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On Certain types of totally disconnected fibers
By
Khalid Shaiya Khair allah
Department of Mathematics, Colloge of Education , Al- Qadisiyh University

Abstract:

In this work , we give the definitions of certain types of maps which have totally disconnected fibers and
the study of the properties of composition and restriction of each type. Also, we study the relation between
them. These definitions are novel in the present time at the best of our knowledge.
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Introduction:

Levine, N. in [6] give the definition of generalized open set(semi-open set) and study the properties of it
and Maximilian, G. in [7] give the definition of pre-open set and study the properties of it .A subset A of X
is called a-open set if A< (A°)° [7], and a subset A of X is called Feebly open set (F-open) if there exists

an open subset U of X, such that UcAcU™, where —s is the semi-closure of U.Let f:X—Y be a map from X
onto Y ,then f(y)is called the fiber for all ye Y.A map f:X—Y is called light map if for all yeY the fiber f
Y(y) is totally disconnected set[10] and a map f:X—Y is called semi-light map if for all yeY the fiber f'(y)
is totally semi- disconnected set [2].

In this work , we give the definition of pre-light map , a-light map and F-light map and we study some
properties of these maps. Also,we give the relation between types and from of proposition
(1.1,v.1,V.2,V.3,V.4,and V.6) we have the following diagram:

Pre-light map e < Semi-light map

A
A 4

Light map B— a-light map F-light map

The converse of arrows in this diagram is not true in general .We give conditions either on map or on a
space to satisfy the converse. Throughout this work, (X,t) simply space X always means topological space
and map f-X—Y means a continuous mapping from a topological space X onto a topological space Y .

| .Basic definitions and Notations:

The following definitions are given in [2]
I.1 Definition: Let X be a space and let A,B are non empty open sets in X then A/B is said to be a
disconnection to X iff AuB=X and AnB=¢ .

1.2 Definition: Let X be a space and GeX , A,B are non empty open sets in X then A/B is said to be a
disconnection to G in X iff

1- AnG=p and BNG#¢.

2- (ANG)u(BNG)=G
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3- (ANG)N(BNG)=¢
1.3Definition: A space X is called totally disconnected space if every pair of point a,beX there exist a
disconnection A/B to X such that acA and beB.

The following example is given in [4].
l.4Examle: The set Q of rational numbers with the usual topology is totally disconnected set.

Now we introduce the following definitions:-

I.5Definitions:

1- Let X be a space and let A,B are non empty o~ open sets in X then we say that A/B is o-
disconnection to X if AuB=X and AnB=¢ .

2- Let X be a space and let A,B are non empty pre- open sets in X then we say that A/B is pre-
disconnection to X if AuB=X and AnB=¢ .

3- Let X be a space and let A,B are non empty F- open sets in X then we say that A/B is F-

disconnection to X if AuB=X and AnB=¢ .

Now the following diagram is given in [8] shows the relations among the different types of open sets.

Pre-open ]
—> 4—
P Semi-open

~_ |l

open ™ a-open [*

A 4

F-open

(N
And from the above diagram we get the following diagram shows the relations among different types of
disconnection:-

+

semi-disconnection

A

Pre-disconnection | ——

N |

— 3| o-disconnection | «——» F-disconnection

disconnection

)
Now we introduce the following definitions:-
I.6Definitions:
1- A space X is said to be totally a-disconnected if for each pair of points a,beX there isa  a-
disconnection A/B of X such that acA and beB.
2- A space X is said to be totally pre-disconnected if for each pair of points a,beX there is a pre-
disconnection A/B of X such that ac A and beB.
3- A space X is said to be totally F-disconnected if for each pair of points a,beX there is a F-
disconnection A/B of X such that ac A and beB.
I.7Remark: Each totally disconnected space is totally a-disconnected space and totally pre-
disconnected space and totally F-disconnected space. But the converse is not true for example let X={a,b,c}
and t={¢,X,{a},{b,c}}.It is clear that X is totally a-disconnected space and hence X is totally pre-
disconnected space and totally F-disconnected space but X is not totally disconnected space because there is
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no exists a disconnection of a,b €X.
I.8Example: The set Q of rational numbers with the usual topology is totally a-disconnected set(since Q is
totally disconnected set with the usual topology (1.4))

The following definition is given in [5].
1.9Definition: A mapping f:X—Y is said to be a- homeomorphism if
1- f is bijective mapping.
2- f is continuous mapping.
3-f is a-open ( a-closed Y)mapping.

The following definition is given in [9].
1.10Definition: A mapping f:X—Y is said to be pre- homeomorphism if
1- f is bijective mapping.
2- f is continuous mapping.
3-f is pre-open ( pre-closed )mapping.

The following definition is given in [8].
I.11Definition: A mapping f:X—Y is said to be F- homeomorphism if
1-f is bijective mapping.
2- f is continuous mapping.
3-f is F-open ( F-closed )mapping.

As a consequence of definitions(1.9,1.10,1.11) we have the totally a-disconnected space , totally pre-
disconnected space and totally F-disconnected is topological property respectively.

I.12Theorem: Let X and Y be two spaces and

a- let f:X—7Y be a a-homeomorphism .If X or Y is a totally a-disconnected so is the other.

b- let f2X—7Y be a pre-homeomorphism .If X or Y is a totally pre-disconnected so is the other.

c- let £2X—Y be a F-homeomorphism .If X or Y is a totally F-disconnected so is the other.

Proof: Now to proof the part a and b and the part c is given in [8]

a- Suppose that X is totally a-disconnected and let y,,y, Y such that y.;# y, .since f is bijective

mapping then there exists two points X;, X, € X' such that x,;# x, and f(x,)=y, , and f(x,)=y, since X is

totally a-disconnected space , then there is a a-disconnection U/V such that X, € U, X, €V since fis o-
homeomorphism then each of f(U) and f(V) are a-open sets in Y but fU)Uf(V)=fUUV)=1f(X)=Yand
since f is one-to-one then fU)Nf(V)=fUNV)=f()=geXand y, e fU),y, e f(V) and hence Y is
totally a-disconnected space .

b- Suppose that X is totally pre-disconnected and let y,,y, €Y such that y,# y, .since f is bijective

mapping then there exists two points X;,X, € X such that x;# x, and f(x;)=y; , and f(x,)=y, since X is

totally pre-disconnected space , then there is a pre-disconnection U/V such that X, € U,x, € V since f is
pre-homeomorphism then each of f(U) and f(V) are pre-open sets in Y Dbut
fU)UfV)=fUUV)=f(X)=Yand since f is one-to-one then
fUNfV)=fUNV)=f(g)=¢geXand y, e fU),y, e f(V) and hence Y is totally pre-
disconnected space

11. Certain types of totally disconnected Fibers:

The following proposition is given in [2].

I1.1proposetion: Every Light map is semi-light map.
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Now we introduce the following definitions:-

11.2Definition: A map f:X—Y is called o~ light map if for all yeY the fiber f "*(y) is totally o- disconnected
setin X.

11.3Definition: A map f:X—Y is called pre- light map if for all yeY the fiber f™'(y) is totally pre-
disconnected set in X.

11.4Definition: A map f:X—Y is called F-light map if for all yeY the fiber f(y) is totally F-
disconnected set in X.

I1.5Definition: A map f:X—Y is said to be totally a-disconnected map if each totally o-
disconnected set U in X, f(U) is totally a-disconnected set in Y.

11.6Definition: A map f>X—Y is said to be totally pre-disconnected map if each totally pre-
disconnected set U in X, f(U) is totally pre-disconnected setin Y.

11.7Definition: A map f:X—Y is said to be totally F-disconnected map if each totally F-
disconnected set U in X, f(U) is totally F-disconnected setin Y.

As a consequence of definition of (11.5,11.6,11.7) we give the following results

11.8proposetion: Every a-disconnected map is pre-disconnected map.

Proof: let f-X—7Y is a-disconnected map then f(U) is totally a-disconnected set in Y for all U o-
disconnected set in X and since each totally a-disconnected set is totally pre-disconnected (diagram I1),then
f(V) is totally pre-disconnected set in Y for all U pre-disconnected set in X and hence f is pre-disconnected
map.

11.9proposetion: A map /:X—Y is a-disconnected map iff fis F-disconnected map.

Proof: since f(U) is totally a-disconnected set iff f(U) is totally F-disconnected set (diagram Il), then f: X—Y
is a-disconnected map iff fis F-disconnected map.

11.10proposetion: Every F-disconnected map is pre-disconnected map.

Proof: It is easy from (11.8) and (11.9).

I11. Composition of Certain types of maps with totally disconnected Fibers:

Now we give the following results

111.1proposetion: let f:X— Y be the composition f = f,of, of two map f;:X—Y and f;Y —Y , then
1- If f, is an bijective mapping and f; is a a-Light map then f is a a-Light map.

2- If fis a a-Light map and f; is an injective mapping then f; is a a-Light map.

3- If fis a a-Light map and f; is a totally a-disconnected maps then f; is a a-Light map.

Proof: 1-let Y € Y, since f, is a bijective mapping then there exists one point y € Y such that f, (y)=y
and since - (y) = (f,of ) *(y) =f, "(F, () =f, " (F, " (F.(y ) =F,"(¥)

(213)



2007 4l (2) 23l (12) Aaall 43 puall 2 glall Lol Alaa

and f, is a-light map then %(y) is totally a-disconnected set in X, so f,*(y)is totally a-
disconnected set in X and hence f is a-light map.

2-let y e Y, then f,(y') e Y and since f is a-light then f*(f,(y')) is a totally a-disconnected set in X but
f(f,(y))= flil (fzil (f,(y)) = flil(y')v then f; a- light map.

3-let y €Y ,since fis a a-light , then f "(y) is a totally a-disconnected set in X and since f, is totally a-
disconnected map then fy(f (y)) is a totally a-disconnected setinY ', but

f.(f(y)) = f,((f,0f)*(y)) = f.( fl_l(fz_l(y))) = fz_l(y). then f,™(y) is a totally a-disconnected set in
Y , so f, is a-light map.

111.2proposetion: let f:X— Y be the composition f = f,of, of two map f;:X—Y and fY —Y , then
1- If f, is an bijective mapping and f; is a pre-Light map then f is a pre-Light map.

2- If fis a pre-Light map and f, is an injective mapping then f; is a pre-Light map.

3- If fis a pre-Light map and f; is a totally pre-disconnected maps then f, is a pre-Light map.

Proof: 1-let Y €Y, since f, is a bijective mapping then there exists one point y € Y such that f, (y)=y
and since f (y) = (fzofl)_l (y) = fl_l (fz_l (y)) = fl_l (fz_l (fz (y)) = fl_l (y)

and f; is pre-light map then f*(y) is totally pre-disconnected set in X, so f[l(y) is totally pre-
disconnected set in X and hence f is pre-light map.

2-let y Y, then f,(y') e Y and since f is pre-light then f(f,(y)) is a totally pre-disconnected set in X
but £(F,(y))=f, 7 (F, (F,(y))=f, " (y),thenfyisa pre- light map.

3-let y €Y ,since fis a pre-light , then f "(y) is a pre-disconnected set in X and since f; is totally pre-
disconnected map then f,(f}(y)) totally is a totally pre-disconnected set in Y ', but

f.(f72(y)) = f,((F,0f)™(y)) = £,(f,(F,7(y))) = ,"(y). then f,’(y) is a totally pre-disconnected set
inY |, sof, is pre-light map.

I11.3proposition: let />X—Y be the composition f = f,of, of two map f:X—Y and f;;Y —Y , then
1- If f, is an bijective mapping and f; is a F-Light map then f is a F-Light map.

2- If fis a F-Light map and f; is an injective mapping then f; is a F-Light map.

3- If fis a F-Light map and f; is a totally F-disconnected maps then f, is a F-Light map.

Proof: 1- let Y € Y, since f, is a bijective mapping then there exists one point y € Y such that f, (y)=y
and since - (y) = (f,of ) *(y) =f, "(F, () =f, " (F, " (F.(y ) =F,"(¥)

and f, is F-light map then f*(y) is totally F-disconnected set in X, so flfl(y) is totally F-
disconnected set in X and hence f is F-light map.

2-let y' Y, then f,(y") e Y and since f is F-light then f~*(f,(y)) is a totally F-disconnected set in X but
£, (y)) = f,7(F, 7 (F,(y)) =f,(y), thenfyis a F- light map.

3-let y Y since fis a F-light , then f*(y) is a totally F-disconnected set in X and since f, is totally F-
disconnected map then f,(f (y)) is a totally F-disconnected setinY ', but
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f.(f72(y)) = £((F,0f)(y)) = £,(f,(F,7(y))) = f, " (y). then f,’(y) is a totally F-disconnected set in
Y |, so f, is F-light map.

IV. Restriction of Certain types of maps with totally disconnected Fibers:

Now we give the following results:

IV.1proposetion: let /:X—Y be a-Light map and let G < X, then the restriction map f| s :G—f(G) , is also
a-Light map.

Proof: to show that for all y e f(G), f(y)NG is totally a-disconnected set in G. let a,b

€ t(y)nG then ab e f*(y)and since f is a-Light map then for all y Y, f*(y) is totally a-
disconnected set in X (by I.2) , that is there exists a a-disconnection A/B such that
(ANFHy)yu@nfi(y))=Ff"(y)and

ANFHYHNEBNTF YD =0

Such that A,B are disjoint a-open subsets of X, and a € A,b € B now to show that A/B is o-
disconnection to f *(y) (NG also .since

(@GN NAUCGNT(yNNB) =(GN((F*(Y)NAYUGNE ™ (y)NB))

=GN (V)NAYUEF " (y)NB)=GNf(y)and
(GNFHYNNANCGNT(Y))NB)=(GNE(Y)NANNGN(E " (Y)NB))
=GNIF*MNANE(YNB)I=GNe=0¢

Such that (GN f*(y))NA(GN f(y))NB are two disjoint a-open sets , hence f*(y)NG is totally o-
disconnected set , f| ¢ is a-Light map.

1V.2proposition:let />X—7Y be a pre-Light map and let U < X, then the restriction map flu
:U—f(U) , is also pre-Light map.

Proof: to show that for all y e f(U), f*(y)NU is totally pre-disconnected set in U. let a,b € f*(y)nu

then ab e f*(y)and since f is pre-Light map then by (11.3) for all yeY,f™(y) is totally pre-
disconnected set in X , that is there exists a pre-disconnection A/B such that
(ANFHy)yu@nfily))=Ff"(y)and

ANFHYHNEBNTF(Y) =0

Such that A,B are disjoint pre-open subsets of X, and a € A,b € B now to show that A/B is o-
disconnection to f*(y) N U also .since
(UNFHY))NAUEUNT(y)NB) = (UNE(YNA)YUUNE(Y)NB)

=UNIF(NA)UE(y)NB) = UNf(y)and

UNFY)NANEUNTFHY))NB) = (UNE Y NA)NWUNE(Y)NB)
=UNIEMNANEYNBI=UNe=0

Such that (UNF(y))NA, (UNF™(y))NB are two disjoint pre-open sets , hence f *(y) N U is totally pre-
disconnected set , f| s is pre-Light map.

IV.3proposetin:let /-X—Y be a F-Light map and let U < X, then the restriction map f| - U—f(U) , is also
F-Light map.

Proof: to show that for all y e f(U), f*(y)NU is totally pre-disconnected set in U. let a,b
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€ ti(y)nu thenab e f *(y)and since f is pre-Light map then by (I1.4) forall y €Y, f *(y) is totally F-
disconnected set in X , that is there exists a F-disconnection A/B such that
(AN ypuU@nft(y)=Ff*(yand

ANFry)NEBNF* Y)=9

Such that A,B are disjoint F-open subsets of X, and a € A,b € B now to show that A/B is F-
disconnection to f*(y)nu also .since

(UNfAy)NAUEUNTFy)NB) = (UN(F*(y)NA)YUUNE(Y)NB))

=UN[E(y)NA)UF(y)NB) = UNF(y)and

(UNEFH ) NANEUNFHY))NB) = (UNEY)NA)YNWUNE(Y)NB))
=UN[F*(NANE(Y)NB)I=UNp=0

Such that (UNf*(y))NA,(UNF(y))NB are two disjoint F-open sets, hence f~(y)NU is totally F-
disconnected set , f| s is F-Light map.

V. Relation between types of Light maps:

V.1proposetion:Every light map is a-light map.

Proof: let -X—Y be Light map then for all yeY , the fiber f(y) is totally disconnected set in X and
from(1.7) , that f'(y) is totally o disconnected set in X and hence f:X—Y be a-Light map.

V.2proposetion:Every light map is pre-light map.

Proof: let /:X—Y be Light map then for all yeY , the fiber f'(y) is totally disconnected set in X and
from(1.7) , that f(y) is totally pre- disconnected set in X and hence />:X— Y be pre-Light map.

V.3proposetion:Every light map is F-light map.

Proof: let /"X—Y be Light map then for all yeY , the fiber f "(y) is totally disconnected set in X and
from(1.7) , that f'(y) is totally F- disconnected set in X and hence /-X— Y be F-Light map.

V.4proposetion: let f:X—Y be map , then f is a- light map iff f is F- light map.

Proof: since f'(y) is totally a-disconnected set iff f *(y) is totally F-disconnected set in X for all yeY
(diagram I1).

V.5Remarak: The converse of the propositions (V.1,V.2,V.3) is not necessarily true.

Now we shill put some conditions either on the space or on the maps to get the converse of preceding
propositions.

V.6proposetion: let :X—Y be semi-light and pre-light map, then f is a- light map.

Proof: Since f is semi — and pre- light map, then the fiber” f*(y) is totally semi-disconnected set and totally
pre-disconnected set and hence f(y) is totally a-disconnected set ,then f is o~ light map.

The following definition is given in [9].

V.7Definition: A space X is submaximal if every dense subset of X is open in X.
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The following theorem is given in [3].

V.8Theorem: A space X is submaximal iff every pre-open set of X is open in X.

Now we give the following propositions .
V.9proposition: let />X—Y be pre-light map and X is submaximal space .Then f is light map.
Proof: Since f is pre-light map the fiber f(y) is totally pre-disconnected set in X for all yeY then there
exist a pre-disconnection U/V of f (y) in X where U and V are pre-open set in X and since X is submaximal
space then U and V are open set in X and U/V be a disconnection of f "(y) in X and hence f'(y) is totally

disconnected set in X and hence f is light map.

V.10poposition: let />X—Y be pre-light map and X is submaximal space .Then f is a-light map.

Proof: It easy from (V.10) and (V.1).
The following definition is given in [9].

V.11Definition: A space X is called extremely disconnected if the closure of each open set of X is open in
X.

The following theorem is given in [1].
V.12Theorem: In a submaximal extremely disconnected space X all semi- open sets are open.
Now we give the following propositions.

V.13proposetion: let />X—Y be semi -light map and X is subaximal extremely space. Then f is light map.

Proof: Since f is semi-light map then f(y) is totally pre-disconnected set in X for all yeY then there exist a
semi-disconnection U/V of f*(y) in X where U and V are semi -open sets in X , and since X is submaximal
extremely disconnected space then U and V are open sets in X and hence U/V be a disconnection to f(y) in
X then f(y) is totally disconnected set in X .then f is light map.

V.14proposition: let f>X—Y be semi -light map and X is submaximal extremely space. Then fis  a- light
map.

Proof: It easy from (V.15) and (V.1).

Now as a consequence of propositions (11.1,V.1,V.2,V.3,V.4,and V.6) we have the following diagram:
+

A

Pre-light map > Semi-light map

A
Y

Light map E— a-light map F-light map

(217)



2007 4l (2) 23l (12) Aaall 43 puall 2 glall Lol Alaa

References

[1] Douglas.E."propertiese of S-closed spaces " Amer.Math.soc.(72)3(1978), 581-586.
[2] Gorgees.S."Light open maps",M.sc.Thesis , University of Al-Mustansiriyah (2001)
[3] Julian.D."Survey on pre-open sets"PL4,Y liopistonkatu,J.Math.1(1988),1-18.

[4] Khalid.Sh."Light fiber maps"M.sc.Thesis, University of Al-Mustansiriyah (2004).

[5]Latif.M."Characterization of alpha weakly continuous mapping" first conference on Mathematical
sciences(2006) , Zaraga private University , Jordan.

[6]Levine.N."Semi-open and semi-continuity in topologic spaces",Amer.Math.Monthly,70(1963)
[7]Maximilian.G."pre-open sets and Resolvable spaces ".Kyungbook.Math.J.27(2)(1987),135-143.
[8]Methag.H."On feebly proper Actions"M.sc.Thesis, university of Al-Mustansiriyah(2006).
[9]Saeid.J.and Takash,N."On almost pre-continuous function"Internt.JMath(24)3(2000),193-201.

[10]Whyburn.G."Analytic to topology "A.M.S.colloquium publication, New York 28.(1955).

(218)



