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Abstract

In this paper, wefind the solution for some kinds of nonlinear third order partial differential
equations of homogeneous degree which have the general form

AZGy +BZoy +CZ5 +D 2 +EZL+F 25 +GZ5 +HZ +125+3 2% =0,

whereA,B,C,D,EandF are linear functions of the dependent variable Zand partial derivatives
ofthe dependent variable with respect to the independent variables x and y,and that by using
some of the assumptions .
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1.Introduction
The researcher Kudaer [8], studied the linear second order ordinarydifferential
equations,which have the form y”"+ P(x) y'+Q(x) y =0, and used the assumption

y(X) =e/ 20 44 find the general solution of it , and the solution depends on the forms
of P(x) and Q(X) .

The researcher Abd Al-Sada [1], studied the linear second order partialdifferential
equations,with constant coefficients of the form
AZ,+BZy+CZy+DZ,+EZ, +FZ=0,
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WhereA ,B, C, D, E and F are arbitrary constants , and used the assumption
Z(x,y) =V &+IV Y 44 find the complete solution of it.
The researcher Hanoon [4], studied the linear second orderpartialdifferential equations,
withvariable coefficients of the form
A(X,Y) Zyx +B(X, ¥) Zyy +C(X, Y) Zyy + D(X, ) Zy + E(X,Y) Zy + F(X,y) Z =0,
where A, B, C, D, E and F are functions of x or yor both xandy . To solve this kind of
equations and used the assumptions

(y) u(x) v(y)
u(x) Ju(x) dx+ [~ dy [ dx + [ dy
Z(X,y) :e.[ X dx + Jv(y) dy’z(x’y)ze y and Z(X,y)=e X y

these assumptions represent the complete solution of the above equation .

The researcher Mohsin [12], studied the nonlinear second order partial differential equations,
of homogeneous degree which have the general form
AZy+BZ,+CZ,+DZ,+EZ,+FZ =0,

whereA,B,C,D,EandF are linear functions of dependent variable Zand partial derivatives

of dependent variable with respect to the independent variables x and y,she using the
following assumptions

u()y d fudx 1 My
Z(X, y) — ej’u(X)dx+fV(Y)dy , Z(X, y) — ej X X+IV(y) Y Z(X, y) =e y
(U0 gy, VO g _ _ _ _
and Z(x,y)=¢e * Y to find the complete solutions of the above kind of equations.

The researcher Ketap [7],studied the linear third order partial differential equations, with
constant coefficients of the form

AZ,+BZ2, +CZ, +DZ, +EZ,+FZ +GZ +HZ +1Z,+JZ=0,

where 4, ... | and J are arbitrary constants , and used the assumption

— alu(x)dx+[v(y)dy _ . .
Z(x,y)=¢e to find the complete solution of it.

The researcherHaoer [5], studied the nonlinear second order partial differential equations, of
homogeneous degree which have the general form
AZ? +BZ? +CZ? +DZ*+EZ*+FZ? =0, where AB,C,D,EandF are linear

XX Xy yy X y
functions of dependent variable Zand partial derivatives of dependent variable with respect to
the independent variables x and y,he using the following assumptions

U gyt rv(y)d JuGydxYYay
Z(x,y) = eju(x)dxﬂv(y)dy’z(xi y) = ej W dxrfv(y)dy Z(x,y)=e y
jgﬁxzdx+jy£¥)dy
and Z(x,y)=¢ * ¥ to find the complete solutions of the above kind of equations.

In this paper, we solve the nonlinear third order partial differential equations of homogeneous
degree of three which have the general form

AZ: +BZ) +CZ; +DZ; +EZ;+FZ) +GZ+HZ;+12Z;+1Z°=0,
whereA,B,C,D,EandF are linear functions of dependent variable Zand partial derivatives
of dependent variable with respect to the independent variables x and y.
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I%dXHV(y)dy
By using the assumptions Z(x, y) = /!0 VNdy Z(x, y) =e

ju(x)dx+[y%¥)dy

andZ(x,y)=e we get the complete solutions of the above equation.

2. The Complete Solution of Nonlinear the Third Order partial Differential
Equations of homogeneous degree of three

The aim of this paper is to solve the nonlinear third order of partial differential equations,
of homogeneous degree of three which have the general form
2 2 2 2 2 2 2 2 2 2
AZ,+BZ, +CZ, +DZ +EZ +FZ +CZ +HZ +1Z,+JZ" =0,
whereA,B,C,D,EandF are linear functions of dependent variable Zand partial derivatives
of dependent variable with respect to the independent variables x andy .

So, for this purpose we will search forfunctions u(x) and v(y)such that the assumptions

u(x)
| dx+[v(y)dy
Z(x,y)=¢l u(x)dxﬂv(y)dy, Z(x,y)=e X and Z(xy)=

give the complete solution to the above equation and thisequation may be classifiedto many
cases, but those which distinguishing the followingcases are considered :

Case(1) :
a)AZ%Z,y =0

ju(x)dx+jy£y}dy
e y

byBz*Z2,, =0

)Czz? +DzZz% =0
XXy Xyy

Case(2) -
2 252
a) A ZZXXX+CyZ ZX ZXXy +Dy ZxeXW =0

0)Bz°z +EX'Z ZF +FxZZ 7, =0

Case(N:

a)AziszXX+CyszXzXXy+Dyzz§zxyy+Eyz Z Zy +Fyzzjzyy+
GyZ°zZ,, +Hz§+|yzzzy+Jz3=0

b)BZZ3, +Cx*Z{Z  +DX2Z Z +EX*Z)Zy +FZZ} +

GXZ2Z,, +H x2%Z,+1Z2° +1Z% =0
y y

Where A, ..., I and J are real constants.
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Now , these cases will be solved as follows :

Case(1)-a-: By using the assumption

Z(x,y) = UV e get

Zx =u(x) plu(dx+]v(y)dy Zxx =(U'(X) + u? (x)) pluMdx+[v(y)dy
=2Z = (U(0)+3u(x) u'(x)+u’(x) e ORIOY

So, the equationAZ? Z,,, =0, will be transformed to the form
[AU"(x) +3u(X) u'(x) +u’ (x))Je°THOIN — g

and since g3l uCIax+lv(ndyl _,

S0, A[u"(X) +3u(x) u'(X) +u(x)]=0 = u"(x)+3u(x) u'(x)+u3(x)=0

This equation is called beloved equation[10],[14].The beloved equation possessesboth Left painleve
Series (LPS) and Right Painleve Series (RPS) [9] , it can be solved by Riccati transformation
[11],[13]. And also itcan be solved by using nonlocal symmetry [6] .

In this paper, we find the general solution of the beloved equation by using the reduction of order and

the suitable substitutionu®(x)=t p(x)where p(x) = j—)l: and t ,p(x)>0

oy neoy dp dp 30y
Let u'(x) = p(x) = u"(x) = p(x) U = p(x) 4 +3u(x)p(x)+u’(x)=0
Suppose UA(X)=p(X)t=" 2u(x)du = p(x)dt + tdp =

31 3

du= pdt1+tdp pdp+(3p2t2+p2t2)—tdloJrIOOIt 0=

(2+3t+t2)dp+@+t)pdt =0 L, BION 5
p 2+3t+t?

dp (3+1t)dt
p j(t+1)(t +2)
i PE+D?
t+2
u?(9
p

N IO(U4(2X) N 2u2(x) +1)_C1 u2(x)
Y

[— = [0dt = In p+In(t+1)2 —In(t+2)=Inc; ;C>p t>-2
—Inc, = p(t® + 2t +1) = (t+ 2)c;

Sincet =

—2C1:0:>

u4(x)+2u2(x)p+ pz—cluz(x)—chp:O:
P2 +(2u?(x)—2¢c,)p+ut(x) —cu?(x) =0 =

p=c,—U2(X)+c? —cu?(x) =
)If p =cl—u2(x)+w/c12 —cluz(x)

120



Vol.6 No.2 Year 2014

Journal of AL-Qadisiyah for computer science and mathematics

Now,letu(x) = clsina:d—u:p: clc030d—0:>
dx dx

e coso 99 — . 2 2 2.2

1 CoS o 1 do

— Ydo=dx=>—]| = [dx =
¢, 1-sin“c+coso ¢, l+coso
1 1-coso
——=(csco—-coto) =x+Cy = —( )=X+Cp, =
1/C1 ’,Cl SlnG
1 1-vVi1-sin’c
( : )=X+Cy
/cl SiIno
2
w0 1 1- 1 u" ()
. . X 1
sino = =X+cC
Since sino = /o \/_( e )=X+Cy =

o

1- 1—UZ(X) = (X+C)u(x) =>1-(x+cy)u(x) = 1__u2(x) =
\ C \/ c,

2
1 2(%+ ¢, Ju(X) + (X + €, ) 2uZ(x) =1—“C—(X) -
1

2
(x+c2)2u2(x)—2(x+c2)u(x)+uC(X)=O:>
1
u(x)[(x+c2)2u(x)—2(x+02)+u( )1-0
G
Either u(x)=0 is trivial solution
Or (x+c2) u(x) —2(x+cy) +— u(x) =0=>

G

[(x+¢y)? +Ci]u(x) = 2(X+Cp) =
1
2(X+ Cz)

u(x) = , this is the general solution of the beloved equation.
(X+C,)% +—
C1
Then
2(x+Cy) 2.1
j[i]dxﬂv(y)dy In((x+c2) +)+h(y)+a
Z(X,y)—e (X+C)+a vl

So the complete solution is given by:

1
Z(y) = AN Ix+e) el A=t ie =) =e'
1

where A;, C; and c3 are arbitrary constants and Y;(y) is an arbitrary function of y .

Domain : - oo <x<o -0 <y<oo
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i) If p=c,—u?(x)—+c? —cu?(x)

By the same method, we get the same solution as in above form.

Case(1)-b-: By using the assumption

Z(X’ y) — eJU(X)dX+IV(y)dy1 We get

Zy ~v(y) eju(x)dxﬁLjv(y)dy — Zyy :(v’(y)+v2(y)) eju(x)dx+jv(y)dy
=2 =)+ 3y V() + v () MO

So, the equation B Z 2 Zyy =0,  will be transformed to the form

[BOV"() +3v(y) V'(y) +VP(y)]e’tloslvIN = o,
Since 3L/ux+v(y)dy] _,

S0, BV"(y) +3v(y)V'(Y) +V3(Y)] =0 = V"(y) +3v(y)V'(y) +Vv3(y) =0,

then by the same method as in case —a-, we get the complete solution which is given by :

1 h
Z(x,y) = A X (LY +65)? +¢5] ; Ay =5 = S X = )
1
where A;, C; and c3 are arbitrary constants and Xy(x) is an arbitrary function of x.
Domain : - oo <x< oo , - 00 <y< o0,
Case(1)-c-: By using the assumption

Z(x, y) = el VDY e ger

7 " — V(y) (U’(X)+U2(X)) eIU(X)dX+_[V(y)dy

X
_ Ju(x) dx +Jv(y)dy _ ' 2 Ju(x) dx +Jv(y)dy
Z,,=uviy)e =2, =Ue V) +viyne
Then the equationC Z foy +DZ ijy =0, will be transformed to the form
[Cv2(Y)(U'(x) +U?(x))?) + DU (X)(V'(y) + V() J°LIHO%TOIN ~ g
Since @WMMHWMHiO
= C(v2(y)(U'(X) +u?(x))? + DU* ()(V'(y) +V>(y))* =0
’ 2 ' 2

- C(u (X)+U (X))Z + D(V (y)+V (y))Z — 0 )

u(x) v(y)
This equation is variable separable equation [3] .

Let C(u’(X)Jr—uZ(X))2 =_D(V’(L"2(y))2 Y.
u(x) v(y)

== u'(x)+u2(x)i%u(x) =0...(1).

And V'(y) +v2(y) i%v(y) =0...(Q2).
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The equation (1) is Bernoulli’sequation[2], it can be solved as follows :

N
T
u(x) = ——
T——X
Je e gx
And equation (2) is also Bernoulli’sequation [2], it can be solved as follows :
A
¢ io’
v(y)=——F—
=y
Je /o dy
ei\/gx ,\/7
I B dx +J. /u dy
=X t—=y
So, Z(x,y)=e !® e e Ty

/1 /u

In(fe rdx)+|n(je /o’ dy) o,

ry
\/— r )(+£e )Cp ;Cr=€"1, 120
A

Loyt y
=Ker ® K= (+£)(+£)c and C,D>0

So ,thecomplete solution is given by :

o Jo b ol
C D C D C
Z(x,y)-Ke Z(x,y)-Ke Z(x,y)—-Ke

where K, and A are arbitrary constants.
Domain :- o <x< oo , - 00 <y< oo

Example : To solve the partial differential equation:
4772 +9ZZ7% =0 where C=4, D=9.
Xxy Xyy

This equation is similar to the equation in case(1)-c-,then by using the form

ifxirfy
Z(x,y) =K e ; Kz(ig)(i%)c2 and C,D>0
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We get the complete solution to the above P.D.E which has the form
shye Ay
Z(x,y)=Ke ° % ;K= (ig)(i%)cz =
i

B A A
,—X,—y

Z(x, y)—(i%)(i%)oz e HZ(X y) - (+ )(_—)c e

ix+/l y
3

r A, _di
Z(X,y)—(i%)(i%)cz e’ 310

where ¢, , and A are arbitrary constants.
Domain: -0 <x<ow ,-o00<y<o

Case(2)-a-: By using the assumption

ju(x)dx+jmdy
Z(x,y)=¢ Y, we get
Ju(x) dx+jwdy ju(x)dx+jv(y)
Z =u(x)e y =7 =(U'(X)+u?(x))e y
Ju()dx + dey
=7 =(U"(X)+3u(x)u’(x) +u(x)) e y
(y)
fudx+ - Ydy
(V(y) (W) +u2 (e y
(y)
fu(x)dx+[ Y dy
(y) U(X)e y

Xy

W) V) V() |,

y2

. 2 252 _ .
So, the equation A szxx +CyZ ZX Zyy +DYy ZxeXW =0, will be transformed to the

ju(x)dx+jmdy
=7 =u(x) y
Xyy

form
{A[u"(x)+3u(x)u'(x)+u3(x)j2+Cy( VO Lx) ' (x) + u (x)))

2

(y)

’ 2 _ 3[Ju(x)dx+][—=dy]

W(y) + V2 (y) v(y)m o
y

y{u(x)(u'(x) +u?(x))? (

sLfue)dx " Pay)
And since e y #0

2
So A(u”(x)+3u(x)u’(x)+u3(x)) +C[v(y)u(x) (u’(x)+u2(x)))+
D (u() (U'(9) + U2 ()2 (W'(y) +V2(y) ~v(y)))= 0 N
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Here we cannot separate the variables in this equation , so we suppose that u(x)=4
where A4 is an arbitrary constant, then the last equation becomes

W'(y)+V2 (y) + (% ~Dv(y) + % -0
DA

Al

Let A =L—1 and A =—
1 2" D

DA?
Then the last equation becomes:

W) +VA(Y) +AN(Y) +A, =0...(4).

This equation is variable separable equation [3], andit can be solved as follows :

2
- 2 +Yoo dz:Az—A?Tl
AN g2
v(y)+2 +d
A2 1 v(y)+ﬁ
. 1 1..-1 2 | _ )
|)IfA2¢T,wegetdtan —g |- In(cy) ;c=0
A
= v(y):—dtan(dlncy)—71
A2
ii)IfA2=Tl,weget
v 2+d_y:o - —_1A =—Incy ;c=#0
A y 1
(v(y)+21J YW+
A
= v(y)= -2
Incy 2

Then the complete solution of the equation(3), is given by :
2

A
i) IfA, Tl , weget
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(—dtan (dlncy)—ﬁ)
[Adx+] 2 dy
Z(x,y)=¢e y ; c20

Aq
) x——2 Iny+In(cos(dincy))+g
=e

AL
=Ky 2e**(cos(dIncy)) ; K=¢l

- (S22

) 2
—Ky’ 204 %% (cos \/%D/IT In(cy) |, (— - D/14 )20, c#0

Where K, A and c are arbitrary constants.

Domain: -0 <x<ow , y>0 .
2

A
ii)IfA2=Tl , We get

1 A
(oo=oh)
ncy 2

[Adx+] dy
Z(x,y)=¢e y ;c20
Al
AXx—=—=Iny+In(Incy)+g
e
=Ky 2e**In(cy) ;K=el

Cc

1
2 .2
=Ky~ 2D% e*XIn(cy)
Where K, A and c are arbitrary constants.
Domain: - <x<ow , y>0 .

Case(2)-b-: By using the assumption
u(X)y d
Z(x,y) =ef x ) y, we get
ulxly d ulg d
%y “v(ye T y:>Zyy —Wi(y) +v2(ye’ x T

, , PPaxfv(y)ay
=2, =V )+NYVY) +V(y)e

yy
Md d ' 2 _ Md d
_ u(x) ej x dxHv(y) y: Zxx :(xu (x)+u 2(x) u(x))eI o dxr[v(y)dy

X
X X

YA
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So, the equationBZ?z +Ex*Z Z? +Fx*ZZ Z, =0, willbe transformed to the
y yyy y xx XX

form

X2

[B(v%y)(v"(y)+3v(y)v'(y)+v3(y»)+Ex{v(y)(xu'(x)”z(x)‘“(X))Z}

! ux) X+[v
Ex? [(xu (x)+u22(x)u(x))(v,(y)JrVZ(y))}] e3[f G v(y)dy] 0

X

311 fv(y)ay)

Since e
So B(vz(yxv"(y)+3v(y)v'<y)+v3(y»)+E(v(y)(xu'(x)+u2(x)—u(x))2j

+F((x0'(0) + 02 () ~u )V (y) + V2 (1)) = 0 ()
Here wecannot separate the variables in this equation, so we suppose that v(y)=A4where A1 is
an arbitrary constant, then the last equation becomes

BA® +E A(xu'(x) +u?(x) -u(x))? + F 22 xu’(x) + u(x) -u(x)) = 0

This equation can be solved as follows :

_F2 +JF21% —4EB A
2E

((F22% —4EBA%) >0

—F2 VP - 4EBA°

XU'(X)+u’(x)-u(x)-A; =0 ; A - o5

xu'(x) +u?(x) -u(x) =

This equation is variable separable equation [3], it can besolved as follows :

du +%:O ; d:W/A1+%

2
(u(x)—;j —d? "

1
1 1 1 U(X)_E
i)IfA1¢—Z,Weget—atanh =—In(cy) ;c=#0
1
= u(x)=dtanh(d|ncx)+§
. 1
i) If A; =3 , We get
du 2+d_X:o — _11:—|ncx 1 c#0
1 X _=
(u0-3) 4095
2
1
= u(x) = += ; ¢=0
Incx 2
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Then the complete solution of the equation(5), is given by :

i) If Al;t—% , We get

So ,thecomplete solution is given by :

(dtanh(dIncx)+2)
| 2 dx+[ Ady
Z(x,y)=¢e X ;ex>0

1
In[cosh(dIn (cx))]+ —Inx + Ay + g
= e 2
1
=K x 2e™ (cosh(dIncx)) ; K=e% cx>0

1
\/— FA2 +VF2 % —4EBA® 1

_ K x2e? (cosh += In(cx) | ;ex>0,4 %0,
2EA 4

—FA2 £4F?)% —4EBA°
2EA
So ,thecomplete solution is given by :

1
\/— 2F1%2 + EA+ 2VF21* —4EBA°

Z(xy) - K x2e? (cosh
(xy) ( 1E1

>0

In(cx)

1
\/— 2F1% + EA—-2VF?1* —4EBA®

Z(xy) - K x2e? (cosh In(cx) [|=0 :cx>0,1%0,
(xy) ( 1EZ (cx)

—2FA° +EA-2VF?A* —4EBX°

4EA a
Where K, A and c are arbitrary constants.
Domain :x>0 , -oo <y<oo

0

i) If Alz—% , we get
101
+7
[-INCX_2" 4y ady
Z(x,y)=¢ X ;x>0
1
=Kx2eYIn(cx) ;K=e% cx>0
1
=Kx2eMIn(cx) ;cx>0
Where K, A and c are arbitrary constants.

Domain :x>0 , -oo0<y<oo
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Example : To solve the partial differential equation:

27227 +5x% 7?2 +x?7227Z Z., =0 where B=2, E=5, F=1.
y o yyy y XX xx Yy

This equation is similar to the equation in case(2)-b-, and if A; # —%

— 22424 — 4028

where A, = 104 thenby using the form

In(cx)

1
\/— 2F12 + EA+ 2VF21% —4EBA°

Z(xy)-K x2e™ (cosh
(xy) ( )

In(cx) |[=0 ;cx>0,4%0,

1
\/— 2FA% + EA—-2VF%1* —4EBA®

Z(xy) - K x2e? (cosh
(xy) ( 1EA

—2F1% +EA—2VF?)* —4EB® g

4EA
So ,thecomplete solution is given by :

1
\/—212 +51+29 2% —4048

Z(xy) - K x2e” (cosh
(xy) ( 01

0

In(cx)

In(cx) ||=0 ;cx>0,4#0,

1
\/-2&%5&—2\/14—4046

Z(xy) — K x2e” (cosh
(xy) ( 01

222450224 — 4048 .

0
204
Where K =e9, 1 and c are arbitrary constants.
Domain :x>0 , -o <y<oo

Nowif A; = —%, sothe complete solution is given by :

1
Z(x,y)=Kx2ePIn(cx) ;cx>0

Where K =e9, 1 and c are arbitrary constants.
Domain :x>0 , -o <y<oo

Case(3)-a-: By using the assumption

fu(x)dx+jmdy
Z(xy)=¢ g

v(y) , v(y)
_ V) T W)+ VE(Y) 2 (), JHOT
y y yy 2

, we get

z

y
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Andusing Z ,Z ,Z ,Z ,Z and Z__ form the case (2)-a-, then the equation
X XX Xy XXy Xyy

XXX
AZyZw+CYZZ Z.y*D yZZ)Z(Zny +EYZZ Zy +F yzzfzyy +

GyZz%Z, +HZ‘°X’+IyZZZy+323=O

will be transformed to the form

{A((u'(x) +Uu?(x)2U"(x) +3u(x) u’(x) +u® (x))) + Cy(L;/) (u'(x) +u? (X))Zj +

Dy2[u3 (X) (yV’(y) + Vyzz(y) - V(Y))J + Ey[L;’) (U'(X) + UZ (X))j +

' 2 . 3[ju(x)dx+jwdy]
Fy? uz(x)(yv(y)+v (v) v(y)) +Gy(u(x)m)+Hu3(x)+lyM+J e Yy =0
y? y y
3[Ju(x)dx+jmdy]
And since e Y 20

So Al (U'(X)+u“(x)“W"(X)+3u(x)u’(x)+u(x)) |[+C| (v(Y)U'(X)+u (x)* |+
( 2 ron 2 3 ) ( 2 2)

D (% (%) (W' (y) + V2 (y) ~v(y)) )+ EM(y) (W' (x) + u2(x)) )+
Fu2 () (W' () +V2(y) = V()))J+ GV(Y)u(x) + HU3(x) + v(y) + 3 =0

Here we cannot separate the variables in this equation , so we suppose that u(x)=4
where A4 is an arbitrary constant, then the last equation becomes

4 g3 =Y 7 3
W,(y)+vz(y)+cz DA® +(E-F)A +G/1+Iv(y)+Al :Hﬂ 2+J 0
DA +FA2 DA"+FA
Let A CA'-DA+(E-F)A +GA+] and A A +HAZ 4
1 DA% + FA2 * DAAFE
Then the last equation becomes:
W) +VE(Y) +AN(Y) +A =0 .(7)
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This equation is variable separable equation [3],it can be solved as follows
2
i" P A I N
)+ 2+ Y )
L A?
i)if A, # Tl
A
1 v+ |
—tan"| ——=|=-In(cy) ;cy>0
; - (cy) :cy>
Al .
= v(y) =-dtan(d In(cy))—7 ;cy>0
. A}
i) if A, :Tl
LAH—y:o :-;A:-In(cy) ;cy>0
vy +H> Y v(y)+
2 2
1 A
v(y) = -— ;cy>0
= Vv(y) ncy) 2 y >

Then the complete solution of the equation(6), is given by :
2

A
i)if A, = —1
JIEA, %

A1
(-dtan(dIn(cy)) - —)
[ Adx+] 2 gy
Z(x,y)=¢e y ;cy >0

_—e

AL
=Ky 2e**(cos(dIncy)) ; K=e%and cy>0

cit DB E-m it

_ Ky 2(D13+F12) elx

7 4,3 4 .3 2 2

AV +HB3 11 €A DB rE-PAZ LG+

cos rHAZ ) FEPAGIEDT ney)| ey >0,
D43 + F22 4(D23 + F22)2

AV +HAZ+) (CA*-DA +(E-F)A* +GA+ |)2)>0
DA + FA? 4DA° + FA%)? -
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Where K, A and c are arbitrary constants.

Domain: -0 <x<oo , y>0 .

e A
i) if A, :Tl
1 A
deﬂiln(cy) 2 dy
Z(x,y)=¢e y ;cy>0
A1
ﬂx—Tlny+In|In(cy)|+g
=e
'
=Ky 2e**In(cy) : K=e%and cy>0
C/14—D/13+(E—F)/12+Gl+l
3 2
=Ky 2(DA"+FL7) e’ In(cy) ; cy>0

Where K, A and c are arbitrary constants.
Domain: -oo<x<o , y>0 .

Case(3)-b-:: By using the assumption

u(x)y d
Z(x, y):eI x ) y, we get

' 2 _ Md d
7 :V(y)(xu (X)+u“(x) u(x))eI i dxtfv(y)dy

XX
y X2

P axrfv(y)dy

(“(X)M y)e

U(X)dx+jv(y)dy

<“( () +vE(y)e X

Andusing Z ,Z ,Z ,Z and Z_  form the case (2)-b-, then the equation
XUy oy yyy
2 2 52 2 52 2
BzZz, +Cx*Zj ZXXy+DxZZyyZny+Ex ZyZyy +FZZyy+

GXZ2Z,, +H x2%?Z,+12% +1Z° =0
y y
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Will be transformed to the form

[B(V”(Y) Y V() )+ cXZ(v%y)(X“'(X) U0 ‘“(X))} ;

X

' 2 _
Dx[(%x))(v'(ywv"‘(y))z}Exz[vz(y)(xu () +u () “(X))]+

X2

M X+ |V
F(v'(y) +V2 (¥))? +GX(V3(y)&XX)j+HX(&XX))+ Iv3(y)+\]} e3” S v

311" axe jv(y)ay)

Since e #0

S0, Bv'(y)+v(y)V'(y) + V3 (y)? + c(v3(y)(xu'(x) FUZ(x) - u(x))) +
D W)/ (y) + V2 (y))? )+ B2 (y) (xu (%) + u? (x) —u(x)) )+
FV'(y)+V2(y)? +GV3(y)u(x) + Hu(x) + V3 (y) +J =0 ..(8)

Here we cannot separate the variables in this equation , so we suppose that v(y)=A1 where 4
Is an arbitrary constant, then the last equation becomes

PSYE 2 =y 42 6 4 3
xu’(x)+u2(x)+(G O +(DA” -E)A +Hu BA” +FA" +14 +J=

(x)+ 0
CA* +EA? CA® +EA2
et B _ (G-C)A* +(DA* —E)A* +H and B - BA® + FA* + 143+
. CA +EX 2 CA+EXR

Then the last equation becomes:

xu'(x) +u?(x) + Bu(x)+B, =0 ...(9)

This equation is similar to the equation (7) , and by the same method :

L B?
i) if B, =Tl
B, B
v(y) = —Dbtan(b In(cx)) ey ; b=,/B, e andcx >0
o B2
i) if B, :Tl
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1 —i 1cex>0
In(cx) 2

v(y) =

Then the complete solution of the equation(A), is given by :

2

- B
i)if B, # Tl
By
(-btan(bIn(cex)) — —)
| dx+[Ady
Z(x,y)=¢e X ;x>0
By
2y——|nx+|n|cos(b|n(c X)) |+g
B
=Kx 2eM(cos(bincx)) ;K=e%and cx>0
(G - C)/13 + (D,12 - E)/12 +H
— K x 2(013 + E/lz) ey

6 4 3 _ 3 2_ 2 2
COS[‘/BA R A) (CoOF+ BB H heyy | ox >0,

c2® + EA2 4(C23 + EA2)2

(5/16 +FAY+ 12340 ((G-C)2° +(DA* —E)A* + H)?

>0
CA® +EA? 4(CA3 + EA%)? )

Where K, A and c are arbitrary constants.

Domain :x>0 , - 00 <y< oo .

. BZ
i) if B, =Tl
1 B
() 27y
Z(x,y)=¢e X ;ex >0
Zy—ELInx+In|In(cx)|+g
B
=Kx 2e% In(cx) ; K=e% and cx>0

(6-C) 2 +(D2% —E)2% +H

— K x 2CA +E2%) Ay

e In (cx) ; x>0
Where K, A and c are arbitrary constants.

Domain :x>0 , - o <y<oo .
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