∊ D. Then u ∊ M and ║x0 - u║p= dp(x0, 

M).Let v ∊ T(u)M. Then we have 

 

║v - x0║p ≤ Hp(T(u), T(x0)) 

so by using the nonexpansiveness of T, we get             

Hp(T(u), T(x0)) ≤ ║u - x0║p║v - x0║p≤ ║u - x0║p 



 

 

 

 

 

 

 

 
 

8 

which gives that v ∊ D and thus T(u)D. Therefore T carries D into 

CB(D).Now ,let q be the starshaped of D, then for each x ∊ D and any 

k(0 < k < 1), 

(1-k)q + kx ∊ D. 

Take {kn} sequence of real numbers such that 0 < kn < 1 and kn→1 as 

n→ ∞. 

    Now, for each n define a multivalued mapping Tn by setting 

Tn(x) = kn T(x) + (1 – kn)q, for all x ∊ D 

    Clearly, each Tn maps D into CB(D). Let I be an identity mapping on 

X, then each Tn commutes with I for each n and Tn(D)⊆ D = I(D). Let x, 

y ∊ D. Then by the definition of Tn and the nonexpansiveness of T, we 

have  

                   Hp(Tn(x), Tn(y)) = kn Hp(T(x), T(y)) ≤ kn ║x - y║p 
which proves that each Tn is an contraction mapping. Also, Since D is a 

comp-lete metric space, it follows from Theorem (1.15) that for each n ≥ 

1, there exists xn ∊ D such that xn ∊ Tn(xn) such that 

xn = knyn + (1 – kn)q 

xn = knyn + (1 – kn)q + knxn - knxn 

knxn - knyn = (1 – kn)q – (1 – kn) xn 

xn – yn = (1 - 
kn

1
)(q -xn ) 

║xn – yn ║p= (1 - 
kn

1
)

p
║(q -xn )║p → 0 as n → ∞ . 

Since D is weakly compact, there exists a subsequences of{xn}, still 

denoted by {xn}, and we have xn W   z ∊ D. Now, as xn - yn ∊ 

T(xn)and T is demiclos-ed we conclude that 0 ∊ T(z) and hence z ∊ 

T(z).   ■ 

Now,by Lemma (2.1),we have the following result on invariant 

approximation. 
 

Corollary(2.4). Let X be a complete p-normed space and satisfying 

Opail's property. Let T : X → K(X)be a nonexpansive mapping such that 

T(x0) = {x0} for some x0 ∊ X. Let M be a nonempty T-invariant subset of 

X and x0 ∊ F(T). Assume that PM(x0)is nonempty, weakly compact and 

starshaped with respect to q ∊ PM(x0), then PM(x0) ∩ F(T)≠Ø . 
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Proof.  Let D = PM(x0) and let u ∊ D. Then u ∊ M and 

║x0 - u║p= dp(x0, M). 

Let v ∊ T(u)M. Then we have 

           ║v - x0║p ≤ Hp(T(u), T(x0)) 

so by using the nonexpansiveness of T, we get             

Hp(T(u), T(x0)) ≤ ║u - x0║p 

Thus  

 ║v - x0║p≤ ║u - x0║p = dp(x, M) 

which gives that v ∊ D and thus T(u)D. Therefore T carries D into 

K(D). Thus by Lemma(2.1), T is demiclosed on D. Now the result 

follows from Theorem(2.4).  ■ 
 

Remark(2.5).  Theorem(2.4) extends Theorem 3 [8]. 
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