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Abstract:

This paper is devoted to investigate the behavior of prestressed concrete beams under pure
torsion using a non-linear three-dimensional finite element model. The 20-noded isoparametric
brick elements have been used to model the concrete. The reinforcing bars are idealized as axial
members embedded within the concrete element and perfect bond between the concrete and the
reinforcement has been assumed to occur.

The behavior of concrete in compression is simulated by an elasto-plastic work hardening
model followed by a perfect plastic response, which is terminated at the onset of crushing. On the
other hand the behavior in tension is simulated by implementing a smeared crack model in
connection with using a tension-stiffening model that account for the retained post-cracking
stresses, and a shear retention model that modifies the shear modulus of rigidity as the crack
widens. Also a model to simulate the reduction in the concrete compressive strength in presence of
tensile transverse straining has been implemented in this study. Two types of prestressed concrete
beams under torsion have been analyzed and the finite element solutions were compared with the
experimental data. Several parametric studies have been carried out to investigate the effect some
important material parameters. In general, good agreement between the finite element solutions and

the experimental results was obtained.
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1- Introduction:

Torsion is a mgjor factor to consider in the design of many kinds of reinforced concrete
structures, including space frames, beams that support cantilever dabs or balconies, horizontally
curved beams, spiral staircases, skew bridges ... etc. However despite the fact that torsional stresses
can frequently occur, torson was generaly ignored in design of reinforced concrete members
before the 1960s. The large safety factors incorporated in flexure desgn were assumed to be
sufficient to accommodate the effect of torsion. This assumption has been responsible for many

cases of torsional distress and failure(1).

Prestressing can be defined in general terms as the pre loading of a structure before the
application of the service load, so as to improve its performance in specific ways(2). Although
severa patents were taken out in the last century for various prestressing schemes, they were
unsuccessful because low-strength steel was used. It was only in the early part of the twentieth
century that the French engineer Eugene Freyssinet approached the problem in a systematic way
and using high-strength steel, first applied the technique of prestressing concrete successfully. Since
then prestressed concrete has become a well established method of construction and the technology
is available in most developed and in many developing countries(3). Currently, no design criteria to
obtain the torsional capacity of prestressed concrete beam under torsion are available in current ACI
code 318-99.

At present, with the development of digital computers and numerical techniques, the finite
element method has emerged as a powerful analytical tool for analysis of structures. This has
opened a spacious world for engineers to model rationally many aspects of the phenomenological
behaviors encountered in prestressed concrete. These aspects include the nonlinear multiaxial
material properties, modeling of cracking and crushing, the changes in material properties after
cracking and crushing, yielding of prestressed steel and many other properties.

2- Finite Element M odel:

2-1 Material Representation:

2-1-1Concrete idealization: The three dimensional modeling is adopted in the present study. The
twenty-noded hexahedral isoparametric elements have been used. The element has its own locd
coordinate system, r, s ,t shown in Fig. (1), with the origin at the center of the element such that

each local coordinate ranges from (-1) to (+1).
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2-1-2 Reinforcement representation: This study adopts the embedded representation of prestre-
ssing shown in Fig.(1) which is amost used in connection with the higher order isoprametric
concrete elements. The prestressing bar is considered to be an axial member built into the
isoparmetric concrete element such that its displacements are consistent with those of the element.
Perfect bond has been assumed between concrete and prestressing steel bars.

18

¥

restressing Steel bar

Fig.(1) The 20-noded brick eement and embedded reinfor cement
in local coordinate system.

2-2 Numerical Integration :

The evaluation of the stiffness matrices and the equivalent nodal loads involves multiple
integration. Explicit integration for these functions may be very difficult or even impossible.
Therefore, an aternative arrangement of numerical integration is usualy used. The 15 Gauss
quadratic integration rule has been used in this investigation. The relative positions of the sampling
points for this rule over the volume of the brick element are shown in Fig.(2).

Fig.(2) Distribution of the sampling points
over the element using the 15-points
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2-3 Nonlinear Solution Techniques:

The Incremental-Iterative method is the most commonly used technique for solving non-linear
finite element problems. It implies the subdivision of the total external load into smaller increments,
within each increment of loading iterative cycles are performed in order to obtain a converged

solution corresponding to the stage of loading under consideration Fig.(3).

Deformation

Fig.(3) Incremental- Iterative Techniques

2-4 Convergence Criterian:

The force convergence criterion has been considered in the numerical analyses carried out in
the present work. When the residual (out of balance) forces are stifficiently small, the convergence
is assumed to occur. Hence this criterion can be expressed in the from:

V@l f@)
eV de )

2-5 Equivalent Nodal Forces:

< Converg.TolerancCe .......coceveeceenenie s Q)

An iterative scheme can be in used to determine the proper distribution of nodal loads
corresponding to elastic pure torque. The procedure is based on the fact that the restrained end
represents a section remote from the loaded end, therefore the reaction forces at the nodes of the
restrained end are a better estimate of the correct loads than the corresponding nodal loads at the
free end. When the applied loads are correct than the corresponding reaction forces at the
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restrained end will have the same magnitude and opposite direction. The iterative scheme is
illustrated by the following steps:

a) A set of nodal loads is applied at the loaded end such that the resulting torque equals the
required applied torque. In general the distribution of the nodal loads will not be the
correct one.

b) The reactions corresponding to the above loading at the restrained end are determined
using the finite element analysis.

¢) Thereactions are then used as a new set of nodal loads at the loaded end.
d) Steps b and ¢ are then repeated until the difference between each nodal forces at the

loaded end and the corresponding reactions at the restrained end is negligibly small.

The scheme has been carried out for each beam analyzed in this study prior to the nonlinear
analysis. The resulting sets of nodal loads are then used in the nonlinear analysis to represent as the
external torque.

3-Modeling of M aterial Properties:

3-1 Behavior of Concretein Compression:

The accuracy of the numerical material models that may be adopted in the analysis should trace
the overall behavior of the member within sufficient degree of accuracy. In the presented study, the
stress-strain curves in compression is simulated by an elastic-plastic work hardening response
followed by a perfectly plastic response, which is terminated at the onset of crushing. The plasticity
model is expressed in terms of, the yield criterion, hardening rule, flow rule and crushing condition.
3-1-1 The yield criterion: In order to mark the onset of plastic deformation of a material under
multiaxial state of stress, a yield criterion is required. The yield criterion for concrete under a
triaxial state of stress is generally assumed to be dependent on three stress invariants, However,
many studies® showed that a yield criterion can be adequately expressed in terms of two-stress

invarients only as

f(6)=Cly+(Cly) + 381, =05 eeeveeeeieeeiieeeiieeeiea e (2)

where C, g are material parametersand |41 , J, arethe first stress invariant and the second deviatoric

stress invariant, respectively that are given by:
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and oy, isthe equivalent effective stress at the
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onset of plastic deformation which can be determined from uniaxial compression test as

where C,, is aplagticity coefficient which is used to mark theinitial of plastic deformation.

3-1-2 The hardening rule: The hardening rule is necessary to define the change of positions of the
loading surfaces during the plastic deformation. A relationship between the accumulated plastic
strain and the effective stress is required to control the position of the current loading surface. A
number of hardening rules have been proposed to describe the growth of the subsequent loading
surfaces for awork hardening material.®

In the current study an isotropic hardening rule is adopted. Therefore, from equation (2), the
subsequent loading surfaces may be expressed as:

f(o-)=C.Il+\/(C.I1)2 4381, =0 it (8)

where o' represents the stress level at which further plastic deformation will occur. The effective
stress-plagtic strain relationship can be expressed as.

! ! 2 !
o-=Cp.fC—E.£p+,}2E -E0Fp PPN ()

where g/ istotal strain shown in Fig.(4).

The uniaxial stress-strain curve is assumed to be linear up to a stress level equals to Cp fd

followed by a parabolic shape up to the peak compressive stress f . In the present study, values of
0.3 and 0.5 are assumed for plastic coefficient C, for normal and high strength concrete

respectively. The plastic yielding begins at a stress level of Cp fi. If Co = 1.0, then the elastic

perfectly plastic behavior is specified, as shown in Fig.(4).
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Fig.(4) Uniaxial stress-strain curve of concrete in compression

3-1-3 The flow rule: In order to connect the loading function f and the stress-strain relation in the
plastic range, an associated flow rule is usually employed. This means that the plastic deformation
rate vector will be assumed to be normal to yield surface. The plastic strain increment is defined

as?.

0f({o})

..(6
Py (6)

d{ep} =da

The normal to the current loading surface of ({a})/a{a} is termed the flow vector. The yield

function derivatives with respect to the stress components define the flow vector {a} as:

-
{a}z{af of of of of ,af}

0o, ’60'y ’60'2 ’6rxy "ot ot

yz x

3-1-4 Crushing condition: in the adopted model, the isotropic expansion of the subsequent
loading surfaces is terminated when the effective stress reaches the peak compressive stress.
Beyond that a perfectly plastic response is assumed to occur. The perfectly plastic flow continues
until the ultimate deformation capacity of concrete is reached and the material eventually
exhibits a crushing failure. The stresses at crushed sampling point drop abruptly to zero. The
crushing criterion is obtained by simply converting the yield criterion in equation (2), which is

written in terms of stresses directly into grains, thus:

c.|1+\/(c.|'1)2+3.ﬂ JY ZEay e (7)
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where 17 and J; arefirst the strain and second deviator strain invariants, &, isthe ultimate

crushing strain of concrete, extrapolated from uniaxial test.

3-2 Behavior of concretein tension

3-2-1 The cracking criterion : In the present study, the initiation of cracking is controlled a
maximum tensile stress criterion. At the sampling point under consideration, if the maor principal
stress, O, exceeds the limiting tensile strength a crack is assumed to form. The limiting tensile
stress required to define the onset of cracking can be calculated for state of triaxial tensile stress and

for combinations of tension and compression principal stresses as follows.

a) For the triaxial tension zone :

b) For the case of the tension-tension-compression zone:

0.75 .
oj=ocr = ft|:10+ O-3i| |:1,2

!

c

¢) For the case of tension-compression- compression zone.

0.7505 0.7503 o . _ ,
oj=oqi = ft| 10+ el 1.0+ y where, ~ o isthe cracking stressand f; , f] are
C C

the tensile and compressive concrete strength (positive values).

3-2-2 Tension stiffening model: The tension stiffening effect is found to be quite significant under
service load conditions by increasing the overall stiffness of the system in the post cracking range.
In finite element modeling of reinforced concrete two approaches have been suggested to account
for this effects®. The first approach is characterized by increasing the stiffness of steel bars. The
second approach is characterized by a gradual decrease of the tensile stress in the cracked concrete
over a specified strain range. Many researchers®” used the second approach to account for the
tension-stiffening effect conventionally reinforced concrete members.

In a current work, the second approach is adopted to represent the tension-stiffening effect. The
adopted tension stiffening the model is shown in Fig.(5).
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Fig.(5): Post-cracking model for concretein

tension®.

3-3 M odelling of sted reinforcement
Prestressing stedl bars can be assumed to transmit axial forces only. Modeling of ordinary and
prestressing steel in connection with the finite element analysis of prestressed concrete members is
much simpler than the modeling of concrete.
In the present research work, the uniaxial stress-behavior of ordinary and prestressing steel bars has
been simulated by an elastic linear work hardening model, Fig.(6).

—h
c

—h
<

stress
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85y . Esu
strain

Fig.(6): Stress-strain curve for prestressing steel bars used in the
analysis
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4- Numerical Examples

To demonstrate the applicability of the method developed in the present study to the analysis of
prestressed concrete members two examples are presented. .

4-1 Hsu Prestressed Concrete beam

Hsu®® tested a series of rectangular prestressed concrete beams with various properties and details
of reinforcement. Among these tested specimens, the beam designated as (P8) was selected for
present research work in order to test the ability of the finite element model in predicting behavior
of prestressed concrete members subjected to torsional loading.

4-1-1 Geometry and materiel properties. The chosen simply supported beam had a rectangular
Cross- section, the cross section was 254mm wide 381mm deep. The beam was 2000mm long. An
increasing lateral load was applied at the ends of the beam. Details of the beam are given in Fig.(6).
The material properties and the additional material parameters adopted in the analysis are given in
Table (1).

closed stirrups12.7 mm at 57

[ 4

CL

[

=

T

12.7\
J

CL

2000 254

»l
»
beam elevation Ordinary reinforcing bars Sec. aa

All dimensionsarein (mm).

prestressiNQ D@r

Fig.(6): Hsu beam (P8), dimensions and reinforcement details.
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Table (1): Material propertiesfor Jack et al. prestressed concrete beam.

Concrete

Y oung’s modulus (N/mm?) ......... E.= 26000
Poisson'sratio .............c.eeee. ...v=0.2
Compressive strength (N/mn?) ... .. 4 =310
Tensile strength (N/mm?) ... ... ......f;=3.2
Tension gtiffening a1 =10
parameters ... =06

Prestressing steel
Y oung’s modulus (N/mm?) ......... Es =200000
Yield stress (N/mn) ... ............ fpy =897
Ultimate stress (N/mn) ............ f,, =1103.2

Longitudinal Reinforcement

Y oung’s modulus (N/mn?) ........ E. = 200000
Yield stress (N/mm?) ........... Fy=334.4

Area of longitudinal reinforcement (mm?)... 129

Transver se Reinforcement
Y oung’s modulus (N/mn?) ........ E. = 200000
Yield stress (N/mm?) ........... Fy= 336

Area of longitudinal reinforcement (mm?)... 129

4-1-2 Finite element idealization: Because the beam was tested under pure torsion, a segment
representing half the length of the beam has been considered in the analysis. This segment was
modeled using afinite element mesh of eight quadratic brick elements.

Fig.(7): Hsu beam, finite element mesh (8 elements).

40



Kufa Journal of Engineering, Vol.4, No.2, 2013

4-1-3 Results of the analysis: The experimental and numerical torque-twist curves obtained for this
beam are shown in Fig.(8). The figure indicates good agreement between the finite solution and the
experimental results throughout the entire range of loading. The ultimate torque obtained from the
numerica analysis was (63.09 kN.m) while that obtained from the experimental results was
(61.7 kN.m). The ratio of the predicted ultimate torque to the corresponding experimental torque is
(1.02).

~
o

[«2]
o

u
o

N
o

w
o

E
z
<
®
3
o
bt
o

|_

N
o

——Experimental

=
o

—e— Analytical

o

1 15

Angle of twist (deg./m)

Fig.(8): Hsu beam (P8), experimental and analytical torque-
twist curves.

4-2 wafa et al. prestressed rectanqular beam (B0.0-2a): Wafa et al. tested a series of 18
rectangular concentrically prestressed concrete beams with and without fiber reinforcement
subjected to torsion. One of these beams has been selected for the present study. This beam is
designed as (B0.0-2a) and was cast without fiber reinforcement.

4-2-1 Geometry and materiel properties. The total length of test specimen of 2190 mm with 100
* 250 mm rectangular cross section. The effective span of tested beam was 1850 mm. The beam
was concentrically prestressed with 12.7 mm prestressed strand without any additional ordinary
longitudinal bars or stirrups, Dimensions and reinforcement details of the beam are given in

Fig.(9).
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Longitudinal sec.

All dimensonsarein (mm).

Fig.(9): Wafa et al. beam (B0.0-2a), dimensions and
reinforcement details

The material properties and the addition parameters adopted in the analyses are given in Table (2)

Table (2): Material propertiesfor Jack et al. prestressed concrete beam.

Concrete
Y oung’s modulus (N/mm?) ......... E.=28400
Poisson’'sratio ...............eeeee. ...v=0.2
Compressive strength (N/mn?) ... .. & =40.72
Tensile strength (N/mn?) ... ... ......f;=3.7
Tension stiffening o1 =10
a =0.6
Prestressing steel
Y oung’s modulus (N/mm?) ......... Es =200000
Effective stress (N/mn?) ............ f =945
Ultimate stress (N/mn?) ............. f,, =1860
Area of prestressing Reinforcement(mm?).. 99.24

4-2-2 Finite element idealization: Dueto symmetry, only one half of the beam has been used in
the finite element analysis. The half considered was modeled by using 12-quadratic brick elements.
The finite element mesh and the boundary conditions imposed at the ends of the beam are shown in
Fig.(10).
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Fig.(10): Wafa et al. (B0.0-2a): finite element mesh
(8 elements).

0.123 J,297 0.017

Leftend Z=0.0

- L

0181 (.129
oos >t ¢ <

0.54 &19 «}- 0587
0.165 <—ll [ [

0.322

,T 4 < 4
v

0.123 (297 0.017

Right end Z = 925

Applied torque = 0.6 kN.m

Fig.(11): Wafa et al. (B0.0-2a): Boundary conditions and the equivalent nodal forces.
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4-2-3 Reaults of the analysis: The experimental and numerical torque-twist curves obtained for this
beam are shown in Fig.(12). The figure reveal that the finite element solution is in good agreement
with experimental results throughout the entire range of behavior. A dlightly stiffer numerical
response has been observed at post-cracking stage of behavior and the ultimate torque was slightly
higher than the experimental value. The numerical ultimate torque was (4.44 kN.m) while the
experimental ultimate torque was (4.6 kN.m). The ratio of the predicted ultimate torque to the

experimental ultimate torque was (1.036) .

5- Parametric study

The main purpose of the present item was to investigate the effect of several important

parameters on the behavior of prestresssed concrete members under torsion.

5-2 Effect of the Degradation of Concrete Compressive Strength

Cervenka's model was adopted in the present work to represent the redaction in the
compressive strength of concrete due to the presence of transverse tensile straining after cracking,
Cervenka s model includes a compression reduction parameter designated as (k), which is used to
control the reduction in the compressive strength, Eq.(3-64). Fig.(13) indicates the analytical
torque-angel of twist curves obtained for Hsu beam (P8), using different values for the parameter
(k). The figure revels that the effect of the parameter (k) is negligible on the post cracking behavior
while it is significantly affect the predicted value of the ultimate torque capacity. The indicates that
for k=0, which is the case where the degradation in the compressive strength of concrete is not
considered, the predicted torsional capacity is higher than the experimental results. A value of (k)
equals to 0.4 gave the best fit to the experimental results.

Experimental

E
z
<
)
S
o
=
o
'_

———K=0.4

——K = 0.6

—e—K =0.0

1 15

Angle of twist (deg./m)

Fig.(13): Hsu beam (P8), effect of the degradation of concrete
compr essive strength on the tor que-angle of twist behavior.
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5-2 Influence of the Longitudinal and Transver se Reinforcement:

Fig.(14) exhibits the effect of the variation of amount of longitudinal reinforcement on
torque-twist response for Hsu beam (P8). Numerical tests carried out using a total area of
longitudinal bars of 516 mm?, 804 mm? and without longitudinal bars. Fig.(15) shows that when the
longitudinal steel ratio equals to zero, the predicted ultimate torque is dlightly less than the
experimental torque, and also it can be noted that when higher longitudinal steel ratio is used the
effect of longitudinal steel is negligible on the post cracking behavior and the ultimate torsional

capacity was slightly increased.

To study the effect of the amount of transverse reinforcement on the torque-angel of twist behavior
and the ultimate torsional capacity, numerical tests carried out using area of stirrups of 31.67, 50.26
and 78.5 mn?, Fig.(5-10) reveals that the influence of transverse reinforcement substantially affect

on the post-cracking torque-angel of twist response.

E
z
<
[}
>
=2
=
(o}
-

Experimental

——AL=0

——AL =516 mm

—a—AL= 804 mm

1 15

Angle of twist (deg./m)

Fig.(14): Hsu beam (P8), ultimate tor que for different ar ea of
longitudinal steel on the torque-angle of twist behavior.

5-3 Effect of the Prestressing Force:

To study the influence of the prestressing force on the behavior and ultimate torsional capacity of
Hsu beam (P8), different values of prestressing force have been considered. The selected values
were 0.0, 165.125 kN, 330.25 kN, 495.375 kN, 660.5 kN and 825.625 kN, ( for the numerical
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analyses 0.0, 0.25, 0.5, 0.75, 1.0, 1.25, times the magnitude of the prestressing force used in
experimental work respectively which was f = 660.5 kN). In these analyses the area of
prestressing tendon was kept constant. Fig.(16), shows that the magnitude of the prestressing
force strongly affects the post-cracking torque-angel of twist curve and ultimate torque. It can be
noted that the post cracking response and ultimate torque are substantially increased with higher

values of the prestressing force.

80

70

60 / =

— —

0 —
No Za —
& — -
lF}BO Experimental
Ho ——Pe =0.0

10 ——Pe =165.125

0 kN
0 0.5 1 1.5 2

Angle of twist (deg./m)

Fig.(16): Hsu beam (P8), effect of prestressing force on the torque-angle
of twist behavior.

Effect of War ping Restraint:

In pure torsion analysis, an interesting phenomenon occurs after cracking in which the
length of the member increases as the applied torque increases. In this study, beam (P8) is restrained
longitudinally at all nodes of end cross sections except the nodes where prestressing force is
applied. Fig.(17) shows the torque-angel of twist behavior for pure torsion and torsion with
warping restrained. It can be noted that the pre-cracking and post cracking torsional stiffnesses and
the collapse torque are considerably increased when the beam is restrained against warping at both
ends. The values of the predicted ultimate torque for pure torson and warping torque are 63.09
kN.m and 91.48 kN.m respectively. The experimental pure torque was 61.7 kKN.m therefore.
Therefore it can be noted that when the beam is restraint against warping the percentage of increase
in the torsional capacity is about 45%.
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——Experimental pure torque

—e—Analytical pure torque

——Analytical torque with
warping restraint

1 15

Angle of twist (deg./m)

Fig.(17): Hsu beam (P8), effect of the war ping restraint on the
torque-angle of twist behavior.

5-5 Effect of compressive strength of concrete:

In order to study the effect of increasing the concrete compressive strength on the behavior
and ultimate torsional capacity of prestressed concrete beams, Hsu beam (P8) has been analyzed for
increased values of the concrete compressive strength. The concrete compressive strengths used in

!’ !’ !’

this analysis were, 38.75 MPa (125 f_ ) and 465 MPa (15 f_ ) where (f_) is the

experimental value (31 MPa) of concrete compressive strength. Fig.(18) shows the effect of
increasing the compressive strength of concrete on the response of prestressed concrete beams
represented by the numerical torque-angel of twist curves. It can be noted that a stiff response in the
pre-cracking response and a dlight increase in the ultimate torsional capacity is obtained when the
value of compressive strength of concrete is increased.
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Fig.(18): Hsu beam (P8), effect compressive strength of concrete
on the torque-angl e of twist behavior.

6 - Conclusions :

1- The Three-dimensional nonlinear finite element model used in the present research work is
capable to predict the behavior of prestressed concrete members subjected to torsion. The
numerica tests carried out showed that the predicted torque-twist curves are generaly in good

agreement with the experimental results.

2- It is found that the degradation of the concrete compressive strength due to presence of
tensile transverse straining has a negligible effect on the post cracking behavior and
significantly affect the predicted value of the ultimate torque. The model used in the present
work to account for this phenomenon improves the correlation between the predicted and

ultimate capacity of prestressed concrete beams under torsion.

3- At a constant area of prestressing steel, it can be noted that the ultimate torques are
substantially increased substantially with the use of higher value of prestressing force. It is
found that when the prestressing force is increased by 25%, the ultimate torsional capacity is
increased by about 13%.

4- By keeping the amount of transverse steel constant, the increase in the percentage of the
longitudinal ordinary reinforcement in presence of prestressing tendon dightly affects the post

cracking and dightly increase the value of the ultimate torque.
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5- The transverse reinforcement largely effects on the post cracking behavior and the value of
the predicted ultimate torque. It can be noted that when the area of transverse reinforcement
decrease from 129 mm? to 31.67 mm?, the ultimate torsional capacity is decrease by about
27.58%.

6- The finite element solutions reved that the prestressed concrete beam casted without web
reinforcement have a little ductility, and failure is sudden and violent. The introduce of web
reinforcement improves ductility, aswell astorsional strength.

7- For prestressed concrete members casted without web reinforcement, the increase in
compressive strength of concrete relatively affects the post cracking response and increases the
value of the predicted torsional strength. While, for prestressed concrete members provided
with web reinforcement, the increase in compressive strength of concrete dightly increases the
value of predicted torsional strength.

8- The numerical tests indicate that the post cracking torsional stiffness and the ultimate torque
of prestressed concrete beams with warping restraint are considerably higher than those of pure
torsion analysis.
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