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Abstract. Let R be a commutative ring with unity .A unitary R-module M is called a quasi-
Dedekind module if ( , ) 0Hom M N M  for all nonzero submodules N of M . In this paper we
introduce and study the concept of small quasi-Dedekind module as a generalization of quasi-
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1. Introduction

Let R be a commutative ring  with unity and M be a unitary R-module . Mijbass A.S in [8]
introduced and studied the concept of quasi-Dedekind , where an R-module M is called quasi-
Dedekind if 0),( MNMHom for all nonzero submodules N of M . In this paper we
introduce and study another generalization of the concept a quasi-Dedekind module namely "
small quasi-Dedekind module " . Also in this paper, we investigate the basic  properties  and
characterizations  about  this  concept  . At  the  start of  this paper we  give  some  of  the
basic properties  and characterizations  of  small  quasi-Dedekind  modules . Recall that  an
R-module P  is  projective  if  and only if  , for any two R-modules  A ,B  and  for any
epimorphism BAf : and for any  homomorphism BPg : , there exists  a
homomorphism APh : such  that  foh = g  [6 , p.117]  . Among  results  we  obtain
in  this  paper , we  prove  that :  Let M be  an R-module  such  that UM is  projective
for all U ≪ M . If M is a small quasi-Dedekind R-module then NM is a small quasi-
Dedekind R-module for all MN  .

Recall that  an R-module M is a quasi-Dedekind module if  and only  if for all
)(MEndf R , 0f implies Kerf = 0 , (see  Th 1.5, P.26, 8) .

Now we shall give a generalization to quasi-Dedekind module namely " small quasi-
Dedekind module " as follows .

Definition 1.1. An R-module M is  called a small quasi-Dedekind module if, for
all )(MEndf R , 0f implies Kerf≪M (i.e. Kerf is  a small  submodule in M ) .

Remarks and  Examples 1.2.

1) It is  clear  that  every quasi-Dedekind R-module  is  a small quasi-Dedekind R-module .
But the converse is not true  in general, for example: Z4 as Z-module is small quasi-Dedekind
but it is not quasi-Dedekind, also it is not essentially quasi-Dedekind .Where an R- module

M  is called essentially quasi-Dedekind if 0),( MNMHom for all   N e M [4, def.1.2.1] .

2) Z6 as Z-module is  not  small quasi-Dedekind , since  there  exists , 66: ZZf 

define  by xxf 3)(  , 6Zx . So 0f , but

)2(}03:{}0)(:{ 66  xZxxfZxKerf ≪ Z6 . However , Z6 is an
essentially  quasi-Dedekind Z-module .

3) ZZ  is  not a small quasi-Dedekind Z-module  , since there  exists
ZZZZf : such that )0,(),( xyxf  ; Zyx , . So 0f ,

but ZKerf  )0( ≪ ZZ  .

4) If M = 0 , it is  clear  that M is  a small quasi-Dedekind  module .
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5) Every  integral  domain R is a small quasi-Dedekind R-module ,but  the converse
is  not  true  in  general , for example :
Z4 as Z4-module  is  small  quasi-Dedekind , but  it is  not  an  integral domain .

6) If M is  a semisimple R-module , then  it is not  necessarily small  quasi- Dedekind,
(see  Rem.and.Ex 1.2(2) )   .

7) Every  semisimple small quasi-Dedekind R-module M is a quasi-Dedekind R-module .

Proof : Let )(MEndf R , 0f . Since M is small quasi-Dedekind, then Kerf≪ M . But
M is  semisimple , so Kerf  = 0 .Thus M is a quasi-Dedekind R-module  .

The following theorem is  a characterization  of  small quasi-Dedekind  modules .

Theorem 1.3. Let M be  an R-module. Then M is  small quasi-Dedekind if and only if
0),( MNMHom for all N≪ M .

Proof :
 ) Suppose that  there exists N≪ M such that 0),( MNMHom ,then there exists

MNM : , 0 . Hence )(MEndo R , where  is the canonical projection ,and
0o which implies )( oKer ≪M , but )( oKerN  , so N ≪M which  is a

contradiction  .

) Suppose that there exists MMf : , 0f such that Kerf ≪ M , define
MKerfMg : by g (m + Kerf) = f (m) , for all Mm . So g is  well-defined  and

0g . Hence 0),( MKerfMHom which  is  a contradiction  .

Proposition 1.4. Let M be  an R-module  and  let JRR  , where J is  an  ideal  of
R such that )(MannJ R . Then M is  a small quasi-Dedekind R-module if  and  only
if M is  a small quasi-Dedekind R -module  .

Proof :
 ) We have ),(),( MKMHomMKMHom RR  , for all MK  ,by [6 , p.51]. Thus, if

M is  a small quasi-Dedekind R-module , then 0),( MKMHomR for all K≪ M, so
0),( MKMHomR

for all K≪ M, thus M is  a small quasi-Dedekind R -module .

) The proof  of  the  converse  is similarly   .

Proposition 1.5. Let M1 , M2 be R-modules  such  that 21 MM  . M1 is  a small
quasi-Dedekind R-module  if and only  if M2 is  a small  quasi-Dedekind R-module  .
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Proof :  )  Let 22: MMf  , 0f . To  prove Kerf≪ M2 . Since 21 MM  ,
there  exists  an  isomorphism 21: MMg  . Consider  the  following :

1221

1

MMMM gfg 


. Hence )( 1
1 MEndofoggh R  , 0h .  So

Kerh≪ M1 ( since M1 is  small quasi-Dedekind  ) , then g(Kerh)≪ M2 by [6, lemma
5.1.3, p.108] . But  we can  show  that g(Kerh) = Kerf as  follows : let )(Kerhgy  ,

so y = g (x) , Kerhx . Hence h (x) = 0 ; that is 0)(1  xofogg , then 0)(1  yofg ,

so 0))((1  yfg and hence f (y) = 0 , since
1g is monomorphism  , so that Kerfy ,

hence KerfKerhg )( . Now , Let Kerfy , then f (y) = 0, but 2My , so
there  exists  an 1Mx such that y = g (x) , since g is  onto .  Thus f( g (x)) = 0 and
so 0)))(((1  xgfg ; that is h (x) = 0 . Hence Kerhx . This implies

)()( Kerhgxgy  , thus Kerf = g(Kerh)≪ M2 , hence Kerf≪ M2 .

) The  proof  of  the  converse  is  similarly .

Remark 1.6. Let MN  , and )(MEndf R , 0f . Note  that  if f (N)≪f (M) ,
then  it is  not  necessarily N≪ M . Consider  the  following example .

Example 1.7. Let M = Z6 as Z-module  , and  let 6)2( ZN  . Let 66: ZZf 

define  by xxf 3)(  , 6Zx .  So 0f and

}0{))2(()(  fNf ≪ )()(}3,0{ 6 MfZf  , but )2(N ≪ Z6 = M .

In the following proposition we give a condition under which the remark (1.6) is  true in
general .

Proposition 1.8. Let M be  a small  quasi-Dedekind R-module  and )(MEndf R ,
0f , MN  . If f (N) ≪ f (M) then N≪ M .

Proof : Let MB  and N + B = M then f (N) + f (B) = f (M) . But f (N) ≪ f (M)
implies f (B) = f (M) . Now  , we  can  show  that Kerf + B = M . Let Mm , hence

)()()( BfMfmf  . So that there exists Bb such that )()( bfmf  , hence
Kerfbm  . It follows that bbmm  )( , thus BKerfM  . Thus Kerf + B = M,

but M is  a small  quasi-Dedekind R-module , so Kerf≪ M which  implies that B = M .
Therefore N≪ M .

Corollary 1.9. Let M be  a small quasi-Dedekind R-module and )(MEndf R , f is
surjective  .  Then N≪ M if  and  only if f (N) ≪ M .

Proof :  )  It is  clear  by [6 , Lemma 5.1.3, p.108]  .
) It follows  directly  by ( Prop 1.8) .



٥

Proposition 1.10. Let M be a small quasi-Dedekind R-module , let )(MEndf R ,
0f , MN  . If N≪ f (M) then )(1 Nf  ≪ M .

Proof : It is  clear  that )(1 NfKerf  . First we  shall prove that

Kerf
Nf )(1

≪
Kerf

M
. Let

Kerf
M

Kerf
L

Kerf
Nf


 )(1

, where
Kerf

M
Kerf

L
 . Then

MLNf  )(1 , hence )()())(( 1 MfLfNff  but NNff  ))(( 1 , then
)()())(()( 1 LfNLfNffMf   , also, we  have )(MfN  and

)()( MfLf  , so )()( MfLfN  and  thus )()( MfLfN  . Since N≪ f (M) ,
then )()( MfLf  . We claim that L = M . Let Mx  , then

)()()( LfMfxf  , hence )()( lfxf  for some Ll  . It follows  that
LKerflx  and  hence Lx , so LM  . Thus LM  which  implies

Kerf
M

Kerf
L
 , so

Kerf
Nf )(1

≪
Kerf

M
. But Kerf ≪ M , so by [1, Prop 1.1.2, p.10],

)(1 Nf  ≪ M .

Now  we  can  give  the  following  result  .

Proposition 1.11. Let M be  a small  quasi-Dedekind  and  quasi-injective R-module  ,
let MN  such  that for all NU  , U≪ M implies U≪ N . Then N is  a small
quasi-Dedekind R-module .

Proof : Let NNf : , 0f . To  prove  that Kerf ≪ N .  Since M is a quasi-

injective R-module , there  exists MMg : such  that goi = iof , where i is  the
inclusion  mapping .

Then 0)()(  NfNg ; that  is 0g . So that Kerg≪ M , since M is  small quasi-
Dedekind . But KergKerf  ,  hence Kerf ≪ M .On  the other hand NKerf  , so by
hypothesis Kerf ≪ N . Thus N is  a small quasi-Dedekind R-module .

N

N

M

M

i

f

g

i
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We are now  in  a position  to  recall  the  definition  of  coclosed  submodule  which  was
introduced  by  Golan  [5] . Recall that  an R-submodule N of M is  coclosed  in M , if
whenever N/K≪ M/K then N = K for all  submodules K of M contained  in N .

And let U be  a submodule  of M , a submodule V of M is  called a supplement (or
addition  complement) of U in M if V is  a minimal element in  the  set  of  all
submodules L of M with U + L = M .V is called  a supplement  submodule  of M if, V
is a supplement  of some  submodule  of M , [7] .

Corollary 1.12. Let M be  a small  quasi-Dedekind  and  quasi-injective R-module  , let
MN  . If N is  a supplement (or  coclosed)  submodule , then N is a small quasi-Dedekind

R-module .

Proof : By [1, Prop 1.2.6] , N is  supplement then N is  coclosed, and hence for all
NU  , U≪ M implies U≪ N . So the result follows by ( Prop 1.11).

An R-module M is called  a quasi-injective  R-module if  for  each monomorphism
MNMNf  ,: and any homomorphism MNg : , there exists  a

homomorphism MMh : such that hof = g . A quasi-injective R-module M is called
a quasi-injective hull (a quasi-injective envelope ) of  an  R-module  M  if  there is  a
monomorphism MMf : such  that Mf eIm .

Corollary 1.13. Let M be an R-module  such  that M is a small quasi-Dedekind R-module,
and for all MU  ,U≪M implies U≪ M . Then M is a small quasi-Dedekind R-module .

proof : Since M is  a small  quasi-Dedekind  and  quasi-injective R-module , so  by (Prop
1.11) , M is  a small quasi-Dedekind R-module .

Proposition 1.14. Let M be a small  quasi-Dedekind R-module .Then for all N≪ M
)()( MannNann RR  .

Proof : Since M is a small quasi-Dedekind R-module, so by (Th 1.3), 0),( MNMHom
for all N≪ M which  implies N is a quasi-invertible submodule for all N≪ M . Thus by
(8, Prop1.4, P.7) , for all N≪ M )()( MannNann RR  .

Remark (1.15) Let MN  . If NM is  a small quasi-Dedekind R-module , then  it
is  not necessarily that M is  a small quasi-Dedekind R-module, for example : If M = Z6 as
Z-module , and  let 6)2( ZMN  , then 26 )2( ZZ  which is  a small quasi-Dedekind
Z-module . But M = Z6 as Z-module is  not  small quasi-Dedekind  .
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Remark 1.16. If M is  a small quasi-Dedekind R-module , MN  . Then  it is  not
necessarily that NM is  a small quasi-Dedekind R-module . Consider the  following
example .

Example 1.17. The Z-module M=Z is small quasi-Dedekind .Let ZZN  6 , then
66 ZZZNM  is  not  a small quasi-Dedekind Z-module  .

The  following  result  shows  that  under  certain condition , the module NM is  small
quasi-Dedekind   .

Proposition 1.18. Let M be an R-module  such  that UM is  projective  for all U≪M.
If M is a small quasi-Dedekind R-module , then NM is  a small quasi-Dedekind R-module
for all MN  .

Proof : Let NK ≪ NM , so by [1, Prop 1.1.2 , p.10] , K≪ M .

Suppose  that 0),( 
N
M

NK
NMHom , but ),(),(

N
M

K
MHom

N
M

NK
NMHom  , so  there  exists

NMKMf : , 0f . Since KM is  projective , then  there  exists
MKMg : such  that fog  , where  is  the canonical  projection .

Hence 0)()(  KMfKMog , so 0g , but ),( MKMHomg  , K≪ M . Thus
0),( MKMHom , K ≪ M ;  that is M is not small quasi-Dedekind  , which  is  a

contradiction . Thus NM is  a small quasi-Dedekind R-module   .

Let M and P be  modules , then M is  called P-projective  in  case  for each PN 
and  every  homomorphism NPMh : , there  exists  a homomorphism

PMg : such that hog  .(where  is the natural  epimorphism ) ; that is the
following diagram  is commutative , [2]   .

N
MM 0

g f

K
M

P 0


g h

M

N
P
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An R-module M is  called  quasi-projective if, M is M- projective ; that is for  each
MN  and every  homomorphism NMMh : , there exists  a homomorphism

MMg : such  that hog  . ( where  is  the  natural  epimorphism ) , [9] .

Theorem 1.19. Let M be a quasi-projective R-module, let MN  such that )(1 Ng  ≪ M
for each )(MEndg R , then NM is  a small quasi-Dedekind R-module .

Proof : Let NMNMf : such  that 0f .  Since M is  quasi-projective ,
there  exists a homomorphism MMg : such  that

 foog  ( where  is  the  canonical projection )  .

Let  })(:{})(:{ NxfoNxNNxfNxNLKerf 
 })(:{})(:{})(:{ NxgNxNNxgNxNxogNx 

)}(:{ 1 NgxNx  . Thus NNgKerf )(1 , but )(1 Ng  ≪ M ,
so  by [6, Lemma 5.1.3 , p.108 ] , )(1 Ng  / N≪ NM ; that is Kerf ≪ NM .

Corollary 1.20. Let M be  a quasi-projective R-module  such  that for  each MN  ,
N≪ )(Mh for all )(MEndh R . Then M is  a small  quasi-Dedekind R-module  if and
only  if NM is  a small quasi-Dedekind R-module .

Proof : ) It is  clear  by  taking N = (0) .

 ) By ( prop 1.10) , N≪ )(Mh implies )(1 Nh ≪ M . Hence  the  result  follows  by
the previous   theorem .

Recall  that  an R-submodule N of an R-module M is  invariant if NNf )( for  each
)(MEndf R . Some authors called an invariant submodule, fully invariant submodule, by [3] .

M π

g

f

N
M

M

π

N
M
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Theorem 1.21. Let M be an R-module . Then M is  small quasi-Dedekind if and only if
there exists N≪ M, N is fully invariant such that for
each )(MEndf R , 0f , NMf )( and NM is small  quasi-Dedekind .

Proof :  ) Choose N = (0) implies N≪ M and N is  fully invariant and for all
)(MEndf R , 0f ,hence NMf  )0()( and MMNM  )0( is small quasi-

Dedekind   .

) If N = 0  , then M is  small quasi-Dedekind  .Suppose  that )0(N ,
N≪ M . Let )(MEndf R , 0f . To  prove Kerf≪ M . Define

NMNMg : by g (m + N) = f (m) + N for all Mm . g is  well-defined , since

if m1 + N = m2 + N where Mmm 21, , then Nmm  21 and
NNfmmf  )()( 21 , since N is  fully  invariant .This  implies

Nmfmf  )()( 21 ; that  is NmfNmf  )()( 21 , thus

)()( 21 NmgNmg  . 0g , because if 0g then NMNNMg 0)(  .

Hence NNMf )( , it follows that NMf )( which is a contradiction  with the

hypothesis .  Thus Kerg≪ NM , since NM is  a small  quasi-Dedekind R-module . Let
Kerg = L/N≪ NM , but N≪ M , so  by [1, Prop 1.1.2, p.10] , L≪ M . On  the
other  hand  it is  easy  to  see  that LKerf  , so Kerf≪M ,thus M is a small quasi-
Dedekind R-module .

An R-module M is called  multiplication  if  for  each  submodule N of M , N = IM
for some  ideal I of R. Equivalently , M is a multiplication R-module if , for each
submodule N of M , N = [ N :M ].M , where }:{]:[ NrMRrMN  .

Corollary 1.22. Let M be a multiplication R-module .Then M is small  quasi-Dedekind
if   and  only  if there  exists N≪ M such that for all )(MEndf R , 0f ,

NMf )( and NM is small  quasi-Dedekind .

Proof : Since M is  a multiplication R-module , every  proper submodule of M is fully
invariant . Thus  the  result  is obtained  by ( Th 1.21) .
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