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Abstract

In this work we propose and analyze a model, where prey species is
supposed to live in two distinct habitats with group defense. One of the
predators tends to switch between the habitats. The boundedness of the
positive solutions and local stability for all possible equilibrium points of
the model are studied for the case, where the switching indicatoris n = 1,
furthermore, a suitable Lyapunov function has been defined to construct a
basin of attraction for the interior equilibrium point. Numerical simulations
are used to support the analytical results, such that some examples of
locally stable and unstable equilibrium points furthermore stable limit cycle
will be given.
Key words: Prey, Predator, Switching, Group defense.

1. INTRODUCTION:

Predators tend to feed themselves in a habitat for some time and then
migrate to another habitat. This phenomenon of migrating from one habitat
(A) to another habitat (B), is called the phenomenon of switching. This
phenomenon has many causes, including the small number of prey in the
habitat (A), or the small size of prey and the inability to defend itself in the
new habitat (B). Predator prefers to catch a prey in a habitat in which there
is a large number of prey. There are many examples that predators prefer
the habitat, where a large number of prey species live all the time ([3], [6]).
Many mathematical models have been studied in the prey-predator field,
involving one or two predators with two prey species. ([4], [7], [5]).

In [2], Bhattacharyya and Mukhopadhyay proposed and studied two
models of prey—predator, only one of the two models involve prey group
defense. The prey species are supposed to live in two distinct habitats with
group defense and the predator species tends to switch between the
habitats.

In this paper, a model of two prey and two predators will be proposed and
studied. The model involves prey group defense and the two prey live in
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two distinct habitats, and only one of two predators tends to switch between
the habitats. The models are studied for n = 1 of the switching index.
2. THE MATHEMATICAL MODEL.:

According to the system bellow [2]:

(. (1 x1> a1x3 Y1
1= X1 G ki) xP4+x}|
) [ X2 a1x1'y;
Xy =X 1- —) — )
{ X2 2 _92( k, X+ x?] (2.1)
. _ N 81x1x7 6% %,
?—h_h D N L o |

We have proposed a new system as follows:

(. [ (1 x1> a1x3yq
x _— x — c— — — — ,
1= X1 _91 K, xf : x;l BYy>

S (1 - ﬁ) = alx?yl],
{ i k,) x'+x} (2.2)
[ Syx xy  O,x]'x,
| xp +xy X+ X?]'
V2 = Vo[ + vXq],

Yi=Y1|— +

Where all parameters are positive, x;,i = 1,2, (y;,i = 1,2,) denote
prey density in two habitats, (predator density). The prey population is
assumed to grow logistically with a specific growth rate g;,i = 1,2 and
environmental carrying capacity k;,i =1,2. a; and a, represent the
predation rate towards the prey x; and x, respectively by y,, 8 represent
the predation rate towards the prey x;, by y,, 8;, 8, and y are the
corresponding conversion rates. The predation functions a;x7y;(x7* +
x)tand axly, (] + x3)~1 model the switching behavior of the
predator y,; in the realm of prey group defense. And the namely that, there
will be less predation by y, in the habitat has larger prey density. y;,i =
1,2, the per capita death rate of predator y;,i = 1,2.

For n = 1 the system (2.2) becomes:
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(el ()22 ]
Xy = X [92 (1 - x_z) - aleyl]’
k,)  x1+x, (2.3)
. 8% %,

Vi=WM [_ﬂ1 X+ xz];

V2 = Yao[—t2 + vxq],
where
6 =08, + 06y,

3. THE BOUNDEDNESS OF POSITIVE SOLUTIONS

Set D := {(x1, %5, y1,V,) € R, x; € (0,k;),y; >0,i =1,2}. (3.1)
Lemmal: If § < a; + a,, ¥ < B, then all the trajectories of the system
(2.3) start in D are bounded.
Proof: Consider the function, defined on D as follow:
u(t) = x1(8) + x2(t) + ¥, () + . (8),
then from (2.2), we have:

_ X1
U =x91 (1 - _> + X297 (1 - _> — (Y1p1 + Youz) + (v — B)x1y,

kq k,
(6 —a; — az)x x4
X, + %, '

Let p be a positive constant, such that p< max{u,, u,}, we have:
- = A _X2 4 P _
i+ pu=x, g; (1x St 2) 43,9, (1= 2+ L) + 0l — ) +
y2(p —uz)) + x11+;2 [(6 — a; — az)y: + (¥ — B)y-]-
It is clear that
. X
u+pu= _1(k1.91 g1x1 + kqp) + (kzgz 92Xz + k2p)

(k1g1 + kip) + (kzgz + kzp) <k (g1 +p)+ky(g:+p).
Then, 0<u(t)<- . + u(0)e™Pt, and for t—owo, 0 < u(t) < ;, where

a =ki(g1 +p) + kz(g2 + p).

Hence, we obtain that all the positive solutions of the system (2.3) with
initial conditions (X, X,, ¥;,¥,) € D, and satisfy § < a; + a,,y < B are
bounded. So that the proof is complete.

4. STABILITY OF EQUILIBRIA:
The system (2.3) has at least four non negative equilibrium points. In
this section we shall study the local stability for these points of our system.

1. The equilibrium point E; = (0,0,0,0) of the systems (2.3) is always
exists. The following Lemm?2 illustrates that E; is not stable.
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Lemma2: If x;(0) >0 orx,(0) > 0, then no trajectory of the system
(2.3) converge to (0,0,0,0).
Proof: Suppose that x;(0) > 0 and (x,, x,,y;,v,) — (0,0,0,0), as t —» oo,

then %(lnxl) — g;. It is clear that %(lnxl) > %. If (x4, %2,y1,¥,) =

(0,0,0,0) as t — oo, then there exist t, >0, such that x,(t,) >0,

x1(t) = x,(ty)exp (@) — 0,ast — . SO x; — o, Similarly if

x1(0) > 0,x; — co. Which means there is no trajectory of the system (2.3)
converges t0(0,0,0,0).

Hence, the equilibrium point (0,0,0,0) is unstable. So that the proof is
complete.

2. The equilibrium points. E, = (k4,0,0,0) and E; = (0,k,,0,0) of the

system (2.3) are always exists. The set of eigenvalues of the characteristic
equations of the variation matrix of the system (2.3) at the equilibrium
points E, and E5 are:
SCEz) ={—91,92 — 1, Yk; — 2} and  SCE3) = {g1, — g2, —H1, — 142}
respectively. Note that S( E;),i = 2,3, has at least one positive eigenvalue
and at least two negative eigenvalues, which mean that the two equilibrium
points are saddle points (unstable).

3. The equilibrium point E, = (k4,k,,0,0) always exists. The set of
eigenvalues of the characteristic equations of the variation matrix of the
system (2.3) at the equilibrium points E, is:

Okqik,
SCE,) = {—91; ~92 3, T Yki — #2}-
Hence, the equilibrium (k4, k5, 0,0) will be locally asymptotically stable if
and only if it satisfies the following conditions:

{k1k25 < (k1 + k2)uy (4.1)

kyy < Mo _ o

4. The existence of the point of equilibrium E< = (%;, X,, 0, y,), where:
X = &;552 = ky,

v=@(1_ﬁ> (4.2)
V2 B k)
depends on the parameters of the system (2.3).

The characteristic equation of the Jacobean matrix of (2.3) near the point
E5 = Ek/lleJgiyZ) ISV -
A+ E A3+ E, A% + EsA + E, = 0, where:

E = g;’fl + g, + iy — 8D,
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X
E; = (u, — 6D) (91 -+ 92) + BX vy, + 91}32 -
1
< 9192%, .«
E3 = (uy —6D) + pX1vY2 (g2 + 1y — D),

1
E, = 92B%,1vY,(uy — 8D).
and D = kppi, (uy + vk;) ™.

If E5 = (%1, X,,0,¥,), exists, then necessary and sufficient conditions for
Ec = (%,,%,,0,¥,), to be locally asymptotically stable according to the
criteria of Routh-Hurwitz [1], of the forth system (2.3) are:

E;>0,i=1234

E.E,—E; >0, (4.3)

By(ErBy — By) — E,E2 > 0.

It is clear that, if u; < 6D, then E, < 0, and hens u; < 8D is a necessary
condition for E5 = (X4, X,, 0,y,) to be locally asymptotically stable.

5. The existence of the point of equilibrium E, = (X4, X5, ¥, 0), depends
on the parameters of the system (2.3), where:

|{ij1 ﬂ1(16+ x)’ x1

~ X,\(1+X
pr-2i-B)asn L0
where X is the real positive roots of the equation:
7-[1363 + 7-[2%2 + 7-[3% + Ty = 0, (4‘4‘b)
such that:
Ty = grikoaa g, T, = gikoay (4y — kq6),
T3 = gok1a1 (k26 — pq), Ty = =gkl
The characteristic equation of the Jacobian matrix of (2.3) near the point
Eg = (%1,%2,’}71,’}72) Is:
M+ ERB+ENP+EA+E, =0,

Xo
(4.4a)

such that:
2 v YY) ~ ~ ~
F o= z< '_I_gixi _ xXhe yxt 5Ax1x2)
A N ST 2
1=
~ EB E4

E, = (u, —vx)(E; — uy +yx,) + — — —
? ? 1(1 2 1) (U —vXx)  (Hp —yX%)?
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2 e e o~ s
- _ X1 X Y10 (_qyi 5x? giXi\ = 9192%:1%;
E3=(H2_Vx1)Z[ p 1(2)<~ -+

- (% + %) (X +X%) Kk 2kqk;,

X1 X1 gifi)] E~4
+
(u

sz, — ) (20T ,
+ (0A%T; ~ ) (X + %)%k 2 — V%)

2 -
~ (U — yX)X1 X5, GiXii_ ()i
B, = 2 SA%? + 5A%, %, —
4 (fl +f2)2 4 ki ( X X1X2 :ul)
9192 (6A% %, — uy) _ a1 a,8%,%,9,

and A = (%, + %) L.

If E, = (X1, X,, ¥;,0) exists then the necessary and sufficient conditions
for E, = (X4, X,, ¥4, 0), to be locally asymptotically stable according to the
criteria of Routh-Hurwitz [1], of the forth system (2.3) are:

E;>0,i=1234

EE,—F >0, (4.5)

Ey(E\E, — Ey) — E,E2 > 0.

6. The interior equilibrium point
The existence of the point of equilibrium E, = (k,, X5, ¥;, ¥, ), depends on
the parameters of the system (2.3). where:

3 :& 5 :gz(kz_fz)(f1+fz)

! y ’ ! azszl_ _ (46)
7 = U1 X1 7 =£(k _ %) — X2,

? 8x; _.U1’ ? Bk, ! ! p(xy +f2).

The characteristic equations of the Jacobian matrix of (2.3) near the point
E; = 9_(1;)_(2»}__’1»}_’2) i§: _
M+ E B +EMP+EA+E, =0,

2

B = z giX; _ X1%,y10; (4 — AX1X;)
Lk @t )? 2 ’
i=
= 9192%1%; _
E, =
2 kik, + BYX1Y-
2 — — —
n Z [gixi <(All1 - 6x1x2)>
Ll ky X+ X,
x_lfz:}_}lai—(—l)i <5f12 + 5.721.7?2 - A,Lll glfl>‘|
_(f1 '|_‘ 97_2)_2 _(9?_1 + %) ki / ' o
S (92X XXpYi@p 0Ky Xy — A\ g19:%1%, (0X1%; — Ay
E; = Byx1y, T 1= = 1= - ——
k, (%, + %) X, + X, kik, X, + X,
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- -
X1X2Y1GiXi®X_(—1)t o _
+ Z (7, + %,)°k; (6% + 6%,%, AM1)l,
1=
= o [8ax%iXayy ( 8x1%, ) (0529319?2371 _ ngz)]
E4 = Briy (%1 +%3)3 (%1+x2) 1)\ (@1 +%,)? k2

and A = (x¥; +%,)7 !

If E;, = (&1, X5, ¥1,y,) exists then the necessary and sufficient conditions
for E; = (xq,%,,¥1,¥,), to be locally asymptotically stable the criteria of
Routh-Hurwitz  [1] of the forth  system (2.3) are:

E;>0 i=1,234
E\E, —E; >0, 4.7)
E;(E\E, — E3) — E3E12 > 0.
Now we will define a Lyapunov function appropriately to determine
the basin attractions for £, = (X, %5, V1, V).
It is easy to see that:

. . ( Ox1%, ) _ (5 X1, ) g

i) (x?ylclzr)les X+ X, My ) = 13, My |- (4.8)

11)( mll)l S(Yx1 t) = (v %1 — ), (4.9)
X1,X2

where, S = {(xq,x5):%; < x5, = 1,2}

Theorem: Assume that the equilibrium point E, of (2.3) is locally

asymptotically stable and x; > k;, then the basin of attraction of E, is
determined by the set:

B = {(xlixZJylyyz):xi 2 fl’,yi S _}_/z,i = 1,2}
Proof The function

_ _. Vi
V= E ( | . — ] T)
xl xl nx +yl .VL .Vl nyi

IS posmve definite .

- z(xl(l__)w(l_g))

= (%1 —%1)Gy + (x; — X1)Gy + (1 — ¥1)G3(x1) + (V1 — Y1) Galxg, x2).
Such that:

X1 d1X2Y1
G, = 1——|— — ,
=lo(-2) -2 )

X2 a2X1Y1
G, = 1——]— ,
2 [gZ ( kz) X1 + xzi
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G3(x1,x5) = [_H1 + x1+x2] and G4 (xq, x2) = [~ + yx4q].
Itis clearthat G; < 0, (x; — x;) > 0,i = 1,2, so that
(x1 — %1)Gy + (% — X1)G; < 0.
From (4.8) and (4.9) we have:
0= Gg(fl, fz) < Gg(xl, xZ), Vx1 > fl,xz > fz,
0= G4_(.fl, fz) < G4(x1, xZ), Vx1 > fl,xZ > 322,
Since
1 =91 <0,y —52) <0,Y, 91 > J1,¥2 > ¥,
We have:
(1 = ¥1)G3(x1) + (v1 — Y1) Ga(x1, x2) < 0,Y,y1 > V1,5, > Po.
So that
V< Or V(Xl,xz, Y1, yZ) €B \ {(fl,fz, )_]1'3_/2)}'
and V = 0,V(xy, x3, 1, ¥2) at{(%y, X3, ¥1,¥2) -
So that any trajectory with initial condition (xqq,X02, Y01, Yo2) € B
converge asymptotically to (x;, X, ¥;, ¥, ), which means that B is a basin of
attraction of E- (X, X,, ¥1,¥,). Thus the proof is complete.
5. NUMERICAL SIMULATIONS:
For the set of parameter values given in following Table:
Table (1)

ki ko | g1 (G2 M1 | Mo | O |V |1 || B
28(24(15|2 |1 [025/06/0.1/0.2{05|0.1
the system (2.3) , has Ey, E,, E5, E, and Ec as non negative equilibrium
points, such that E,, E,, E5, and E, are unstable equilibrium points, while
Ec = (2.6,2.4,0,1.6071) is locally asymptotically stable, as shown in
Figure (1). However for u, = 0.2, with the rest parameter values given in
Table (1), the system (2.3) has E;,E,, E5, E,, Es = (2.6,2.4,0,1.6071),
E, = (2.6167,0.3820,3.8543,0) and E, = (2.5,0.3846,3.8757,0.5736)
as non negative equilibrium points, such that E,E,, E3, E4 Es and Eg
are unstable equilibrium points, while E, is locally asymptotically stable,
as shown in Figure (2) and Figure (3). We used the point (2.2,2.1,0.8,1.8)
as an initial point in a neighborhood of E¢ for the cases, u; = 1 and
1, = 0.2. In the first case, the trajectory converges to E., see Figure (1)
and, in the second case, the trajectory diverges from E¢, and converges to
E,, see Figure (2).
For the parameters given in:

axle

Table (2)

kilky, | 91192 M| Uy | 6 | Y |as|ay| B
2124|15|2 [0.8/0.25{06(0.1/0.2/05/0.1
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the system (2.3) , has only four non negative equilibrium points,
E;, E,, E5, and E, such that E;, E,, and E5 are unstable equilibrium points,
while E, =(2,2.4,0,0) is locally asymptotically stable, as shown in
Figure (4).
Finely for the parameters given in:

Table (3)

ki | ky | 91|92 1| M2 | 6| Y |7 |y B
241241151151 (0252 |0.1/0.5/0.5]0.1

the system (2.3), has four unstable non negative equilibrium points,
E;, E,, E5, E, and has three equilibrium points of the type E. The equation
(4.4b) has three real positive roots, ¥ = 1, with the equilibrium point
E¢; = (1,1,3.5,0), which is unstable, ¥ = 2.3798 with the equilibrium
point E,, = (1.6899,0.7101,3,0) and X¥ = 0.4202 with the equilibrium
point Es3 = (0.7101,1.6899,3,0).

The system (2.3) has two stable limit cycles, one of them around the
equilibrium point E,, and the other around E,;. Figure (5a-c) for
Es, = (1.6899,0.7101,3,0) with initial point (1.0999,0.999,3.51,0.01), the
trajectory converges to a stable limit cycle, but with initial point
(1.689,0.71,3,0), which it close to E,, the trajectory diverges from E;,
and converges to a the stable limit cycle that mentioned above, see Figure
(6a-c). That mean there is a stable limit cycle around E,,. Similarly we can
show that, there is stable limit cycle around Eg;.

Conclusion

In this paper, a new model for two prey and two predators species has
been proposed. The prey species is supposed to live in two distinct habitats
and have the ability of prey group defense. One of the two predators tends
to exchange the habitats.

We have found that, all the trajectories of the positive solutions of the
system (2.3) are bounded under the condition (3.1). The system (2.3) has at
least four nonegetive equilibrium points, The equilibrium points E; =
(0,0,0,0), E,=(k.0,0,0), E5=(0k,,00), and E, = (ky,k,0,0)
always exist. E, is locally asymptotically stable if it satisfies the conditions
(4.1), while E;, E, and E5 are not stables.

If any one of the rest equilibrium points exists, then it is locally
asymptotically stabile under the conditions showed in section (4).
Furthermore, a basin of attraction for E, = (X{,X,,V,,¥,) has been
constructed using a Lyapunov function.

Some examples of locally stable, unstable equilibrium points and stable
limit cycle have been given using numerical simulation. Our model with
n > 1 will be analyzed in a future work.
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25 X
2
2t N
» ¥ 1
F15} x2
0.5
% 20 40 60 80 100 120 140

t-axis

Figure (1) With the parameters given in Table (1), the system (2.3) has E5 = (2.6,2.4,0,1.6071) as
an equilibrium point which is locally asymptotically stable.

o
Initial pomnt
. E++(2.5,0.3846,3.8757,0.5736) (22.2.1,08,1.8)
5 4
E=(6240,1.6071)
3|

» 4 l'Av.
>
o
@
S 3
8 X,
-
Qo ¥
=
N

1 \

\\x \:
0 m o I =3 - -+
0 200 400 600 800 1000 1200
t-axis

Figure (2) For p; = 0.2, with the rest of the parameters given in Table (1), the system
(2.3) has E; = (2.5,0.3846,3.8757,0.5736) as an equilibrium point Which is locally
asymptotically stable. Here the trajectory starts in the same initial point of Figure (1).
The trajectory diverges from E: = (2.6,2.4,0,1.6071).
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(2.3.05,4,02)

45 -
Inmitial point
1:7-(2.5.0 3846,3.8757,0.5736)
Il,n

W

N
wn

Populations-axis

b
(L)
T

»

0.5 R,
=
0 200 400 600 800 1000 1200
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Figure (3) For u; = 0.2, with the rest of the parameters given in Table (1), the system (2.3) has
E, = (2.5,0.3846,3.8757,0.5736) as an equilibrium point Which is locally asymptotically stable.

2 |- v

Initial point
(1.8,2.7,0.6,0.9)

r

k» E4=(2,2.4,0,0)
o = - i - e
0 200 400 600 800 1000 1200
t-axis

Figure (4) With the parameters given in Table (2), the system (2.3) has E, = (2,2.4,0,0) asan
equilibrium point which is locally asymptotically stable.

1 y y Y Y
[ Initial point Prpgection on
(1.0999,0.999) Xy Xy plane
0.95 i
09 .:‘
w» 085
= X
<3 aedl i (XX o) —
\ (1.6899,0.7101)
0.75 1
o7} e
0.65 - x ' ' g
" 11 12 13 1 4 16 1.6 1.7 1.8

x1-axis

Figure (5a) With initial point (1,0999,0.999,3.51,0.01), the trajectory converges to a stable limit
cycle around E4, = (1.6899,0.7101,3,0), where Ej, is as an equilibrium point of the system (2.3) with
the parameters given in Table (3). Projection on x; x,plane.
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3.7

36} { Initial point

Y 1(1.0999,3.51)

Projection on
Xy )yplane

e
(1.6899.3)

28 L N
1 11 1.2

1.3

14 1.5 16 1.7 18
x1-axis

Figure (5b) with initial point (1.0999,0.999,3.51,0.01), the trajectory converges to a
stable limit cycle around E¢, = (1.6899,0.7101,3,0), where Eg, is as an equilibrium
point of the system (2.3) with the parameters given in Table (3). Projection on

x,yiplane.

3.7 AT T
Projection on

X plane

3 Initial point™._
s -ll' R TR

8 2 i
0.65 0.7 0.75

08 0.85 0.95 1

x2-axis

0.9

Figure (5¢) with initial point (1.0999,0.999,3.51,0.01), the trajectory converges to
a stable limit cycle around Eg, = (1.6899,0.7101,3,0), where E¢, is as an equilibrium

point
X,y plane.
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Figure (6a) Wwith initial point (1.689,0.7101,3,0), the trajectory converges to a stable
limit cycle around E¢, = (1.6899,0.7101,3,0), where E,, is as an equilibrium point
of the system (2.3) with the parameters given in Table (3). Projection on x; x,plane.
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Figure (6b) with initial point (1.689,0.7101,3,0), the trajectory converges to a stable

limit cycle around E,, = (1.6899,0.7101,3,0), where E,, is as an equilibrium point
of the system (2.3) with the parameters given in Table (3). Projection on x, y; plane.
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Figure (6¢) With initial point (1.689,0.7101,3,0), the trajectory converges to a stable
limit cycle around Eg, = (1.6899,0.7101,3,0), where E,, is as an equilibrium point
of the system (2.3) with the parameters given in Table (3). Projection on x,y;plane.
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