On 3-semiprime Ideal With Respect To An element Of A near ring
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Abstract
In this paper ,we introduce the notions 3-semiprime ideal with respect to an element x denoted
by (x-3-S-P-1) of anear ring and the 3-semiprime ideal near ring with respect to an element x
denoted by (x-3-S-P-I near ring ),and we studied the image and inverse image of x-3-S-P-I under
epimomorphism and the direct product of x-3-S-P-1 of near ring and we extension to fuzzify this
notions and give some properties and examples about this .
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Introduction
We will refer that all near rings and ideal in this paper are left .In 1905 ,L.E Dickson began the

study of a near ring and later in 1930,Wieland has investigated it .Furth material about a near ring
can be found [1].In 1965,L.A.Zadeh introduced the concept of fuzzy subset [7] .In 1982 W.Liu
introduced the notion of a fuzzy ideal of near ring [13].In 1989 the notion of completely semi
prime ideal(C.S.P.I) was introduced by P.DHeena[5].In 1991 N.J .Groenewald introduced the
notion 3-semiprime of ideal near ring N [2] and in this year he introduced the notion 3-prime ideal
of anear ring . The purpose of this paper is as mention in the abstract .
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1.Preliminaries
In this section we give some basic concepts that we need in second section .

Definition (1.1) [1]

A left near ring is a set N together with two binary operations "+" and "." such that

(1) (N,+) is a group (not necessarily abelian )

(2) (N, .) is a semigroup.



B)(n1+n2).n3=n1.n3+nz2.n3 Foralln,n,, n; € N.

Definition (1.2) [1]:
Let N be a near ring. A normal subgroup I of (N,+) is called a left ideal of N if
(1IN c L.
(2) vn,n, eNandforalli e I,(n;+i)-n—n; el
Definition (1.3) [2]:
An ideal I of near ring N is called a 3-prime ideal foralla,oe N,a.N.bc | implies

ael vbel.
Definition (1.4)[ 3]

Let (N, ,+,.") and ( Ng,+,.) be two near rings
The mapping f: N1 —N is called a near ring homomorphism if for all m, ne N
f(m+ n) = f(m) +'f(n) and f(m. n) =f(m) ." f(n).
Theorem (1.5) [4]

Let f :(N,,+,.) > (N,,+,.) be homomorphism

(1) If l'is ideal of a near ring N1, then f(I) is ideal of a near ring N>.
(2) If Jis ideal of a near ring N2 then f*(J) is ideal of a near ring.

Theorem (1.6)[2]
Let {I;}be a family of ideals of a near ring N ,then

1) (!, isan ideal of N.
jed
(2) if {1} is achain, then U I, isan ideal of N.

jed

Definition (1.7) [5]

Let {Nj}._, be afamily of nearrings,J is anindex setand HNJ- ={(xj):x; for aljed}

jed

jed

be the directed product of N;j with the component wise defined operations "+" and "." is called the
direct product near ring of the near rings Nj .
Definition (1.8) [ 5]
A near ring N is called integral domain if has no zero divisions.
Definition (1.9) [6]
The factor near ring N/I is defined as in case of ring .
Definition (1.10) [7]
Let X be a non- empty set .A function g : X —[0/1] is called a fuzzy subset

of X (afuzzy set in X), where [0,1] is a closed interval of numbers .
Definition (1.11)[7]

Let x be afuzzy subset of a non empty set X .If u(y)=0,forevery y e X then x is called empty

fuzzy set .



Definition (1.12)[7]
Let & be anon- empty fuzzy subset of a near ring N, that ( «(y) =0 for some y e N ).then 4 is

said to be fuzzy ideal of N if it satisfies that following conditions :

(@) p(z —y)=min{u(z ), p(y )}
(2) u(z.y) = min{u(z),u(y)}
() uly +z-y) 2p(2)

(4) u(z.y) z u(y) vV yzeN.
when the subset of N satisfies 1,2 is called fuzzy sub near ring .
Remark (1.13) [8]

If 12 isafuzzy ideal of nearring N then

(V) uz +y)=uly +2)

(2) u(0)= u(z),v y,zeN.
Definition (1.14) [9]
Letf: (N1,+,.) - (N2,+',/) be a function. For a fuzzy set 1 in N2, we define

(f'l(u)) (X) = W (f(x) for every x € N,. For a fuzzy set 1 in X, f(4) is defined

1
by
sup A(x) if f(x)=y,ye Nl

(fFNy) =

0 otherwise y

Definition (1.15) [8]

Let 1 be fuzzy ideal of a near ring N and f be a function from the near ring N1 into a near ring

N2 . Then we call w4 is f-invariant if and only if forall y,ze N, f(z) = f (y) implies x(z) = u(y)

Definition (1.16) [10]

Let 4 be afuzzy ideal of a near ring N then 4 is a fuzzy subset in N defined by

w1 (y) = p(y) +1—- u(0), vy e N .
Definition (1.17) [9]

Let & be a fuzzy subset of a near ring N and

t €[0,1] defined 4 ={neN : u(n)>t}s called t-cut .



Definition (1.18) [11]

y=n

is called a fuzzy singleton
y#n VyeN

t
The fuzzy subset n; of a near ring defined by {0

, Wherete[0,1] .
Definition (1.19) [12]

let ube a fuzzy ideal of N . then the set , is defined by s, ={y € N : u(y) = (0)} where

0 is the zero element of N .
Remark [1.20] [13]
let 1 isafuzzy ideal of N if and only if 4, is an ideal of N .

2. 3-semiprime ideal with respect to an element

This section is devoted to study 3-semiprime ideal with respect to an element of a near ring ,and
X-3-S-P-I near ring .
Definition (2.1)
An ideal I of near ring N is called 3-semiprime ideal with respect to an element of near ring

denoted by (x-3-S-P-1) ifforall ae N x(aN.a)cl —>xael.
Example(2.2)

Considers the set N={ 0,a,b,c} be a near ring with addition and multiplication defined by the
following tables

+ 0 a b Cc . 0 a b C
0 0 a b Cc 0 0 a 0 a
a a 0 c b a 0 a a 0
b b c 0 a b 0 a b c
c c b a 0 Cc 0 a c b
Let 1I={0,a} is c-3-semiprime ideal since c.(a.N.a)c | —»cael.

Proposition (2.3)

Let {I i }jeJ be a family of x- 3-semiprime ideal of anearringNforall jeJ, xe N Then

ﬂlj is a x-3-semiprime ideal of N .
jed
Proof

Let x,ae N (I, isanideal [1.7] since I, is x- 3-semiprime ideal of N, I, =¢,1, =N, .let

jed
x(a.N.a) c |
x(aN.a)c | ,x(aN.a) c ﬂ I, since I, is x- 3-semiprime ideal xa c |
jed
xac (1, implies (I;isan x- 3-semiprime ideal of N.
jed jed

Proposition (2.4)

Let {lI;},., bechain of a x-3-S-P-I of a near ring N ,then Ulj is X-3-S-P-1 of N where

jeld

jed.



Proof
Let {I,},., Be chainof x-3-S-P-1 of near ring . Ulj is anideal of N [1.7] Now let
jed
x.(aNa)c|JI; . x(@aN.a)c 1, vjeJ sincel, isx-3-S-P-I xac |, »>xac | JI; > I, is
jed jed jed
an X- 3-semiprime ideal of N.
Definition (2.5)

The near ring N is called 3-semiprime ideal near ring with respect to an element x denoted by
(x-3-S-P-I nearring ), if every ideal of a near ring N isan X- 3-semiprime ideal of N ,where
xeN.

Example (2.6)

considers the near ring N={ 0,a,b,c} with addition and multiplication defined by the following
tables

+ 0 A b c . 0 a b c
0 0 A b c 0 0 0 0 0
A a 0 c b a 0 a b Cc
B b C 0 a b 0 a b Cc
C c B a 0 Cc 0 a b c

N is c-3-semi prime ideal near ring since all ideals of N ,1:{0} and I>=N are c-3-semi prime ideal .
Proposition (2.7)

Let N be a near ring with multiplicative identity " then | is e’- 3-S-P-I of near ring N if and
only if 1isa 3-semiprime ideal N.
Proof
«—

Let yeN,e'istheidentity e’(y.N.y) = | impliesthat y.N.y < | since I is 3-S-P-1of N

hence y e | implies e’y e I there for I is e'- 3-S-P-1 of N.
-

Let ye N and lis e'-3-S-P-1of N let y.N.yc 1, e'(y.N.y)c | sincelis e’-3-S-P-lof N
—ely.c | implies yel since e’ the identity of N — | is 3-S-P-1 of N.

Remark (2.8)

In general not all x-3-S-P-1 are 3-prime ideal .

Example (2.9)

considers the near ring N={ 0,1,2,3} be a near ring with addition and multiplication
defined by the following tables

wWN ko] +
wiNk oo
N w| ok
Ro|lw|nN
ol (N wlw
o|lo|lojlo|o
S ==
oo
wlolw o|lw

WIN|FP IOl

Let 1,={0,1} be 2-3-semiprime ideal of N but I isnot C.P.I of N, since 2N.2=0elbut 2¢1 .
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Theorem (2.10)
Let (N,,+,.)and (N,,+',.")betwonearring, f:N, - N, beepimomorphism and | be x- 3-

S-P-1 of N1.Then f(l) is f(x)- 3-S-P-1 of N2 .
Proof
Let I be - 3-S-P-1 of N1 f(l) is an ideal of N2 by using theorem [1.6]
Let c,ye N, , Jae N, suchthat f(a)=y, f(x) =c,hence
f(x).'(f(a).N,.f(a)) < f(I) since f be an epimomorphism f (x.(a.N,.a)) = f(I) since I is x-3-S-
P-1 of N1
x(aNja)cl »>xael > f(xa)ef(l)>— f(x).'f(@e f(l)

f(x) is f(x)- 3-S-P-1 of N2 .
Theorem (2.11)

Let (N,,+,.)and (N,,+',.")betwonearring, f:N;, — N, be epimomorphism andJ be a f(x)-
3-semiprime ideal of N, .Then f!(J)is a x-3-S-P-l of N1 where y=f(x), ker(f) < f *(l) .
Proof

Let x,a € N,, such that f* (J) is an ideal by using theorem [1.6],
x.(aN,a)c f () - f(x(aN,a) cJ — f(x).(f(@).N,.f(a) cJ
since J is f(x)- 3-S-P-1 of N>

f(x)'f(a)ed > f(xa)ed > xae f*(J)

— f1(J)is a x-3-S-P-10of Ni.
Proposition (2.12)

If N is non zero near ring then I is 0-3-semiprime ideal of N.
Theorem (2.13)
Let {N;}

j; be afamily of anearrings, x; € N;and I be xj- 3-S-P-1of Njforall jeJ.

Then [ ]I, is (x))- 3-S-P-I of the direct product near ring JN; .
jed jed
Proof

Let (a;),(x;) e [N;.and []!, isanideal of [ [N, by using definition (1.9) such that
jed jed jeld
(x;).@)JIN;-@) <], forall jel
jed jed
x;.a;.N;a; <., since ljis xj - 3-S-P-1 of Njforall j el

- xael; Vijelosxa)e[] I, »>)@)e]] 1,

jed jed
— q I, is (xj)- 3-S-P-I of the direct product near ring 1_J[ N, .

Theorem (2.14)
Let | be an ideal of the x- 3-semiprime ideal near ring N .Then the factor near ring N / IS

X+ - 3-semiprime ideal near ring .



proof

The natural homomorphism nat, : N — I\%which is defined by nat; (x) =x+1, forall x e N ,is
an epimomorphism .Now let J be an ideal of the factor near ring '\% .Then by theorem (1.6) we
have nat, *(J)is an ideal of the near ring N.= nat;*(J)is ax-3-S-P-1 of N [since N is x-3-S-P-I
near ring .By theorem (2-18) we have nat(nat;*(J)) = J is nat, (x) -3-semiprime ideal of '\% =]

is x+I —3-semiprime ideal of factor near ring .Then N% is X+I - 3-semiprime ideal near ring .

3. 3-semiprime fuzzy ideal with respect to an element

This section is devoted to study 3-semiprime fuzzy ideal with respect to an element of a near
ring.
Definition (3.1)

A fuzzy ideal x ofanearring N is called 3- semi prime fuzzy ideal with respect to an

element of anear ring N denoted by x-3-P-F-1 forall ae N u(xa)> inf g(x.an.a).

neN

Example (3.2)

Consider the nar ring N={0,1,b,2} with addition and multiplication defind by the following

tables .
+ 0 1 b 2 0 1 b 2
0 0 1 b 2 0 0 0 0 0
1 1 0 2 b 1 0 1 0 1
b b 2 0 1 b 0 b 0 b
2 2 b 1 0 2 0 2 0 2

{

1 if 0,b .
tye 1} isan b-3-S-P-F-I .

The fuzzy ideal « of N denoted b =
y u y u(y) {o it y < (2.1)

Theorem (3.3)

Let « be afuzzy ideal of a near ring N ,and x is a x-3-S-P-F-1 of N then g,
is X-3-S-P-1 of N for all t [0, «(0)].
Proof

Letx,a,,ne N, x.(a.N.a)c ¢, > x(an.a) € y, by using definition .(1.11),

ux.(ana)>t= inE u(x.(ana)) >t since pis x-3-S-P-F-1 of N = u(x.a) >
inE u(x.(ana)) >t

= p(xa)=t, xa e g, = p,is x-3-S-P-1 of N.



Remark (3.4)

let f be an aepimomorphisem from the near ring N1 onto the near ring N2 and let x be
X-3-S-P-F-1 of N1 ,then f( z,) is a f(x)-3-S-P-1 of N2.
proof
by proposition (3.3) we have g, is x-3-S-P- | of N1 .By theorem (2.10) we get f( z, ) is
a f(x) -3-S-P-1 of Na.
Theorem (3.5)
Let u be fuzzy subset of a near ring N, if g isx-3-S-P-1 of N, then g, is x-3-S-P-1 of N.
Proof
Let a,c,xe N suchthat u, isanideal of N xa.N.ac .
— x.(ana) € u. = p(x.(a.n.a)) = 1(0) by using definition g, since u is x-3-S-P-F-1 of N

{u(xa)> inf wu(x.(ana))= u(0) , x(0) > u(y),vy € N,since u fuzzyideal,or u(x.b) = 1(0)
neN

— Xb e e = py 1SX-3-S-P-l1of N.
Theorem (3.6)
Let f be an a epimorphism from the near ring N1 onto the near ring N2 .Then g is f(x)-3-S-P-
F-1 of Nz if f*(u)is x-3-S-P-F-1 of Ny,forall xe N.
Proof
Let , x,n,ae N, f(x), f(n), f(a) e N,,since uis (x)-3-S-P-F-1 of N2 then
u(f(x).f(a)) 2 Iinnfeﬂ(f (x).(f (a).1(n).f (a)))

u(f(x.a))>inf u(f(x(-a.na)))
ne

fLu(xa) > inf f Lu(x(ana))
ne

= f(u) is x-3-S-P-F-1 of N1
Corollary (3.7)
Let f be an a epimorphism from the near ring N1 onto the near ring N2 .Then the mapping

1 — T () defines a onto correspondence between the set of all f-invariant x-3-S-P-F-1 of N
the set of all f(x)-3-S-P-F-1 of Na.

Proof
Directly from theorem (3.6) .

Corollary (3.8)

Let f be an a epimorphism from the near ring N1 onto the near ring N2 .Then

Is f(x)-3-S-P-F-I of Nz if and only if f *(u)isan x-3-S-P-F-1 of Nu.



Proof
By from theorem (3.6)
proposition (3.9)

let 1 be a fuzzy subset of a near ring N ,then g is x-3-S-P-F-1 of N if and only if
IS X-3-S-P-F-1 of N.

proof
—let x,a,ne N since g isx-3-S-P-F-1 of N

u(xa) > inE u(x.(ana)),vn e N. since u(xa)+1— u(0)> infl u(x.(an.a))l— x(0).
1 (xa) > inf 11> (x.(ana)) = 4" is x-3-S-P-F-1 of N.
«let 4" is x-3-P-F-1 of N.
* B *
uo(xy) = LnI‘ u (x.(ana))
by using definition of x"
u(xa)+1— u(0) > in1:l u(x.(ana))l— u(0).
u(xa) > inl‘l u(x.(ana)),vn e N.

= u IS X-3-S-P-F-1 of N.
Theorem (3.10)
A fuzzy ideal x of anear ring N is an x-3-S-P-F-1 of N if and only if X, .(at.nt.at) eu

implies x; .a; € u for all fuzzy singleton Xih@N, € N.

Proof

—> Let Xi.8,N, € N. ,t [0, «(0)], X4 .(at.nt.at)ey—>
(x.(an.a), e u > x.(an.a) e y

u(x.(an.a) >t since wisx-3-S-P-F-1of N, p(x.a) > im:l u(x.(ana)) >t

u(xa)>t—(xa), eu—>x.a €u

«let x n, e N. suppose that

t &
Xi-@pNpap)) eu=>xpapeu— (x.(a.n.a))t eEu
= (X.(an.a), >t= Ln1:l u(x.(a.n.a)

X, .8, € g —>X,.(a,.n,.a,) e p, p(xa)=t

u(xa) > im:‘ u(x.(an.a) = wuis x-3-S-P-F-1 of N.



Theorem (3.11)

Let {1}, €J be afamily of is x-3-S-P-F-1 of N, then (") ; is x-3-S-P-F-I of N.

jed
Proof

Let x,a,neNand {1}, €J beafamaly of x-3-S-P-F-1 of N where (] x;(xa) = inf 41, (xa)
jed ?EJ

w1 (xa) = |nnIl u;(x.(an.a))

jed

inf 1, (x.a) 2 inf (inf 1, (x.(an.a)))
jed jed neN

ijrlij" u;(xa)= LQE{ljrg u;(x.(ana)))}
= ﬂ ;(xa) > inf(ﬂ ;(x.(ana))

= (), is x-3-S-P-F-1 of N.

jed
Remark (3.12)
Let {x },_, be chain of a x-3-S-P-F-1 of N ,then | Jx; is x-3-S-P-F-I of N,

jed
Proof
By using Remark (1.14).
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