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Abstract. In this paper, we introduce a new kind of fuzzy topological vector spaces
that is a locally affine fuzzy topological vector space, finological space, S — space .

Finally, we evidence that S — space has a base at zero.
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1. Introduction

Fuzzy topological vector space defined and studied by Katsaras [2, 3]. In [3] the
author was give a characteristic to a base at zero for a fuzzy vector topology in fuzzy
topological vector spaces. Moreover, he was introduced the concept of bounded sets
in a fuzzy topological vector space.

In this paper, we introduce a new kind of fuzzy topological vector spaces that is a
locally affine fuzzy topological vector space by dependence on a new concept that is
affine fuzzy sets. After that we introduce a finological space by dependence on a
concept of bounded sets and we study a special kind of finological spaces that is

S —space and we evidence that S —space has a base at zero.

2. Preliminaries

Let X be a non-empty set. A fuzzy set in X is the element of the set /” of all

functions from X into the unit interval / =[0,1]. If C, : X — I is a function defined

by C,(x)=«a forall xe X, o el,then C, is called the constant fuzzy set.
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Let X be a vector space over a field F', where F is the space of either the real or

the complex numbers. If A4 ,4,, ..., 4, are fuzzy sets in X, then the sum
A+ A, +---+ A (see[2])is the fuzzy set 4 in X defined by

A(x)=sup min{4(x,),4,(x,),....,4, (x,)}. Also, if A isa fuzzy setin X and

Xp+Xy +e X, =X

A(x/a) if a#0 forallxe X

a € F , then adis a fuzzy set defined by aA(x) = 0 if a=0,x#0
supA(y) if a=0,x=0
yeX

If 4 isafuzzysetin X and xe€ X, then x+ 4 is a fuzzy set in X and defined by
(x+ A)(y)=A(y—x). A fuzzy set 4 in X is called a balanced fuzzy set if a4 — 4

or A(ax) > A(x) for all & with |a | <1. For the definition of a fuzzy topology, we will
use the one given by Lowen [ 1] that is a fuzzy topology on a set X we will mean a
subset y of I satisfying the following conditions :

(1) y contains every constant fuzzy set in X ;

(i) If 4,4, ey, ,then 4 N4, ey;

() If 4 ey forall ie A ( A any index), then UAI. ey.

ieA
The pair (X,y)is called a fuzzy topological space . If A€y, then 4 is called an

open fuzzy set and A is called a neighborhood of x € X if there exists an open fuzzy

set B with Bc A and B(x)= A(x)>0. Moreover, 4 is open fuzzy set in a fuzzy

topological space X if and only if Ais a neighborhood of x for each x € X with

A(x)>0. A fuzzy vector topology on a vector space X over F ( see [3] ) is a fuzzy
topology » on X such that the two functions

1i(X,y)x(X,y) > (X,y),such that yu(x,y)=x+y,forall x,ye X;
v:(F,3,)x(X,y) > (X,y), such that v(a,x)=a.x, for de F,xe X, are fuzzy
continuous when F'is equipped with the usual fuzzy topology, (3, is a fuzzy topo-
logy generated by the usual topology U on F) and F x X, X x X have the correspo-

nding product fuzzy topologies. A vector space X equipped with a fuzzy vector

topology y is called a fuzzy topological vector space.



3. Main Results

Theorem 3.1. [3]

Let @ be a family of balanced fuzzy sets in a vector space X over F'. Then
@ is a base at zero for a fuzzy vector topology if, and only if @ satisfies the
following conditions :
(1) A(0)>0, foreach 4D ;
(2) for each non-zero constant fuzzy set C, and any a € (0, ) there exists 4 € @
with A< C, and A(0) > a;
3)If 4,Be @ and « € (0,min{A4(0),B(0)}), then there exists D € @ with
Dc AnB and D(0)>« ;
(4)If A€ ® and ¢ a non-zero scalar, then for each « € (0, 4(0)) there exists B € @
with Bct4 and B(0) >«
(5) Let Ae @ and a € (0, A(0)) . Then, there exists B € @ such that
B(0)>a and B+Bc A4;
(6) Let Ae @ and x, € X . If a €(0,4(0)), then there exists a positive number s

such that A(tx,) > « , for all scalart € R with |t| <s;

(7) For each 4 € @ there exists a fuzzy set B in X with B < A, B(0) = A(0) such
that for each x € X with B(x) >0 and if n € (0, B(x)), there exists D € @ with
Dc—x+B and D(0)>n.

Definition 3.2.
Let X be a vector space over F . A fuzzy set 4 in X is called an affine fuzzy set

if AMA4+(1-A)Ac A foreach A€ F .

Theorem 3.3.
Let A be a fuzzy setin a vector space X over F and A € F, then the following
statement are equivalent.
(1) 4 1is an affine fuzzy set.
(2) for all x,y in X, we have A(Ax+ (1—1)y) > min{A(x), A(y)}.



Proof :
0= (2)

Suppose that A is an affine fuzzy set, by (Definition 3.2) we have
AA+(1—-A)Ac A foreach A € F. Now, for each x,y e X

A+ (A=) 2 (AA+(1-DA)(Ax+(1-A)y)

= sup  min{(14)(x,),(1-)A)(»)}

x+(1-A)y=x;+y,
> min {(A4)(Ax),((1 = D) A((1 = A)y)} = min{A(x), A(y); -
)=
Let xe X, (Ad+(1- ) A)(x)= sup min{(A4A)(x,),((1—-A)A)(x,)}

X +Xy =X

(@) If 4#0and 1-4#0, then

(M)(x1)=A(%xl) and ((1-4)4)(x,) = A(m X,)

Thus, (A4 + (1-2)A)(x) = sup mln{A( xl)A((1 D X))}

But, mln{A(—xl) A((1 /I)xz)} A(/I(—xl)+(l /1)((1 D

(b)If A#0 and 1-4=0,then (A4)(x,)= A(x,) and

x,)) = A(x; +x,) = A(x).

0 , X, #0
A-DDE =1 g4z e =0

(i) If x, # 0, then ((1—A)4)(x,) =0 and
(AA+(1—-A)A)(x)= sup min{A(x,),0} =0

Since ((1-4)A4)(x,) = A(x,), then A(x,)=0 and we get min{A(x,), A(x,)}=0.
(@) If x, =0, then (1-4)A4)(x,) = sup A(z) and

A4+ (A -A)A)(x) = sup min{AA4(x,), sup A(z)} < sup A(x)) = A(x).

(c)If A=0 and 1- A4 # 0, by the same way in (b).
(d)if A=0and 1- 4 =0, its impossible.



Definition 3.4.
Let X be a vector space over F' . A fuzzyset 4 in X iscalled S — fuzzyset if A

is balanced and affine fuzzy set.

Theorem 3.5.

Let X be a vector space over F and x, € X, then the characteristic function of
{x.} (insymbol g, ,)is S — fuzzyset .

Proof :

(1) To prove y,,, is an affine fuzzy set. Let x,y € X', 1 € F and suppose that
Jie, o +(1= D)y) <min{z,, (0, 2,0}

Then y,, ,(Ax+(1—-4)y)=0 and min{y, ,(x), 7, ,(»)}=1. Thus, Ax+(1-4)y #x,
and x = y = x, implies that x, # x, which is impossible. Hence,

Xy (Ax+(1=24)y)2min{y,, ,(x), 7, ,(¥)}. From ( Theorem 3.3), we get the result.
(2) To prove y,, , is a balanced fuzzy set. Let 4 € F such that |/1 | <1, then from (1)
we get for xe X, x, ,(A0) =y, ,(Ax+(1-2)0)2min{y, ,(x), %, ,(0)}. Now, the
proof'is completely if x, ,(x) < 7, ,(0). Suppose that y, ,(x)> x,,,(0), then

X (x)=1and x, ,(0)=0. Thatis mean x =x, forall xe X and x, #0. By other

word 0 ¢ X which contradiction .

Theorem 3.5.

Let A be S — fuzzyset . Define B: X — I, B(x) =sup{A(tx):t>1},then B is
S — fuzzy set . Moreover, B < 4 and B(0)= A(0).

Proof :

(1) To prove B is a balanced fuzzy set. Let A € F' such that |/1 | <l,xelX.

B(Ax) =sup{A(Atx):t > 1} > sup{A(tx):t >1) = B(x) .

(2) To prove B is an affine fuzzy set. Let A € F' and for any x,y € X , we have
B(Ax+(1-A)y)=sup{A(t(Ax+(1—-A)y)):t >1} =sup{A(Atx + (1 - )ty):t > 1}
> sup{min{A(tx), A(ty)}: ¢t > 1}



> min{sup A(tx),sup A(zy)} for ¢ >1.
=min{B(x),B(y)}. Then B is S — fuzzyset .
(3) To prove B< A and B(0) = 4(0). Let x € X, since A is a balanced fuzzy

set, we get B(x) =sup A(tx) = sup%A(x) <sup A(x) = A(x) . Thatis mean Bc 4.

t>1 t>1 t>1

B(0) = sup{A(0): ¢ > 1} = A(0).

Definition 3.6. [3]
A fuzzy set A in a vector space X , absorbs a fuzzy set B if A(0)>0 and for

every 6 < A(0), there exists ¢ >0 such that C, "¢tB c 4

Definition 3.7. [3]
A fuzzy set A in a fuzzy topological vector space X is called bounded if it is

absorbs by every neighborhood of zero.

Definition 3.8.
A fuzzy topological vector space X is called locally affine if it has a base at zero

consisting of affine fuzzy sets.

Theorem 3.9.[3]
Let A be a neighborhood of zero in a fuzzy topological vector space X . Then,

there exist an open neighborhood B, of zero and a balanced neighborhood B, of zero
such that B,(0) = B,(0)= 4(0), B, < B, < 4 and B, c B, for each scalar ¢ with

] <1.

Remark.
If a neighborhood A4 of zero is an affine, then we called an affine neighborhood of

zero. Likewise is called S -neighborhood if it is balanced and affine fuzzy set.



Theorem 3.10.
Let 4 be an affine neighborhood of zero in a fuzzy topological vector space X .

Then there exist S -neighborhood B of zero with B < 4Aand B(0) = A(0).

Proof :

By (Theorem 3.9.), there exists an open neighborhood D, of zero and a balanced
neighborhood D, of zero with D,cD,cA4 and D,(0)=D,(0)=A4(0). Let
B =span(D,), then B is S — fuzzyset and D, c Bc A. To get the result only prove
that B 1s a neighborhood of zero and this fact is true, since D, < Band

D,(0)=B(0)>0.

Theorem 3.11.

If X is a fuzzy topological vector space, x, € X then y, , is bounded set.

Proof:
Let x € X and 4 is a neighborhood of zero, then A(0)>0. Let € (0, A(0)). By (6)

of theorem 3.1., there exists a positive number ¢ such that A(zx) > @ for all scalars ¢
with |¢|< 8. Take 1 =&, we see that min{0, 7, ,(x)} < 0 < A(c) = éA(x) . Thus,

Cy Ny, , < A. This complete the proof.

Definition 3.12.
A locally affine fuzzy topological vector space X is called finological if every

S — fuzzy set in X which absorbs bounded sets is a neighborhood of zero.

The next definition is related to a special kind of finological spaces that is the space

which contains all § — fuzzy sets which absorbs the characteristic function for {0} ( in

symbol y,, or y, for short).

Definition 3.13.

A locally affine fuzzy topological vector space X 1is called S —space if every

S — fuzzy set in X which absorbs y, is a neighborhood of zero.



Theorem 3.14.

Any S —space has a base at zero.

Proof :

Let (X,y) be S —space and let

IB={Ael”:AisS— fuzzy set which absorbs ¥}
To prove B is a base at zero for S —space X . By another word it suffices to show
that /B satisfies the conditions (1)-(7) of (Theorem 3.1).

(1)
Let A€ IB and let B be a bounded set. If 4(0) =0, then there is no € < A(0) such

that C, "tB < A for all > 0. That is mean A4 is not absorbs B but this impossible
with assume. Thus, A(0) >0 foreach 4 e IB.

2)
Let 0<f<I and suppose that ae(0,5). Choose «a, €(«a,f). Now, C, is

S — fuzzy set and C, Ny, =C, < C, . Thus, that C, €IB and C, (0)=¢, > .
3)

Let 4,BeIB and 0 <a <min{A4(0),B(0)}. Let ¢, € (a,min{A4(0),B(0)}), then
o, < A(0) and «, < B(0) subsequently, there are #,,¢, > 0 such that C, Ny, € 4
and C, Nt,y, < B. Choose 0<7<1,t,. Then |t/t1|<1 and |t/t2|<1. Since g, , is
a balanced fuzzy set then 7y, ¢, 7, and 1y, =, .. Now, let D=C, Niy,, wesee
that D=C, Ny, < (C, Nt x.)N(C, Nt )< AN B. Likewise
D(0)=(C, Nntx.)0)=a, > .

“4)

Let A€ B and 0#¢ < R . Suppose that 0 < a < 4(0). Choose ¢, € («, 4(0)) .
Since A € IB, then there exist # >0 such that C, Nt y, < 4. That is implies
1(C, Nt x.) = tA. In other words (C, Nt x,)(x/t) < (tA)(x) forall xe X . Let
B=C, Nt g,.Now, B(x)=(C, Nttx,)(x)=(C, Nt x.)(x/t) <tA(x). Then

Bct4 and B0)=¢a, > .



(5)
Suppose that 4 € IB and 0 < 8 < 4(0) . Choose 6, € (8, A(0) . Since A4 € IB, then

. t
there exist ¢ > 0 such that Cgl Nty,c A.Let s= E, B= Cgl Nsy. . Now, to prove

that B which was to be demonstrated.

(B+B)x)= sup min{B(x,),B(x,)}

X +Xy =X

= sup min{(C, Nsxz.)(x),(C, N5z, )(x,)}

X +Xy=x

=supmin{C, ,min{sy,(y),sx.(x-y)}}

yeX

=supmin{C, ,mln{—)( (J’) X.(x=»)}}

yex
= supmin{C, .mintz. (1), 7. (2’“ 2
< su)l() min{C,, 7, ((—)(2y) ( )(2x Zy))} , X. 1s an affine fuzzy set.
= :u}() min{C, ¢y, (y + x—y))} = mm{Cgl oy (x)} < A(x).

Also, B(0) = )Cgl Nty (0)=min{b,,1} =6, > 6.

(6)
Let x, e X, A€ IB and 0<8< A(0). Choose 6, € (0, A(0)) . Since the fuzzy set

X..,1s bounded, then there is 7 >0 such that C, Ny, , < A. Now, if |s | <t, then
A(sx,) 2 A(tx,) 2mind6,, x, ,(x,) =1} =6, > 6.

(7
Let A€ IB. Define B: X — I, B(x)=sup{A(tx):t>1}. Form (Theorem 3.5) B is

S — fuzzy set . Moreover, Bc A and B(0)= A(0). Also, B absorbs y, . In fact, let

0<6@<B(0). Since 4 absorbs y,, then there exists >0 such that C,"ty, c 4.
Now, (C, Nty )(2x) < A(2x)< B(x). And so C, N (%t;{o) < B which proves that B

absorbs y,. By other word BeIB. If 0<68< B(x), let 6, €(6,B(x)), there exists

t >1 such that A(zx) > 6,. Let 1<s <t. Then B(sx) > A(tx) > 6, for xe X .

Take 7 = 1 , 4 =1-n . Using the fact that B is an affine fuzzy set and for ye X,
s

we get,



(=x+ B)(¥) = B(x+y) = B(n(sx) + u(u"'y)) = min {B(sx), B(x~' y)} = min{6), (uB)(»)}
let B,=Cy nuB.Now, B,c—x+B and B,(0)=6,>6. We just prove B, € [B . It

. . 1 .
is clear that B, is S — fuzzy set and C, N Ew_l X. < C, M uB =B, which means B,

absorbs y,. Hereupon, Which complete the proof.
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