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Abstract 

In this paper, we have given some necessary and sufficient conditions for all non-

oscillatory solutions to the nonlinear neutral differential equation 

 

So that converge to zero as . Some examples are given to illustrate the obtained 

results.  

1. Introduction 

Consider the second order non-linear neutral differential equations  

 

Under the standing hypotheses: 

. 

and  are 

increasing functions. 

. 

By a solution of eq.(1.1),we mean a function  such 

that  is two times continuously differentiable and  satisfies (1.1), where 
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. A solution  is said to be oscillatory if it has arbitrarily large 

zeros otherwise  is said to be non-oscillatory. Hence there has been much research 

activity concerning oscillatory and nonoscillatory behavior of solutions to different classes of 

neutral differential equations, we refer the reader to [1-13]. 

  2. Main Results 

Before we present the results we begin with the following lemma which is helpful to establish 

our main results 

Lemma 2.1 ([14], Lemma 2.1 and Lemma 2.2, pp.477-478) 

Assume that for  

i. Suppose that   for Let  be a non-oscillatory solution of a 

functional inequality  in a neighborhood of 

infinity.  Suppose that  for  then  is bounded. If moreover 

 for some positive constant  then . 

ii. Suppose that   Let   be a non-oscillatory solution of a 

functional inequality  in a neighborhood of infinity. 

Suppose that  for  then  is bounded. If moreover 

 for some positive constant then . 

Let  
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Theorem 2.2 Assume that  hold,         

  and  

 

Where  as in . Then every nonoscillatory solution of equation (1.1) tends to zero 

as . 

Proof. Suppose that   be anonoscillatory solution of (1.1). Without loss of 

generality assume that  for  .  

Then from (1.1)  and (1.2) it follows that 

   

Hence  are monotone functions, we have two cases for  

1.    for   ;   2.      for   . 

Case 1: In this case  , leads to  . 

Then from (1.2) it follows that   which implies that  . 

On the other side by lemma[2.1-ii],it follows that  is bounded , this is a 

contradiction. 

Case 2:  we have two sub-cases for   

Case (a) ,  for    ;  Case (b)     for   
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Case (a): In this case we have  . 

By lemma [2.1-ii], it follows that  . 

Case (b)  

From (1.2) we get   that is    

then 

 

Integrating (1.4)  from    to    we get 

 

Using  in  it follows that  

 

Substituting (1.5) in (1.7)we obtain  

 

Now from condition (1.3) we have  

 

We claim that the condition (1.3) implies that 
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Otherwise  

 

We can choose     large enough such that  

   which is a contradiction. 

Multiplying (1.4) by   and integrating from   to   we have for all  

 

 

 

As    the last inequality yields to  

 

Then   

Hence  

 

From (1.8)  we get  
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Substation (1.10) in (1.11) we get  

 

 

 

 

Which is a contradiction. The proof is complete.       □ 

Example 1: Consider the following neutral delay equation  

 

, 

, , and  . 
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All condition of theorem 2.2 hold. Then every solution of  tends to  zero as 

. For instance   is such a solution. 

 

 

Theorem 2.3 Assume that  and 

 

Where  as in , Then every nonoscillatory solution of (1.1) tends to zero 

as .  

Proof. Suppose that   be nonoscillatory solution of (1.1). Without loss of 

generality assume that  is an eventually positive so there exists  such that 

 and  for  . 

From (1.1) it follows that  

 

Then we have two cases for  

Case 1.   for   ; Case 2.    for  . 

Case 1: We have , it follows that  

  ,since   then   
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On the other hand by lemma [2.1-i]  it follows  is bounded, which is a 

contradiction. 

Case 2: In this case  we have two sub-cases for  

Case (a)      for  ;   Case (b)     for  . 

Case (a):   

By lemma[ 2.1-i]  it follows that   

Case (b):   

 

  

 

As in thermo [2.4] From [15] we can written the following inequality   

 

Integrating (1.13) from  to  we get  

 

Using  the last inequality implies 

 

Using (1.14) we get  
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We claim that  

 

Otherwise  

 

We can find   large enough such that  

 

Which is a contradiction. Then (1.17) holds. 

From  (1.13) we obtain 
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hence as  the last inequality implies that 

 

Then for        

 

From (1.16) 

 

Substituting (1.18) in (1.19) we get  

 

 

 

  which is a contradiction.  

The proof is complete.        □ 

Example 2:  Consider the following neutral delay equation  
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,              

 

 

 

All condition of theorem [2.3] hold. Then every solution of  tends to  zero as  

. For instance    is such a solution. 
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     و انتباطؤٌو انمحاٌذه غٍش انخطٍو من انشتبو انثانٍوٍانسهٌك انمحاري نهمعادلات انتفاضه

 انتظاس صامم مشتت                                                             محمذ      حسٍن عهً          

 انجامعو انمستنصشٌو –كهٍو انتشبٍو                  جامعو بغذاد                              –كهٍو انعهٌو نهبنات   

 

 انخلاصو :

انخطٍو من  شاطؤٌو غٍبقذمنا فً ىزا انبحث بعض انششًط انضشًٌو ًانكافٍو نهحهٌل غٍش انمتزبزبو نهمعادنو انت   

 انشتبو انثانٍو 

 

انهتً تحقق  انتٌضٍحٍو  الامثهوقذمنا بعض كما ً.عنذما انتً تضمن تقاسب ىزه انحهٌل انى انصفش 

 اننتائج انتً حصهنا عهٍيا .


