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Abstract:

In this paper, we study an approximation of continuous functions by using some types of
Beta- operators (modified Beta-operator and modified mulit Beta-operator) defined on the some
normed space.
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1. Introduction:

In 1889 Karl Weierstrass, proved the fundamental theorem in the approximation theory which
is called "Weierstrass approximation theorem ", S.N.Bernstein in 1912[3] used a sequence of
positive linear operators called Bernstein polynomial and several papers are generalization of
Bernstein polynomials in the interval [0,0) like korovkin [1].

In this work, we introduce a new sequence of positive linear operators
Brnyon (f3%,%5,.,x,) of modified mulit-Beta operators to approximate a function of m

independent variables.

2. Definitions and Notations:
Let f:[0,0)— R be any function and the function @, :[0,00) > R"is defined by

w,(x)=e,a>1 and recall that the modified Beta operator g, :L,,—>L,, is an operator

i !
defined by B, (f;x) = lzmxk ¢l +x)kf(kj ne N and x e€[0,00), [3]. It is clear that
nis kl(n—1)! n

B, 1s a positive linear operator.

The following proposition gives some properties for the operator S, .

Proposition (2.1):-

For x €[0,0) and n e N, then the following statements holds:

(1) B,(f;x)=1, where f(x)=1, Vxe[0,0).

@) B.(f:0)=""D  where f(x)=x, Vxe[0,00).

3) B.(fx) =D Z)j‘z FOADX  here £(x) = x?, Vx €[0,00).
n

Proof:-



p
1 .
dx = — <oo. Therefore; feL,,. By using [3], one can have

0

(1) Let f(x)=1, then j&

0 a)a ()C) ap
B,(fix)=1.
(2) Let f(x) = x, then ]2| /(%) | dx = — <oo. Therefore; f €L, . By using [3], one can have
o, T (@)’ |
B (fim) = DT,
n
(3) Let f(x)=x", Then TM dx = —— <. Therefore; f eL,,. By using [3], one can
0|0 (%) (ap)™ ’
have B,(f:x) = (n+1)(n+ Z)jc2 +(n+ l)x'
n

Next, we prove that S f is convergent to f as n— . But before that we need the
following lemma.

Lemma (2.2), [2]:-

Let L, be a uniformly bounded sequence of positive linear operators from L, , into itself

a

satisfying the condition lim|L, (f)-f ||p , =0, where f(x)=1, x, x> then for every

f €L, limlL,(f)-f],, =0.

3. Approximation of Functions of One Variable by modified Beta Operator:
Here, we approximate any continuous function defined on [0,0) by the modified Beta

operator [, .

Lemma (3.1):-

For each I1<p<og L, z{ ﬂ f:[Qc0——>R is a continuous function such that

/@

I @, ()

p
dx<oo} is a normed space where @, (x) =e™,a is a positive real number.
0

Proof:-

It is easy to check OelL,,. Therefore L,,6 #¢. Define + and . on L by

p.a
(F+80=/(0+gx) V.geL, and (cNHW)=cflx) el and cell.
Then by using [4, p. 236], one can have:



]2 S+ o 2PT VACIAIFNN 2PT 8 | <o, Thus f+gel,,.  Moreover;
|y o 0,5 |

]'i(cf)(x) _|| I f(x) dx<o. Then c.f eL,,

0| @y (X) @, (x)

The other conditions for L, , to be a vector space is easy to be verified, thus we omitted them.
1

P \p
dx} .

We prove || . ||p , isanormon L, . To do this, we must prove the following conditions:

S ()

a)a ()C)

0

Define || :L,,—>R" U{0} by [f] =[I

o P \p
@ If f=0 then |f] = |] SOV e =0, Conversely if I/ =0, then
e 0 @, (%) e
@[ _ Lo
) =0 Vxe[0,0) and hence f(x)=0, Vx e[0,). Therefore; f =0.
o, (x

(i) Let f,geL,, then

Hf+gLﬂ[I

de
)
=[71,. +lel,.

(iv) Let 1elland feL,, then

u@

Y
de
=[4] |71,

Therefore; L, , is a normed space.

S (%) +g(x)

@, (x)

S

@, (x)

Ig()

w, (x)

;
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@, (x)
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Now, we are in the position that we can give the following theorem.

Theorem (3.2):-

Let feL,, then B, f—— f asn—ow

Proof:-

From [2], A, is a uniformly bounded sequence of positive linear operators.



Let f(x)=1, Vxe[0,0), then from proposition (2.1) one can have: lim ||,an - f||p , =0

Also, for f(x)=x Vxe€[0,0), one can get:

1
7 \p
dx
=0

Moreover; for f(x) = x> Vx €[0,%), one can have:

X

n—)oo n

tim |8,/ 1], 1[1

@, ()

Bn+2)x* +(n+1)x !
2

lim |6,/ = 1], = lim T‘ : ‘ dx
0

@, (x)

l 1
V32 [f] x [ (n+1)
dx | lim +j ax | tim =0

paregi ) ‘a)a (x)‘ v

© 2
Then li B <\,
cn ngl;cl ||ﬂnf f”l’ﬂ ['([ a)a( )

Thus, lim ||,3nf_f||p,a =

Then by using lemma (2.2), one can get desired result.

4. Approximation of Functions of Multiple Variables by Modified Multi-Bata-
Operator:

Here, we generalized the results that are given in the pervious section to be valid for the
modified multi-Beta operator and we approximate any continuous function of m independent

variables on [0,00)" by this operators.

For any (x,x,,..x,)€[0,0)" and n,,n,,.n, € N we define the modified multi—Beta

operator [

ny,ny,

Lq’a —>L » by:

o0

AP I +k1)),( x)b (14 x,)" '”"kaj
n.

ﬁﬂl,nz,...,nm (f;xlyxz,...,x ):
k,=0 k,_ =0 k=0 i=1 ’q 7’5 nn

Lemma (4.1):-

For each 1<g<oo, L , :{ f| f:[0,0)" ——> R is a continuous function such that

o o o0 | q
X, X | :
J. J. J. S X X)) dx,dx,...dx, <oo } is a normed space, where
00 0 ‘a)a(xl’xv X
o3
@, (x,,%,,..,X,)=e "~ ,a 1s a positive real number

It is easy to check that L, is a vector space.

Define | . ||W :L,,—>R"U{0} by:



0

|f” [T T I f(x“xz’ ’x'”)| dx,dx,...dx Jq.

0 a)(xl,xz, "X,) ‘

Then we prove || . ||q ,isanormon L, ,. To do this, we must prove the following conditions:

1

0

® o a q
() If £=0 then |f] =[j [ j STy y) dxldxz...dxm] = 0. Conversely let | /], =
0 0

0 a) (X5 X 5ees X, ‘

then|f(x"x2’ 2 X )| =0 and hence f(x,,x,,...,x,)=0 Vx,>0,i=12,...,m. Therefore f =0.
@, (X,,X,y,0..,X

m

(i) Let f,geL,,then
%)

e AT s

=171, +lel,.
(iii) Let A ell and f €L, , then

8X,%,---%,)
@2, %,,.. ,x)

s d%j g

0

"
d)qd)cz'. . d%J

1

., ﬁ T T %uf)(xl’x2°-"axm)|qu1dx2...dxm]q

@, (X,,Xy 500 X,) ‘

Therefore; L, , is a normed space.

Now, the following lemma shows some properties of the operator

R R

Lemma (4.2):-

For any x €[0,0)" and n,,n,,..n,, € N,the following statements hold:
(1) ,Bn] _— (f5x,%,,...,x,,) =1, where f(x,x,,..x,)=1.

@) B,,,. ., %%, xm)—‘ R , where f(x,x,,..x,,)=x, for Some j €{L2,...,m}.
n.

J

B) By, [3Xi X5 X,) = Z i +D +2)x2 HOIDN here fiogm xw)—zxz

ni

Proof:-
(1) Let f(x,,x,,..x,)=1, then

]2 T T | S | dx,dx,...dx,, = (L)”’ <o, Therefore; f € L, . In this case
0 0 0 ‘ ‘ aq B



(2) Let f(x,,x,,.. x) X, forsome]e{IZ, . m }

o0

J’ J’ |f(x1’x2’ X )

0 ‘(0 (xlast ,X ‘

|¢I

Then it is easy to check that I dx,dx,...dx, <oo. therefore; feL, , for
0

some j € {1,2,...,m}.
Consider

ﬂnlnz S, (f xl’x2’ X m =

- s (k) noei Ko
Z DN Pyl (n)

k,=0 k, =0 k=0 i

. — (n+ ) k, 75—k 13 _WY & - 5\
B, [:25:%05...%,) = g &; TR P B vy iy "

1| {(n ; +1)} _(n; +1D)x,
ﬁni ilj Jj J

for some j € {l,2,...,m}

(3)Let f(x,,X,,..x,) =Y x.,then it is easy to check that

i=1

R |f(x1,x2,...,xm) |q
J. I dx,dx,...dx, <oo. Therefore; feL,,
50 % ‘a)a(xl,xz,...,xm)‘

Consider

0 o0

2
_ 1 w4 k) wek-t S | K
ﬂ"lanZ"“’nm (f’xlszj.“’xm) - ﬁn k,,,z—O km_zl—Oklz—;) i=l1 k,'(l’l, _1)!xi (1+Xi) ; (nl]

i=1

(n, +k,) ;-1 (n+k,) k‘. n—k;-1 k, ’
ﬁn le ];[ klz _l)‘ X (1+X) . [Zk'( _1)| X 1+xi) (7’1—,} }

z (n, +1)(n, +2)x,> +(n, +1)x,

2
i=1 n;

1




Next, we prove that S, . f is convergent to f as ny,n,,..n, — . But before that we

need the following lemma. This lemma is a modification of lemma (2.2) and the proof of it is
similar to the proof of lemma (2.2), thus we omitted it.

Lemma (4.3):-

Let L, , ., be a uniformly bounded sequence of positive linear operators from such that

L,,(R") into itself satisfying the condition lim (L
5 n —>00
_712 —0

n, —>0

where f(x,,x,,...,x, ) = l,xj,Z:xi2 for some je {1,2,...,m} thus for everyf e L,, (R™),
i=1

N1 =0.
Theorem (4.4):-
Let feL,,, then B, f——f as n,n,,.n, >
Proof :-
Let f(x,,x,,...x,,) =1,V x €[0,0)" then from lemma (4.2) one can have:
hm H,Bnl - o = 0.

Also, for f(x,,x,,...x,) = x,, for some j e {1,2,...,m} one can have:

q
(n, +1)x; 1
J J
© o @ ® J
nh_)n; ,Bnl’nz,”_’nmf—fuqa = nh_r)g j .[J. dx,dx,...dx,,
>0 e I A AL CIPE
;lm—)@ ;Im—)UD

Q

© o q
'[ J. L) (x x‘j % by, im - =o.
0 0 1°

2seees Xy, ) ;= n;

S ey 8

Moreover; for f(x) = x] then

i=1

0 m ( 2 2.2 q
n,+1)(n, +2)x; +(n, +x, —n x
1 1 l 1 1 1 l
Wmf ], = lim Z PRCIEIES | dadeady
1y —>% 712%00 n; 0 i a N\ 20 m
'nm—mo n,, —>®
1
\ 1
Tt m (Bn, +2)x] +(n, +)x, !
_}31230{.[ J‘ J. . o e or ) ‘ dx,dx,..dx,,
ny >0 i 0 i=1 a 1277209 m

n,, —>0



o

it |

)‘J dydx. .dx, hm— + n
agz('xia'xz’ .- =l
=0.

Thus, lim

nyp—0
ﬂz —0

ot._,g
'—18

I

(=]

, .
qud; x| tinst !
Q5% >

ﬂn e f—f Hq’a =0. By using lemma (4.3), one can get ,Bn],nz,'_.’nm f——f as

n, —>0

n,Ny,..1N, —> 0.
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