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Abstract
The purpose of this paper is to study theng convergence of the sequence

of the Ishikawa iteration methods with errors t@tl points and solutions of local
strongly accretive and local strongly pseudo-caiva operators in the
framework of Banach spaces. Our main results isnfrove and extend some

results about Ishikawa iteration for type of coatinge, announced by many others.
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1. Introduction
Let X be an arbitrary Banach space withrmpi and the dual space X*. The

normalized duality mapping J:X - E Is defined by
J0)={f DX o0t >=[ [[OF | IF || =[x §

where <> denotes the generalized duality pairing. It ioWn that if X is
uniformly smooth, then J is single valued and umily continuous on any
bounded subset of X, we shall denote single-valueamalized duality
mapping by i.
Let T:D(T) X OO - X be an operator, where D(T) and R(T) denote the
domain and range of T, respectively, and | denmeadentity mapping on X.
We recall the following two iterative prases to Ishikawa and Mann, [1],
[2]:
I- Let K be a nonempty convex subset of X, and T:Ks K be a mapping, for any
given x [ K the sequence +x defined by
Xn+1= (1 =0p)Xn + 0Ty
Yo = (1 =Br)Xn + BnTXn (= 0)
is called Ishikawa iteration sequence, whewg><and <,> are two real
sequences in [0,1] satisfying some conditions.
Ii- In particular, if3, = 0 for all n= 0 in (i), then <x> defined by
Xo O K, Xp+1= (1 —0p)Xp + a,Ty,, N=0
is called the Mann iteration sequence.

Recently Liu in [3] introduced the follovgnteration method which he called
Ishikawa (Mann) iteration method with errors.

For a nonempty subset K of X and a mappig] - X, the sequence £x
defined for arbitrary xin K by
Yn = (1 =Br)Xn + BnTXn + Vi,
Xn+1= (L —0p)X, +a, Ty, + ,foralln=0, 1,2,...,

where <y> and <y> are two summable sequences in X (el u,|| < e
n=0

and >’ |v,|<®), <a,> and $.> are two real sequences in [0,1], satisfying
n=0

suitable conditions, is called the Ishikawa itesateth errors. If3, =0 and y=0

for all n, then the sequencexs called the Mann iterates with errors.

The purpose of this paper is to detime Ishikawa iterates with errors to
fixed points and solutions of local strongly acoretand local strongly pseudo-
contractive operators equations. Our main resuttprove and extend the
corresponding results recently obtained by [3] gddi[5].



1.1 Definition: [5]
Let X be a real Banach space and T:D{ R - X be an operator, then
1. T is said to be local strongly pseudo contractivéor each XxID(T) there
exists § > 1 such that for all ¥ D(T) and r > 0
X =y <[@+ rx-y)-rt, (Tx - Ty)| ..(1)
2. T is called local strongly accretive if for givefil»D(T) there exists k1(0,1)
such that for each ¥ D(T) there is j(x — y}1 J(x — y) satisfying
<TX =Ty, j(x—y)>2 ke [x=y[° ()
3. Tis called strongly pseudo contractive (respettiv@rongly accretive) if it is
local strongly pseudo contractive (respectivelgalesstrongly accretive) and t
=t (respectively, k= k) is independent of X D(T).
4. T is said to be accretive for if given x,[y D(T) there is j(x — y)J J(X = y)
satisfying
<Tx-Ty, jx-y)>= 0.

1.2 Remarks:

1. Each strongly pseudo contractive operator is lstraingly pseudo contractive.
2. Each strongly accretive operator is local stroragigretive.

3. T is local strongly pseudo contractive if and oifly — T is local strongly

accretive andk, =1—%, where { and k are the constants appearing in (1) and

(2) respectively, see [5].
The following lemma plays an important rigoroving our main results.

1.1Lemma: [1],[2]
Let X be a Banach space. Then for all X, % and j(x + y) J(X +y),

x+yI" <X +2<y,ix+ ) >

2. Main Results
Now, we state and prove the following tlesos:

2.1 Theorem:
Let X be a uniformly smooth Banach space ai: X[l - X be a local
strongly accretive mapping, i.e.

<Tx =Ty, j(x=y) >2k, [x -y (3
where k [0 (0,1), suppose that there exists a solution ofetipgation Tx = f for
some f0 X. For f X define S: X - X by Sx =f + x — Tx for all xd X, and
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suppose that R(S) is bounded. LgilK the Ishikawa iteration sequencesxwith
errors is defined by

Yo = (1 —Bn)Xn + BNSx, + bv, ...(4)
Xn+1 = (1 —0p)Xn + a,Sy, + au, foralln=0, 1,2,... . ...(5)
where €,>, <3,>, <> and <> are sequences in [0,1] satisfying

lima, =0 andlimB, =0 ...(6)
n=0

ansa]:CsC>oilaSBn (8)

and <> and <y> are two bounded sequence in X, thegp>=converges strongly
to the unique solution of the equation Tx = f.

proof: Let Tw = f, so that w is a fixed point of S. Sin@eis local strongly
accretive, it follows from definition of S that

<Sx - Sy, jx—y)>< [x =y -k, [x -y (9)
Setting y = w, we have
<Sx — Sw, j(x —w)>< [x - w|" -k, |}x —w|’ ..-(10)

If z is a fixed point of S, then (10) with x = zpires w = z.
We prove that <} and <y> are bounded. Let

A =sup{|Sx, = W|+[ Sy, = W| :n= O}||x,—w]|

B =sup{|u,| +] v,|| : n= O}

M=A+B

From (5) and (8), we get

‘ X1 WH <@- un)HXn - WH +a nHSyn - WH + an” UJ‘

<@-ao,)|x,~w|+a,A+a B
Hence
X —W[|<@-a,)[x,—w||+a M ...(11)
Now, from (4) and (8), we have
[yo = wl < @=B,)x, W] +B.Sx,~wj + by v |
<(1-B,)|x,—w|+B,A+B B

Then
ly, —w|<@-B,)|x, - w|+BM ..(12)
[x, —w| <M ..(13)

Now, we show by induction that
for all n= 0. For n = 0 we havix, —w|<A <M, by definition of A and M.



Assume now thafx, —w| <M for some re 0. Then by (11), we have
~w|<@-a,)|x,-w|+a M

<(@l-a,)M+a M =M.
Therefore, by induction we conclude that (13) hadbstituting (13) into (12), we
get
Iy, —w|<M ...(14)
From (12), we have
[y, = W] < @=B, ), —w|"+ 2B, (LB, Mx ,.~w]+BM?
Since 1 B, <1 and|x, -w| <M, we get
v, =Wl < x, —w["+2B,M? +(19)
Using lemma (1.1), we get
X = W[ <|@-a,)(x, - W) +a,u,+a ,(Sy,~ w|’

[

n+l

n+1

< |@-o,)(x, - w)+a,u + 2x,< Sy— w,jx, ~ wp

< (@0, %, W+ 2@-a )3 % - wf wl+ &) "+
200, <SY, = W, j(Y, = W)>+2X < Sy, = W, (X, ;= W)= J(Y,~ W >
Hence, using (9) and definition of M, we get

1% = W[ <X, —w|" =20 |, = w|* + a?|x .- w|*+ 2~ a ,)a,M + & M+
20, |y, = Wl - 20, k ||y, — W+ 20 c,

where

Cp =< SY, = W, J(Xnuy = W)= J(Y,— W) > ...(16)

By (13) and (15) and using that <a o}, we obtain
X = W[ <%, —w[" =20 [x, = W[ +02M? + 20 @M +2a |x —w] +
4a,B,M?—2a k. [y, - w[ +2a c,
and hence
Hxn+l - WHZ = Hxn a WHZ - 2ankayn a WHZ taA, -(17)
whereA =(a, +2a¢+ 43 )M+ 2c .
First we show that,d] —» 0 as nJ - o, observe that from (4) and (5), we have
X = Yo <[ B, —a )X ,—wW) +a (Sy,— w)=B (Sx,~ W)+ a,u~ bv|
< (B, — )|, ~w]+a Sy, = w[+B[Sx,~ wj+a Juf+B | v
and hence, by (13) and definition of M.
X0 = Vil = (3B, +a M ...(18)
Therefore|x,,, ~w - (y, -w)|0 - 0 as nJ -,



Since <{:1 — W>, <y — w> and <Sy— w> are bounded and j is uniformly
continuous on any bounded subset of X, we have
JXner-W)—j(Yo—W)L -0 as Ml - oo, ¢, =<Sx, = w, j(x
as nl - . Thus

limA, =0,

inf{Jy , -w|":n =0} =S > 0.

We prove that S = 0. Assume the contrary, i.e., & ¥hen|y, —WHZ >S>0 for
all n=0.

Hence

K, (v, —w[") 2k, (S)>0 where k O (0,1).

Thus from (17)

[, =W <%, = W] —ak,(S)-a,[k,(S)-A,] ..(19)
for all n = 0. SincelimA_ =0, there exists a positive integep Buch that

An < ky(S) for all n= n,.
Therefore, from (19), we have

~ W)= j(y,~w)>0 -0

n+1

o - Wl I, - wlf ~a k),
or

K, ()%, = W[" [y — W” for all n= ne.
Hence

Xy, = W[ =, =l <3, ",

which impliesiqn <o, contradicting (7). Therefore, S = 0.
n=0

kX(S)DZn:aJ. =|

=ng

From definition of S, there exists a subsequence|yf, —w| >, which we will
denote by<|ly, —w| >, such that
I_imHyj —WH =0 ...(20)
JﬂOO
Observe that from (4) for alla 0, we have
¢, W] Iy, ~w+B,(x, W) ~B.(Sx,~ w)+ b,y
<1y, =Wl By, -+ B, S, - wl+ b v
Since B < 3, by definition of A, B and M we get

Ix, —w|<|y, -w|+38,M, foralln=0 ..(21)
Thus by (6), (21) and (20), we have
lim xj—wH:O ...(22)

jﬂoo



Let € > 0 be arbitrary. Sincéima, =0,limf3, =0 and limA_ =0, there exists a

noo n- oo n-oo

positive integer Blsuch that

a, < i, B, < &
3M 3M

From (22), there existsX Ny such that

X, —w|<e ...(23)

We prove by induction that

X, —W| <€ foralln=0 ...(24)

For n = 0 we see that (24) holds by (23).
Suppose that (24) holds for some 0 and thaf|x

get
£ < X = W] = [Vien =W+ X 1=V ]
= Hyk+n - WH + ka+n+l_ yk+n

S Hyk+n - WH + (a k+n + 3Bk+n)|v|

2
A< k(:—zj for all n No.

-w|=¢€. Then by (18), we

k+n+1

<[Yyon — W]+ 2
k+n 3
Hence
£
Hyk+n WH 2 :_3

From (17), we get
e\’ g\’
I LT

<|x
which is a contradiction. Thus we proved (24). 8iags arbitrary, from (24), we
havelim|lx, —w|=0.

e? <|x

~w <e,

k+n

2.1 Remark:
If in theorem (2.1)f3, = 0, kh, = 0, then we obtain a result that deals with the
Mann iterative process with errors.

Now, we state the Ishikawa and Mann iteeprocess with errors for the
local strongly pseudo contractive operators.

2.2 Theorem:

Let X be a uniformly smooth Banach spaee K be a non empty bounded
closed convex subset of X and TIK- K be a local strongly pseudo contractive
mapping. Let w be a fixed point of T and let fgy @ K the Ishikawa iteration
sequence <® be defined by



Yn= Bn Xn + BnTXn + bhvy

Xns1 = O Xy F00TY, + &Uy, N2 0

where <y>, <v,> 0O K, <a,>, <B,> <a> <h> are sequences as in
theorem (2.1) and

a, =1-a,-a,

By =1—Pn—hn

Then <x> convereges strongly to the unique fixed point of

proof: Obviously <x> and <y> are both contained in K and therefore, bounded.
Since T is local strongly pseudo-contractive, thign- T) is local strongly
accretive-further, since T local strongly pseudaotcactive withy =w and T = S,
we get (10) the proof of theorem (2.1) follows.

2.3 Remark:
Theorems (2.1)and (2.2) are extends ampdawes the main result of Liu

[3,Theorem 1] in the following ways:

1. The assumption that @ and <y> are two summable sequences is replaced by
the assumption that seand <y> are two bounded sequences.

2. T need not to be Lipschitz.

3. The assumption that T is a strongly accretive magps replaced by the
assumption that T is local strongly accretive avahl strongly pseudo-
contractive respectively.
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