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ABSTRACT

Let M be a 2-torsion freer-ring satisfies the condition
Xaypz=xpYyaZ for all X,y,zeM and «,p 1. In section one ,we
prove if M be a completely primer-ring and T:M—M an
additive mapping such that T(a«a)=T(a)«a (resp., T(aca)=a«
T(a ))holds for all acM,«<r.Then T is a left centralizer or M
IS commutative (res.,a right centralizer or M is commutative)
and so every Jordan centralizer on completely primer-ring M
is a centralizer .In section two ,we prove this problem but by
another way. In section three we prove that every Jordan left
centralizer(resp., every Jordan right centralizer) onr-ring has
a commutator right non-zero divisor(resp., onr-ring has a
commutator left non-zero divisor)is a left centralizer(resp., is a
right centralizer) and so we prove that every Jordan centralizer
on r-ring has a commutator non —zero divisor is a centralizer .

Key wards :r-ring, primer-ring,semi-primer-ring , left
centralizer, Right centralizer, centralizer, Jordan centralizer.
1-INTRODUCTION

Throughout this paper,M will represent r-ring with center
Z .In [7] B.Zalar proved that any left (resp.,right )Jordan
centralizer on a 2-torsion free semi-prime ring is a left
(resp.,right)Centralizer.In [3] authors prove the same question
on the condition that R has a commutator right (resp., left)
non- zero divisor .And J.Vukman in [6] proved that if R is2-
torsion free semi-prime ring and T:R—R be an additive
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mapping such that 2T(x?)=T(x)x+xT(x) holds for all

X,yeR .Then T is left and right centralizer.In this paper we
define Jordan centralizer onr-ring and we show that the
existence of a non-zero Jordan centralizer Ton a 2-torsion free
completely primer-ring M which satisfies the condition
Xaypz=xpyazforall x,y,zeM and «, g e rimplies either T is
centralizer or M is commutative r-ring.

Let M and r be additive abelian groups, M is called a r-
ring if for any x,y,z eM and «, g e r,the following conditions
are satisfied
(DX ay eM
(D(X+Y) az=X azty aZ

X(a+p)2=X a2+X pZ

X a(Yy+2)=X ay+X aZ
@)X ay) pz=x a(y p2)

The notion of r-ring was introduced by Nobusawal[5] and
generalized by Barnes[1],many properties of r-ring were
obtained by many research such as [2]

Let A,B be subsets of a r-ringM and aa subset of rwe
denote A A B the subset of M consisting of all finite sum of the
form > abwhere a cA,b B and 4 eA .Aright ideal(resp.,left

ideal) of ar-ring M is an additive subgroup | of M such that
IrMcl(resp.,Mrlcl).If lis aright and left ideal inM,then we
say that | is an ideal .M is called a 2-torsion free if 2x=0
implies x=0 for all xe M.Ar-ringM is called prime if

ar Mrb=0 implies a=0 or b=0 and M is called completely
prime if a rb=0 implies a=0 or b=0(a,b «M),Sincearb rarb
<a M rhb,then every completely prime r-ring is prime.Ar -
ring M is called semi-prime if ar Mra=0 implies a=0and M is
called completely semi-prime if a ra=0 implies a=0(ac M)

Let R be a ring,an additive mapping D:R—R is called
derivation if D(xy)=D(x)y+xD(y) holds for all x,yeR.A
left(right ) centralizer of R is an additive mapping T:R —R
which satisfies T(xy)=T(X)y(T(xy)=xT(y)) for all x,yeR.A
Jordan centralizer be an additive mapping T which satisfies

T(Xoy)=T(X) -y=X-T(y).
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A Centralizer of R is an additive which is both left and right
centralizer.An easy computation shows that every centralizer is
also a Jordan centralizer.Many Papers work about the
problem every Jordan centralizer be centralizer such as
iN[7] .In this paper ,we work this problem on some kind of r-
ring.
Now ,we shall give the following definition which are basic in
this paper.
Definitionl.1:-Let M be a r-ring and let D:M — M be an
additive map,D is called a Derivation if for any a,b <M and
« e T ,if the following condition satisfy
D(aab)=D(a) ab+aaD(b)
Definition1.2:- Let M be a r-ring and let T:M — M be an
additive map ,T is called Left centralizer of M, if for any a,b
eM and « <, the following condition satisfy T(aab)=T(a) «b,
Right centralizer of M,if for any a,b eM and « e, the
following condition satisfy
T(aab)=aa T(b),
Jordan left centralizer if for all acM and « <, the following
condition satisfy
T(aea)=T(a) aa
Jordan Right centralizer if for allacM and « <, the
following condition satisfy
T(aca)=a o« T(a)
Jordan centralizer of M,if for any a,bp eM and « <1, the
following condition satisfy T(aab+b «a)=T(a) ab+ba T(a)=a
aT(b)+T(b) ca

A centralizer of M is an additive mapping which is both left
and right centralizer.An easy computation shows that every
centralizer is also a Jordan centralizer but the converse is not
true .In this paper we prove this problem when M is 2-torsion
free completely prime r-ring.Now we shall prove the following
Lemmas which are necessarily to prove our main result in this
paper.
Lemma 1.3:-Let M be a 2-torsion freer-ring and let T:M —
M be an additive mapping which satisfies T(axza)=T(a)
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aa,(resp., T(aza)=a « T(a)) for allacM and « <r,then the
following statement holds for all a,b,ceM and «, ger,
(i) T(aabtb «a)=T(a) ab+T(b) aa
(resp., T(aab+b ca)=a « T(b)+b o T(a))
(i) Especially if M is 2-torsion free and aacbgc=agbeac
for all a,b,ceM and «, g <rthen
T(aabpa)=T(a) abpa (resp., T(aabpa)=a abp
T(a))
(i) T(aabpctcabpa)=T(a) abpc+T(c) abpa.
(resp., T(aabpc+cabpa)=a abpT(c)+c abpT(a)

Proof:-(i) Since T(aca)=T(a) «a for all acM and

Replace a by a+b in (1),we get
T(aabtb «a)=T(a) «b+T(b)

(if) by replacing b by a gb+b ga, g e r
W=T(aa(a gb+b pga)+(a gbtb ga) «a)
=T(a) a(a gbtb pa)+T(a pb+b pa) ca
=T(a) «(a pb)*T(a) « (b pa)+ (T(a) p b+T(b) 5 a) aa
=T(a) a(a gb)+T(@) « (b pa)+T(a) p baa+T(b) g aca
Since aabpc=apbac,then
W=T() «(a gb)+2T(@) « (b pa )+ T(b) p a ca
On the other hand
W=T(aa(a pgbt+b ga)+(a pgb+b ga) «a)
=T(aa(a ph)taa(b pa)+(a pgb) aa+(b pa) «a
=(acapbtbpaca)+2T(aabpsa)
By comparing these two expression of W, we get
2T(aabpa)=2T(a) «b pa
Since M is 2-torsion free ,then
T(@abpa)=T(@) ab pa.cceeeieeieiiiiiiniiiiiiiiannnn. 3)
(ii))In (3) replace a by a+c,to get
T(@aabpctcabpa)=T(@) abpc+T(C) abpa.................. (4)
Theorem 1.4:- Let M be a 2-torsion free completely primer -
ring which satisfy the condition xay sz=x gy« z for all
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XY, Z2eM ,a, per, and let T:M — M be an additive mapping
which satisfies T(aza)=T(a) «a ,for all acM and « < ,then
T(aab)=T(a) «b, foralla,beMand «csror Mis
commutativer -ring.
Proof:-By [Lemma 1.3,iii] ,we have
T(@aabpctcabpa)=T(@) abpc+T(c) abpa
Replace c by aab
W=T(aabpg(aab)+(aab)absa)
=T(a) abp acb +T(aab) abpa
On the other hand
W=T((aab)p(@aab)+ac(bab)sa)
=T(aab)paab+T(a)ababpa
By comparing these two expression of W, we get
T(aa b)ﬂ(aa b-b « a) + T(a)ab i (baa-a a b):0
T(aa b)ﬂ(aa b-b « a) - T(a)ab i (aa b-b « a):O
(T(@aab)-T(@)ab)p@ab-b a a)=0.ccceeieiiniiinnnnnnn (5)
Since M is completely prime r-ring ,then
either T(aab)- T(a)ab=0 or aab-b « a=0
if T(@aab)- T(a)xb=0then T(aab)=T(a)ab
and if aab-b « a=0 for alla, beM and « < ,then M is
commutativer -ringe
Theorem 1.5:- Let M be a 2-torsion free completely primer -
ring which satisfy the condition Xxay gz=xpgy«z for all
X,¥,Z2eM ,a, per,and and let T:M — M be an additive
mapping which satisfies T(aza)=a « T(a)for all a<M and
aelthen T(aab)=a « T(b) foralla,peMand a eror M is
commutativer -ring.
Proof:- From[Lemma 1.3,iii],we have for all a,b,ccM and «,
Bel,
T(@a ab gc+c ab pa)=a ab pT(C)+C b pT(a)............... (6)
In (6) replace c by b «a, then
W=T(@ ab g(b xa) +(b «a) «b pa)
=aabpT(b cd)t b ca gb «T(a)
on the other hand
W=T@a(b gb)aa+(b aa) «(b pa))
=aacbpbaT(a)tbhaapsT(baa)
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by comparing these two expression of W ,we get
aabp(T(baa)-baT(a)) -baas(T(baa)-baT(a))=0
(@ab-baa)p(T(baa)-

since M is completely prime r-ring,then

either (T(baa)-baT(a))=0 = T(baa)=baT(a)

or aab-bea=0 = aacb=baa =M is commutative r-ringe
Corrolary 1.6:- Every Jordan centralizer of 2-torsion free
completely prime r-ring M which satisfy the condition
Xaypz=xpyazforall X,y,zeM ,a, per, isa centralizer on M.

2-The second result
In this section we again divided the proof in few lemmas.
Lemma2.1:- Let M be a semi-primer-ring and D a derivation
of M and a<M some fixed element.
(1))D(x) « D(y)=0 for all x,yeM, « «r implies that D=0 on M
(iaax-Xx a a eZ, forall x eM, « er implies that a<Z.
Proof:-
(i) since D(x) « D(y)=0 for all x,yeM, a er .
and D(ya X)=D(y) ax+ ya D(X)
and so D(X) « D(y aX)=0,then
D(X) a D(Y) aXx+ D(X)aya D(X)=0
since D(X) « D(y)=0,then
D(X)aya D(X)=0 for all X,yeM, a er
And since M be a semi-primer -ring ,then
D(x)=0 for all xeM.
(if)define D(X)=aaX-X « @
it Is easy to see that D is derivation on M
since D(x) Z for all x «M,we have
D(Y) d X=X aD(1)eeeeeiriiareisiisesnsisnscsnscsnssonn (8)
Replacey by yaz in (8)
D(y «z) aX=X aD(y a2)
D(Y) a zaXty aD(z) a X=X a D(y) aztX ay o D(2)
DY) a(z a X-X a 2)=D(2) a(X a Y-y aX)
Now, take z=a, then it is easy to see that D(a)=0,s0
D(y) a«(a a X-X « @)=0
D(y) « D(x)=0,then from (i),we get D=0 and hence a <Z@
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Lemma 2.2:- Let M be a semi-primer -ring and a<M some
fixed element.
If T(X)=a a X +X a @, forall xeM,a 1 is a Jordan
centralizer ,thena <Z
Proof:-from [definition 1.2]
TXayty aX)=T(X) ay+ya T(X)
Gives us
TXay)+T(y aX)=T(X) aytya T(X)
da XaYytaayVYaXtXaVyaadtya Xaa=
=(aa X+X a @) ayty a(a a X +X « a)
—daXayYytXaogadaytyaeda Xty aX a a
Then
aday aX-Xad ayYtX ay ad-y ad aX =0
(@ ay-y ad) aX-X a(@ ay-y «ad)=0 for all x,yeM,a er
Then a ay-y «a eZ and so by [Lemma 2.1,ii],we get a <Z.
Lemma 2.3:- Let M be a semi-primer-ring ,then every Jordan
centralizers of M maps from Z into Z.
Proof:-take any c<Z and denote a=t(c)
2T(CaX)=T(CaX+XaC)
=T(C)ax+XxaT(C) =a aX +X aa
Then S(x)=2T(c «X) is also a Jordan centralizer ,by[ lemma
2.2],we geta Z.
Then T(c)eZ®m
Lemma 2.4:- Let M be a semi-primer-ring and a ,b eM two
fixed elements.
If a ax=X ab for all xeM, « er then a=beZ.
Proof:-Since X ab=a aX
Replace X by X ay
X ay ab=a aX ay
Xay ab=X ab ay
X a(y ab-b «y)=0,and so
(y ab-b ay)X a(y ab-b ay):O
Since M is semi-prime r-ring, then
(Y ab-b ay)=0
y ab=b ayforally eM, thenb ¢Z
since a a X=X ab=b a X
it is easy to see that
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(a-b) ax=0forall x <M
and(a-b) axa (a-b)=0 for all x eM
again since M is semi-prime r-ring then a-b=0=a=b<Z@
Proposition 2.5:-everyJordan centeralizerof 2-torsion free
completely prime r-ringM is a centralizer.
Proof:-Let T be a Jordan centeralizer,i.e
TXay+y aX)=T(X) ay+Ya T(X)=X a T(y)+T(y) aXx
If we replace y by X ay+y a X, then the left side
W=T(Xa (X ayty aX) +(X ay+y aX)aX)
=T(X) a( X ay+y aX)+( X ay+y aX) a T(X)
=TX) a(XaY)*TX) a Yy axtX a Yy a TX)+Y aX a T(X)
and the right side
W=X a T(X ay+y aX)+T(X ay+y aX) aX
=X aT(X) ay+tX ay a TX)+T(X) ay aXty a T(X) aX
Then
TX) aX ay+y aX a T(X)-X a T(X) ay-y a T(X) ax=0
(T(X) aX X a T(X))ay+tya(X a T(X)- T(X) ax )=0
Then
(T(X) aX X a T(X))ay=ya(T(X) ax -X « T(X)) for all x,y
eM, a e I.
And so (T(X) ax -X a T(X)) eZ
then we must prove that
T(X) aX -X a T(X)=0
Takeanyc Z
2T(CaX)=T(CaXx+XaC)
=T(C) ax+xa T(C)
=2T(X) aC
Using[ Lemma 2.3]and since M is 2-torsion freer- ring
T(CaX)=T(X) ac=T(C) aX
(T(X) ax-Xa T(X)) ac=T(X) aX aC-XaT(X)aC
=T(C) aXaX-XaT(C) ax=0
then(T(X) aX-Xa T(X)) aCa(T(X) aX-Xa T(X)) =0
since M is semi-primer - ring ,thenT(X) aX-Xa T(X) =0
2T(Xa X)=T(XaX+XaX) =T(X) aX+Xa T(X)
=2T(X) ax =2Xa T(X)
Since M is 2-torsion free ,then
T(XaX)=T(X) aX=Xa T(X)
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And so by [Theorem 1.4, Theorem1.5],we get the result.

3-JORDAN CENTRALIZERS ON SOME GAMMA RING
Theorem 3.1:- Let M be a 2-torsion freer -ring which satisfy
the condition Xay gz=xpgyeaz for all X,y,zeM ,a, per and has
a commutator right non-zero divisor and let T:M—M be an
additive mapping which satisfies
T(aca)=T(a) « aforallacM and « er,then T(aab)=T(a)
a b forallabeMand aer.
Proof:- from (5),we have
(T(aab)-T(a)ab)p(@aab-b « a)=0
iIf we suppose that
o(a,b)=T(aab)- T(a)ab and [a,b]=aab-b a a
then é(a,b) g [a,b]=0 for all a,pesM and «,per............... 9)
Since M has a commutator right non-zero divisor ,then
aX,yeM, a T such that if for every ceM, ger
cp[Xx,y]=0=c=0
by (9),we have o(x,y) g [x,y]=0 and so

replace a by a+x

o(at+x,b) p [a+x,b]=0 and so by (9) and (10)

o(x,b) s [a,b]+ o(a,b) s [x,b]—0................ (11)

Now replace b by b+y

o(x,bty) s [a,bty]+ d(abty) s [x,b+y]=0

and so by (10) and (11),we get

o(x,b) s [ayl+ o(ay) s [xb]+o(ab) s [xyl+d(ay) s [xy]=0
o(a,b) s [xyl+ o(ay) s [xy]=0

by (11),we get

o(ab) s [xyl-o(xy) s [ay]=0

then

o(a,b) p [x,y]=0,and so d(a,b) =0 for all a,bcM and a er
T(aab)=T(@)ab=T is left centralizer of M.

Theorem 3.2:- Let M be a 2-torsion freer -ring which satisfy
the condition Xay gz=xpYyaz for all X,y,zeM ,a, gerand has
a commutator left non-zero divisor and let T:M—M be an
additive mapping which satisfies

227



2007 aind (2) 33801 (12) dlanall & juall o slall Ganeslall dlae

T(aca)=a « T(a) forallacM and o er,then T(aab)=a «
T(b) foralla,peMand aer.

Proof:- From[Lemma 1.3,iii],we have

T(a ab pc+c ab pa)=a ab pT(C)+C ab
BT(@)..cuueen....... (12)

In (12) replace c by b «a ,then

W=T(a ab g(b ad) +(b @) ab pa)

=acbpT(b cd)+b aa gb «T(a)

on the other hand

W=T(@ a(b gb)aca+(b ad) «(b ga))
=acbpbaT(a)tbaapsT(baa)

by comparing these two expression of W ,we get
aabp(T(baa)-baT(a)) -baas(T(baa)-baT(a)=0
then if we suppose B(b,a)= (T(baa)-baT(a))

[a,b] g B(b,a)=[a,b] sB(a,b)=0 for all a,beM , «,

Since M has a commutator left non-zero divisor thenax,ye M,
a eT such that if for every ceM, ger, [X,y] pc=0=c=0

then by (13),we have

[X,Y] 8 B(X,Y)=0=Bx,p)=0....ccccevveeiianrnns (14)

in (13) replace a by a+x

[a+x,b] s B(a+x,b)=0

then by (13)

[x,y] s B(a,b)+[a,b] g B(x,b)—=0..................... (15)

Now replace b by b+y

[x.b+y] s B(a,b+y)+[a,b+y] s B(x,b+y)=0

then by using (14) and (15),we get

[x.,y] #B(a,b)=0

and since [x,y] is a commutator left non-zero divisor then
B(a,b)=0=T(aab)=aa« T(b) which is mean that T is right
centralizer

Corrolary3.7:- Let M be a 2-torsion freer -ring which satisfy
the condition Xay gz=xpgyeaz for all X,y,zeM ,a, per, hasa
commutator non-zero divisor and let T:M—M be a Jordan
centralizer then T is centralizer®
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