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ABSTRACT

In this paper we define a Generalized Jordan left derivation on I" -ring and show that
the existence of a non-zero generalized Jordan left derivation D on a completely prime I -
ring implies D is a generalized left derivation .Furthermore we show that every generalized
Jordan left derivation on I -ring has a commutator left non-zero divisor is a generalized
left derivation on I"-ring.
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generalized Jordan left derivation .

1-INTRODUCTION
An additive mapping d:R—R is called a left derivation (resp.,Jordan left derivation)if

d(xy)=xd(y)+yd(x)(resp.,d(x * )=2xd(x)) holds for all x,y € R.Clearly, every left derivation
is a Jordan left derivation, Thus ,it is natural to ask that :whether every Jordan left
derivation on a ring is a left derivation? In [1 ] authors answered the above question in
case the underlying ring R is 2-torsion free and prime and in [ 5] Rajaa
c.Shaheen,answered the above question in case the underlying ring R is a 2-torsion free
and has a commutator left non-zero divisor and define the concept of generalized
Jordan left derivation and Generalized left derivation as follows:

Let R be aring,and let 6:R—R be an additive map,if there is a left derivation
(resp.,Jordan left derivation)d: R—R such that 8(xy)=x &(y)+yd(x) (resp., 8(x* )=x
o(x)+xd(x) for all X,y € R,then § is called a generalized left derivation and d is called the
relating left derivation(resp., then 8 is called a generalized Jordan left derivation and d
is called the relating Jordan left derivation).and study the same problem .In this paper
we define a generalized Jordan left derivation and we show that the existence of a non-
zero generalized Jordan left derivation D:M—M on a completely primeI -ring M
which satisfy the condition xay fz=x fya zforall xyzeMand a,f € I' implies D
is a generalized left derivation and we show that every generalized Jordan left derivation
on I -ring has a commutator left non-zero divisor is a generalized left derivation.

Let M and I" be additive abelian groups, M is called a I"-ring if for any x,y,z € M and

o, p € I the following conditions are satisfied
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U xayeM

QXx+y) az=x az+ty oz
X(a+p)=x az+x fz
X a(y+tz)=x ay+x az

G)x ay) pfz=x aly f2)

The notion of I"-ring was introduced by Nobusawa[4] and generalized by

Barnes[2],many properties of I"-ring were obtained by many researcheres.

M is called a 2-torsion free if 2x=0 implies x=0 for all xe M.AT" -ring M is called prime if
al’ MTI b=0 implies a=0 or b=0 and M is called completely prime if a I" b=0 implies a=0
or b=0(a,b eM),Sinceal’'bI"'al'b ca I'M I'b then every completely prime I"-ring
is prime. In [3] Y.Ceven defined a Jordan left derivation as follows

Definition 1.1 :-Let M be a I" -ring and let d:M—M be an additive map.d is called a Left
derivation if foranyape Mand a € I',

d(aa b)=aa d(b)+ba d(a),

d is called a Jordan left derivation if foranyaecMand o € I',

d(aax a)=2aa d(a).

In this paper ,we generalized the above definition by giving the following definition
Definition 1.2:- Let M be a I" -ring and let D:M—M be an additive map.Then D is called a
Generalized left derivation if there exist a left derivation d:M—M such that

D(aa b)=aa D(b)+ba d(a) ,forallapbe Mand € I,

Definition 1.3:- Let M be a I"-ring and let D:M—M be an additive map.Then D is called a

Generalized Jordan left derivation if there exist a Jordan left derivation d:M—M such that

D(aa a)=aa D(a)+taa d(a) ,forallac Mand a € I',
2. RESULT
Lemma 2.1:- Let M be a I" -ring, D:M—M be a Generalized Jordan left derivation and
d:M—M be the relating Jordan left derivation then the following statements hold:
Q) D(aa b+ba a)=aa D(b)+ba D(a)+a«a d(b)+ba d(a) forall a,be M and
ael,
Especially if M is 2-torsion freeand aa b fc=a S ba c, for all a,b,ce M and
a,p el then
(i) D@aabpa)=aabpD(@)+2aabpd(@+acapdb)-baapd)
(iii) D@@aabpfctcabpa)=aa b pD(c)+cab f D(@)+2aa b g d(c)+
2cabpd@+aacpdb)+caapdb)-baapdc)-bacpd@).
Proof:-(i)Since D is a Generalized Jordan left derivation then

D(aa a)=aa D(a)tacx d(a) ,forallac Mand o € T',............... ()

By linearizing (1),we get for alla,be Mand « € I',
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D(aa b+ba a)=aa D(b)+ba D(a)+aa d(b)+ba d(@),.....ceuveu..... (2)

(i)In (2) replacebbyapgbtbpa , pel’

W=D(aax (afb+bpa)+(@pb+tbpa) aa)

zaaD@pbtbpa )+(apbtbhpa )aD(a)+
aad@pBb+bBa)+(aBb+bBa)ad()

zacafD()+taab g D@+a a a f db)taa b g d@+a f b a D@)+h f a

D(@)+2a o a pf d(b)+2a a b g d(a)+a S b a d(a)+b f a a d(a)

on the other hand,
W=D(aa (apfb+bpa)+(@apb+tbpa) aa)

=D(a cxa fb+2a ab fath fa aa)

=D(@a aa fb+b fa aa)+t2D(@a ab pa)
=acaa f D(b)tb p D(aaa)raaa f db)+th g da «¢a) +2D(a ab pa)
=a aafD(b)+b faa D(a)+th fac d(@)+a aapfdb)+2b fac d(@)+2D(aa b S a)
then by comparing these two expression of W and by using the fact of 2-torsion free
ring ,we get
D@@aabpa)=aabpD(@)+2aabpd@+acapdb)-baapd@).......... a3
(iii)by linearizing (3) we find that
D@@aabpfctcabpa)=aab pD(c)+cab f D(@)+2ac b g d(c)+
2cabpd@+aacpdb)tcaapdb)-baapdc)-bacpd...... “)
Now we shall give the following lemma which is necessary to prove [lemma 2.3]
Lemma 2.2:-let M be a 2-torsion free I -ring and d:M—M is a Jordan left derivation
onMandaabpfc=afbacforallabceMand o, €T then
(@aaaab-2aab aath aa aa) fd(b)=0.
Proof:- From [3 ,Lemma 2.2,i],we have
(@aaab-2aabaath aa aa) fd(@)=0...ccceuenenenn (5)
by replacing a by a+b in (5),we find that
((at+h) a (at+h) @ b-2(a+b) o b« (at+h)+b & (a+b) & (a+b)) S d(a+b)=0
(@xaabtbaaabtaabab+tbabab-2aabaa-2aabab-2babaa-2bab a b+b
aaaath ab abtb aca ab+bh ab aa) g (d(a)+d(b))=0
(@aadaab+t2b aa ab-2aabaaaababbabaath aa aa) f(d(@)+d(b)=0
(axaab-2aabaatbaaaa)-(babaa-2baaabtacbab)) pd(a)+

(axaab-2acbaatbaaaa)-(babaa-2baaabtacbab)) fdb)=0
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andsince (a ¢a ab-2a ab aath aa aa) £ d(a)=0,we get
-babaa2baaabtacbab)fd@+@aaab-2aabaatba aa a) fdb)=0............. 6)
since

0=d([a,b] 5 [a.b])

=d(a f (b ca ab)t(b aa ab) pa)dac (bab) aa)-dba (aca) ab)

=2(a f d(b aa ab)+ (b aa ab) pfd@)-a aa gdb ab)-3a ab ab gd@+b ab
aa fd@)-b ab pda aa)-3b ca aa pgdb)ta aa ab gd(b)
=-3(acxaab-2aacbaatbaaca) fdb)-(a ab ab-2b ca abtb ab aa) fd(a)

and hence

@abab-2baaabtbabaapd(@+3(acaab-aabaatbaaaa)fd(b)=0

from(6) and (7) ,we get
4d(acxaab-2acbaatbaaaa)fdb)=0

and since M is 2-torsion free I -ring,then

(acaab-2aabaatbaaaa) fd(b)=0m

Lemma2.3:- Let M be a 2-torsion free I -ring which satisfy the condition
aabpc=afbac,forallabce Mand a, f € I', then D:M—M be a Generalized
Jordan left derivation and d:M—M be the relating Jordan left derivation then

[ab] B (D(b aa)-b & D(a)-a a d(b))=0

Proof :- In (4) replace c by [a,b] =a ab-b a a

Y=D(aca b #[ab]+[ab]ab S a)

=aa b fD([ab])+[ab]a b g D(a)+2ac b fd([ab])+2[ab]a b fd(a)+tac [ab]  Sd(b)+
[ab] aapd(b)-baapd([ab])-ba[ab] £d(a)
=aabfD(@ab)-aabpDbaa)t[ablabpD(@)+2aab g d(ab])+

2[ab]a b pd(@)+aa [ab] Sd(b)+ [ab] aapdb)-baapgd(abl)-balab] fd@)

since [a,b] A d([a,b])=0 from [3,lemma 2.2,(iii)]
Y=aabpD(@ab)-aabpfDbaa)t[ablabpD@)+acbpfd(abl)+ 2[ablabpd@) -
ba [a,b] fd(a)+ac [a,b] fd(b)+[ab] aapdb)

On the other hand,

Y=D(aa b f[abl+[ablabpa)
=D(aabpfaab-aabpfbaatacbpfbaa-baafbaa)
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=D(aabpfaab)-Dbaapfbaa)
zaabpD(aab)taabpfd@aab)-baapfDbaa)tbaapdbaa)
Then by comparing these two expression of Y and since from [3,Lemma2.2],we have
[ab] Sd(@ ab)=a a[ab] Sd(b)+b a[ab] Bd(@.................... (8)
then we get
-[a,b] B (D(b @ a)-b o D(a)-a a d(b))+acx b S d([a,b])+2[a,b] b B d(a)-ba [a,b]
pd@)+[ab] pd@ab)-ba[ab] pd(@)-acbpd@aab)+tbaapdbaa)=0
then
-[ab] B(D(b aa)b aD@-a adb)+acbBd(abl)+2[ab] «abBd(@)-2ba[ab]
pd@+aabpd@ab)-baapd@ab)-aabpd@ab)+bhaapdbaa)=0
-[a,b] B (D(b & a)-b & D(a)-a « d(b))+[a,b] S d([a,b])+2[a,b] a b B d(a)
-2ba [a,b] S d(a)=0
by [3,Lemma2.2,iii],we have
[a,b] pd([a,b])=0forallabeMand a,f el .
Then
-[a,b] B (D(b a a)-b & D(a)-a a d(b))=2(-[a,b] & b+b « [a,b]) Bd(a)
=2(b a[a,b] -[a,b] ab) pd(a)
since
(b a[ab] -[a,b] ab) gd(a)=[ab] Sd(@aab)-ac[ab] £d(b)-[ab] abpsd@)
=[a,b] S (d(aa b)-b ad(a))- ac [ab] Ad(b)
=[ab] pa ad(b)-a aab] £d(b)
=([a,b] aa-a a [ab]) pd(b)
then
-[a,b] B (D(b ¢ a)-b o D(a)-a a d(b))=-2(a « [a,b]- [a,b] aa) Bd(b)
=2(@caab-2aabaatbaaaa)fdb)....(9
so by [Lemma 2.2],we get

[a,b] S (D(b a a)-b aD(a)-a a d(b))=0.................... (10)

Theorem?2.4:- let M be a 2-torsion free I"-ring has a commuator left non-Zero divisor
and aabpfc=afbac for all abceM and a,f €I’ and D:M—M is a Generalized

Jordan left derivation on M and d:M—M is the relating Jordan left derivation Then D is a

Generalized left derivation on M.

Proof:- if we suppose that
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G(b,a)=D(b a a)-b a D(a)-a a d(b)
Then (10) becomes
[a,b] B G(b,a)=0 forallabeMand a,f el ............. (11)

Since M has a commuator left non-Zero divisor then 3xy eM and «, § e T such that
[x,y] pc=0 implies that c=0

It is easy to see that from (11),

[x,y] B G(y,x)=0 and so G(y,x)=0

In (11) replace a by a+x,then we get

[x,b] B G(b,a)+ [ab] B G(b,x)=0........................ (12)

replace b by b+y in (12),then we get

[x,yl B G(b,a)=0 = G(b,a)=0

i.e D(b ¢ a)=b o D(a)+a « d(b)

= D is a Generalized left derivation on M.

Theorem 2.5:- let M be a 2-torsion free completely prime TI'-ring and

aabpfc=afbacforallabceMand a,f €' and D:M—M is a Generalized Jordan
left derivation on M .Then D is a Generalized left derivation on M.
Proof:- Since[a,b] p G(b,a)=0forallabeMand a,p €I’

And since M is completely prime I" -ring,then either[a,b]=0 or G(b,a)=0
If [a,b]=0 for alla,peM and o € I' =M is commutative and so D is a Generalized left

derivation on M .if G(b,a)=0 then D is a Generalized left derivation on M.
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