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Abstract 
In this paper, wefind the solution for some kinds of nonlinear third order partial differential 

equations of homogeneous degree which have the general form 

,0          2222222222  ZJZIZHZGZFZEZDZCZBZA yxxyyyxxxyyxxyyyyxxx  

whereA,B,C,D,EandF are linear functions of the dependent variable Zand partial derivatives  

ofthe dependent variable with respect to the independent variables x  and y,and that by using 

some of  the assumptions . 

 

 
  

 

 الخلاصــــــة
والتي والوتجانسة الذسجةفي هزا البحثتن إيجاد الحل  لبعض أنىاع الوعادلات التفاضلية الجزئية اللاخطية هن الشتبة الثالثة 

:صيغتها العاهة  

,0          2222222222  ZJZIZHZGZFZEZDZCZBZA yxxyyyxxxyyxxyyyyxxx  

A,B,C, , D ,E,F,I , H  ,G حيث    

بعض الفشضيات . ورلك باستخذام,    y و  x واشتقاقا ته الجزئية بالنسبة للوتغيشينZدوال خطية للوتغيش الوعتوذ 
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1.Introduction 
The researcher Kudaer [8], studied the linear second order ordinarydifferential 

equations,which have the form    0 )( )(  yxQyxPy , and used the assumption  


dxxZ

xy
 )(

e )(   to find the general solution of it , and  the  solution depends on  the forms  

of   P(x) and Q(x) .  

The researcher Abd Al-Sada [1], studied the linear second order partialdifferential 

equations,with constant coefficients of the form  

0       ZFZEZDZCZBZA yxxyyyxx ,  
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WhereA , B , C , D , E and F are arbitrary constants , and used the assumption    

 
dyyvdxxu

yxZ
 )(   )(

e ),(   to find the complete solution of it. 

The researcher Hanoon [4], studied the linear second orderpartialdifferential equations, 

withvariable coefficients of the form 

,0 ),( ),( ),( ),( ),( ),(  ZyxFZyxEZyxDZyxCZyxBZyxA yxxyyyxx  

where A , B , C , D , E and F are functions of  x  or  yor both  x and y . To solve this  kind of 

equations and used the assumptions 

,

)()()(
  )(

)(
)(

e)(  ande)(e)(   
 dy 

y

yv
  dx 

x

xu
  dy

y

yv
 dxxu

 dyyv  dx x
xu

x,yZx,yZx,yZ ,
 

 
  

these assumptions  represent the complete solution of the above equation . 

The researcher Mohsin [12], studied the nonlinear second order partial differential equations, 

of homogeneous degree which have the general form 

0 F ZE ZD ZC ZB ZA Z yxyyxyxx , 

whereA,B,C,D,EandF are linear functions of dependent variable Zand partial derivatives  

of dependent variable with respect to the independent variables x  and y,she using the 

following assumptions 


dyyvdxxu

eyxZ
)()(

),( ,



dyyvdx

x

xu

eyxZ
)(

)(

),( ,




dy

y

yv
dxxu

eyxZ

)(
)(

),(  

and




dy

y

yv
dx

x

xu

eyxZ

)()(

),(   to find the complete solutions of the above  kind of equations. 

The researcher Ketap [7],studied the linear third order partial differential equations, with 

constant coefficients of the form 

 

 

where  A, … I and J are arbitrary constants , and used the assumption 
 

dyyvdxxu
yxZ

 )(   )(
e ),(   to find the complete solution of it. 

 

The researcherHaoer [5], studied the nonlinear second order partial differential equations, of 

homogeneous degree which have the general form 

0222222  F ZE ZD ZC ZB ZA Z
yxyyxyxx

,  where A,B,C,D,EandF  are linear 

functions of dependent variable Zand partial derivatives of dependent variable with respect to  

the independent variables x  and y,he using the following assumptions 


dyyvdxxu

eyxZ
)()(

),( ,



dyyvdx

x

xu

eyxZ
)(

)(

),( ,




dy

y

yv
dxxu

eyxZ

)(
)(

),(  

and




dy

y

yv
dx

x

xu

eyxZ

)()(

),(   to find the complete solutions of the above  kind of equations. 

 

In this paper, we solve the nonlinear third order partial differential equations of homogeneous 

degree of three which have the general form  

,0          2222222222  ZJZIZHZGZFZEZDZCZBZA yxxyyyxxxyyxxyyyyxxx  

whereA,B,C,D,EandF are linear functions of dependent variable Zand partial derivatives  

of dependent variable with respect to the independent variables x  and y  .   

 

 

,0   Z Z       ZJZIHGZFZEZDZCZBZA yxxyyyxxxyyxxyyyyxxx
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By using the assumptions 
dyyvdxxu

eyxZ
)()(

),( ,




dyyvdx
x

xu

eyxZ
)(

)(

),(  

and



dy

y

yv
dxxu

eyxZ

)(
)(

),(   we get the complete solutions of the above equation. 

 

 

 

2. The Complete Solution of Nonlinear the Third Order partial Differential 

Equations of homogeneous degree of three 

 
The aim of this paper is to solve the nonlinear third order of partial differential equations, 

of  homogeneous degree of three  which have the general form  

,0          2222222222  ZJZIZHZGZFZEZDZCZBZA yxxyyyxxxyyxxyyyyxxx  

whereA,B,C,D,EandF are linear functions of dependent variable Zand partial derivatives  

of dependent variable with respect to the independent variables x  and y    .  

 

So, for this purpose we will search forfunctions )( and  )( yvxu such that the assumptions


dyyvdxxu

eyxZ
)()(

),( , 



dyyvdx

x

xu

eyxZ
)(

)(

),(
and   




dy
y

yv
dxxu

eyxZ

)(
)(

),(  

give the complete solution to the above equation and  thisequation may be classifiedto many  

cases, but those which distinguishing the followingcases are considered :
 

 

Case(1) : 

0  D  C c)

0  ZB b)

0 A  a)

  

  

22

2

2








xyyxxy

ZZZZ

Z

ZZ

yyy

xxx

. 

 

Case(2) : 

0  F E B b)

0 D   CA  Z  a)

242

222





 ZZx Z ZZxZZ

ZZy ZZZyZ

yyxxy

xyy xxy x

xxyyyy

xxxxx
 

 

Case(3) : 

0 ZJ ZI   HZG 

 FZ E D Z C Z B b)

0 ZJy Z I ZHZG 

 F   EZ D Z CA Z a)

33

2

2

 

22

 
22222

  
32

 
3

2222
  

2









yx

yyxxxyyyyxxy

yxy

yyxxyxyyxxyxxxxx

Zx ZxZ

Z Z Z xZxZ ZZ xZ

Z Zy 

ZZy ZZZyZyZZy Z

xyy

yyyyy

x

xxxx

 
Where A, … , I  and  J  are real constants. 

 



 

 

 120 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.6    No.2   Year  2014 

Rusul.H 

Now , these cases will be solved as follows : 

 

Case(1)-a-: By using the assumption 

 


dyyvdxxu
eyxZ

)()(
),( ,  we get 


dyyvdxxu

exuZ
x

)()(
 )( 

dyyvdxxu
exuxuZ

xx

)()(2  ))()((  


dyyvdxxu

exuxuxuxuZ
xxx

)()(3  ))()( )(3)((  

So, the equation 0 A 2 xxxZZ ,    will be transformed to the form 

, 0))]()( )(3)([A(
])()( [ 33   dyyvdxxu

exuxuxuxu  

and since 0])()( [ 3  dyyvdxxue  

So, 0)()()(3)(    0)]()( )(3)(A[ 33  xuxu xuxuxuxuxuxu  
This equation is called beloved equation[10],[14].The beloved  equation possessesboth Left painleve 

Series (LPS) and Right Painleve Series (RPS) [9] ,  it can be solved by Riccati transformation 

[11],[13]. And also itcan be solved by using nonlocal symmetry [6] . 

In this paper, we find the general solution of the beloved equation by using the reduction of order and 

the suitable substitutionu
2
(x)=t p(x)where 

dx

du
xp )(   and t ,p(x)>0 

 Let  0)()()(3)()()()()( 3  xuxpxu
du

dp
xp

du

dp
xpxuxpxu  

Suppose   u
2
(x)=p(x)t  2u(x)du = p(x)dt + tdp







 0

2

)3(

2 2

1

2

1
2

3

2

3

2

1

2

3

2

1

2

1

pt

pdttdp
tptppdp

pt

tdppdt
du  





 0

32

)3(
0)3()32(

2

2

tt

dtt

p

dp
pdttdptt  

   



 1

2 cln)2ln()1ln(ln0
)2)(1(

)3(
ttpdt

tt

dtt

p

dp
 ; c1>0 2-  t   

1
2

1

2

)2()12(ln
2

)1(
ln ctttpc

t

tp





  

  Since
p

xu
t

)(2

  

 02
)(

)1
)(2)(

( 1

2

1

2

2

4

c
p

xu
c

p

xu

p

xu
p   

 02)()(2)( 1
2

1
224 pcxucppxuxu  

 0)()()2)(2( 2
1

4
1

22 xucxupcxuP  

 )()( 2
1

2
1

2
1 xuccxucp  

i) If   )()( 2
1

2
1

2
1 xuccxucp 
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Now,let 
dx

d
cp

dx

du
cxu


 cossin)( 11  

 

 

 

  





dx
d

c
dxd

c 








cos1

1
)

cossin1

cos
(

1

1
2

1

 




 2

1

2

1

)
sin

cos1
(

1
)cot(csc

1
cx

c
cx

c 


  

2

2

1

)
sin

sin11
(

1
cx

c







 

Since 



 2
1

2

11

)

1

)(

)(
11

(
1)(

sin cx

c

xu

c

xu

cc

xu
  


1

2

22
1

2 )(
1)()(1)()(

)(
11

c

xu
xucxxucx

c

xu
 

0]
)(

)(2)())[((

0
)(

)()(2)()(

)(
1)()()()(21

1
2

2
2

1

2

2
22

2

1

2
22

22







c

xu
cxxucxxu

c

xu
xucxxucx

c

xu
xucxxucx

 

Either  u(x)=0 is trivial solution 

Or     0
)(

)(2)()(
1

2
2

2
c

xu
cxxucx  

 )(2)(]
1

)[( 2
1

2
2 cxxu

c
cx  

1

2
2

2

1
)(

)(2
)(

c
cx

cx
xu




     , this is the general solution of the beloved equation. 

Then 

e
ayh

c
cx

e
dyyvdx

c
cx

cx
yxZ 1

1

2
2

1

2
2

2 )()
1

)ln(()(]
1

)(

)(2
[

),(


 



  

So the complete solution is given by:

eyY
c

ce
a

ccxyYyxZ
yh )(

1
1

33
2

211
)(,

1
,

1
A    ]))[((A),( 1  ;   

where  A1 , c2 and c3 are arbitrary constants and Y1(y) is an arbitrary function of  y  .  

Domain :  - ∞ <x< ∞   , - ∞ <y< ∞    

 


 22
1

2
1

2
111 sinsincos cccc

dx

d
c
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ii) If   )()( 2
1

2
1

2
1 xuccxucp   

By the same method, we get the same solution as in above form. 

 

Case(1)-b-: By using the assumption 

 


dyyvdxxu

eyxZ
)()(

),( ,  we  get 


dyyvdxxu

y
eyvZ

)()(
 )( 

dyyvdxxu

yy
eyvyvZ

)()(2  ))()((  


dyyvdxxu

yyy
eyvyvyvyvZ

)()(3  ))()( )(3)((  

So, the equation 0  B 2 yyyZZ ,      will be transformed to the form 

, 0 ))]()( )(3)([B( ])()( [ 33   dyyvdxxueyvyvyvyv  

   Since  0])()( [ 3  dyyvdxxue  

  So, 0)()( )(3)(      0)]()( )(3)(B[ 33  yvyvyvyvyvyvyvyv , 

 

then by the same method as in case –a-, we get the complete solution which is given  by :  

exX
c

ce
a

ccyxXyxZ
xh )(

1
1

323
2

212
)(,

1
,A    ]))[((A),( 1  ;   

where  A2 , c2 and c3 are arbitrary constants and X1(x) is an arbitrary function of  x .  

Domain : - ∞ <x< ∞   , - ∞ <y< ∞ . 

Case(1)-c-: By using the assumption 


dyyvdxxu

eyxZ
)()(

),( ,  we  get 


dyyvdxxu

xxy
exuxuy vZ

)()(
 ))()(( )( 2

 
   

dyyv dx xu

xyy

dyyv dx xu

xy
yvyvxuZyvxuZ

 )( )(2 )( )(
e )(( )((e )( )( ))(    

 

 Then the equation 0  D  C   
22 
xyyxxy

ZZZZ ,  will be transformed to the form 

0]))()()((()))()()((([
])()( [ 3222222   dyyvdxxu

eyvyvxuDxuxuyvC  

  Since  0])()( [ 3  dyyvdxxu
e  

0))()()((())()()((( 22 2222  yvyvxuDxuxuyvC
 

0)
)(

)()(
()

)(

)()(
( 22

22








yv

yvyv
D

xu

xuxu
C  . 

This equation is variable separable equation [3] . 

Let   
22

2
2

2

)
)(

)()(
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)(

)()(
( 






yv

yvyv
D

xu

xuxu
C  

0)()()( 2  xu
C

xuxu


…(1). 

And  0)()()( 2  yv
D

i
yvyv


…(2). 



 

 

 123 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.6    No.2   Year  2014 

Rusul.H 

 The equation (1) is Bernoulli’sequation[2], it can be solved as follows : 

dxe
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
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And  equation (2) is also Bernoulli’sequation [2], it can be solved as follows :   
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So ,thecomplete solution is given by : 

 

0K ),( K ),( K ),(
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where K , and   are arbitrary constants. 

Domain :- ∞ <x< ∞  , - ∞ <y< ∞    .  

 

 

Example : To solve the partial differential equation: 

0  9  4   
22 
xyyxxy

ZZZZ . 9  D,  4C   where   

 

This equation is similar to the equation in case(1)-c-,then by using the form 
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We get the complete solution to the above  P.D.E  which has the form 
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Here we cannot separate the variables in this equation , so we suppose that  u(x)=  
where  is an arbitrary constant, then the last equation becomes 
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Where  c  and   ,K  are arbitrary constants. 
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So, the equation 0  F E B 2242   ZZ Zx ZZxZZ yyxxy xxyyyy
, will be transformed to the 
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Here wecannot separate the variables in this equation, so we suppose that  v(y)= where   is 

an arbitrary constant, then the last equation becomes 

0 ))(-)()( F))(-)()(( EB 2
(

2225  xuxuxuxxuxuxux   

 

This equation can be solved as follows : 

0)EB4(F ;    
E2

EB4FF
)(-)()( 642

6422
2 


 




λ

λλ
xuxuxux

 





E2

EB4FF
A    ;     0A)(-)()(

6422

11
2 

 
λλ

xuxuxux  

 

This equation is variable separable equation [3], it can besolved  as follows : 

4

1
Ad      ;         0 

d

d
2

1
)(

1

2
2













x

x

xu

du
 

4

1
A If ) 1 i , we get 0c  ;   )  (c ln  

d

2

1
)(

1-tanh
d

1
 




















 y

xu

 

  
2

1
 )c ln (d  tanhd )(        xxu

 

4

1
A If ) 1 ii  , we get 

0c  ;     c ln 

2

1
)(

 1
         0 

d

2

1
)(

2

















x

xu

 
x

x

xu

du
 

0c    ;      
2

1

 cln 

 1
  )(  

x
xu

 
 



 

 

 128 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.6    No.2   Year  2014 

Rusul.H 

 Then the complete solution of the equation(5), is given by :  
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Where  c  and   ,K  are arbitrary constants. 

Domain :x> 0   ,   - ∞ <y< ∞    . 
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Where  c  and   ,K  are arbitrary constants. 
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Example : To solve the partial differential equation: 
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So ,thecomplete solution is given by : 
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Where  c  and   , eK g  are arbitrary constants. 

Domain :x> 0   ,   - ∞ <y< ∞    . 
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Andusing     and   ,  ,  ,  ,  
xyyxxyxyxxxxxx
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Here we cannot separate the variables in this equation , so we suppose that  u(x)=

 
where  is an arbitrary constant, then the last equation becomes 
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This equation is variable separable equation [3],it can be solved as follows  
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Then the complete solution of the equation(6), is given by : 
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Where  c  and   ,K  are arbitrary constants. 

Domain :  - ∞ <x< ∞   ,  y> 0  . 
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Where  c  and   ,K  are arbitrary constants. 

Domain :  - ∞ <x< ∞   ,  y> 0  . 

 

 

 

Case(3)-b-:: By using the assumption 

 




dyyvdx
x

xu

eyxZ
)(

)(

),( ,  we  get 




dyyvdx
x

xu

xxy
e

x

xuxuxux
yvZ

)(
)(

2

2

 )
)()()(

()(  




dyyvdx
x

xu

xy
eyv

x

xu
Z

)(
)(

 )()
)(

(  




dyyvdx
x

xu

xyy
eyvyv

x

xu
Z

)(
)(

 ))()()(
)(

( 2
 

 

And using    and  ,  ,  ,  
yyyyyyxxx

ZZZZZ form the case (2)-b-, then the equation 

0 ZJ ZI   HZG 

 FZ E D Z C Z B

33

2

22

 
22222





yx

yyxxxyyyyxxy

Zx ZxZ

Z Z Z xZxZ ZZ xZ

xyy

yyyyy

 
 

 

 



 

 

 133 

Journal of AL-Qadisiyah for computer science and mathematics 

Vol.6    No.2   Year  2014 

 

Rusul.H 

Will be transformed to the form 
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Here we cannot separate the variables in this equation , so we suppose that  v(y)= where   
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 Then the last equation becomes: 
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This equation is similar to the equation (7) , and by the same method : 
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Then the complete solution of the equation(8), is given by : 
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Where  c  and   ,K  are arbitrary constants. 

 

Domain :x> 0  , - ∞ <y< ∞ .    
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Where  c  and   ,K  are arbitrary constants. 

 

Domain :x> 0  , - ∞ <y< ∞  . 
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