Approximation of Functions by

Means of the Modulus ©(/.4),,

by
Sahib K. AL- Saidy, Zainab Esa Abdul Naby

Al — Mustansiriya University / College of Science
/ Department of Mathematics
E-mail: alsaidy 1951@yahoo.co.uk

E-mail:esazainab@yahoo.com

T(f,A) , e bl Jira dac] g0 J) 9 e S

il 8 i il g gelad BaS cala 5



fm.m)h’.f;
a8 Aa )y Jumdl Y )5 - 5B Ty Leadil Uiay &
. Lp# X) cLaS@ Aol Gﬁ\.«.’ﬂ\ Idm\}g J) gall

ABSTRACT

In this paper, we are used Whitney's and Riesz—Torin Theorems
to find the degree of best approximation of functions by means of

the averaged modulus of smoothness in space L, , (X ).



INTRODUCTION
Let X =[a,b] ; a,be R(the set of all real numbers). Then we define the

space of all bounded measurable functions f onX , by norm a.e :
b » I/p
Hfo(L\f(X)\ d(x)) <o, (1.1)

and denoted by L, (X ), (1<p <) ,[1]. Also we denote byL, ,[a,b]

(1< p <o), of the space of all bounded # —measurable functions

f on[a,b], and defined by:

b p
171, = (I a (X)\pdu(x)j < (1.2)

where g is the non-negative measure function on a countable set, [2] .

For every function f we define the k- difference with step (/) at a point

x as follows [3]:
k m+k k
AL F )= (-1) ( Jf(x+mh), x,x +mhela,b] (1.3)
m=0 m
And the kth locally of smoothness forf €L _ [a,b ] , (the set of all
essentially bounded functions on[a,b ]) is defined by [4]:
w,(f.,6 )=sup{‘A’;f(x)‘:‘h‘ <8,x,x +kh e [a,b]} (1.4)
k<5
Also, for every bounded function f the following trivial estimate

holds: w (f ab]) <21 |, (1.5)

where C[a,b]= max |f (x)| ,[5].

x e[a,b]

ALf ()] =

k o (k

Z - [i jf(x +ih)‘
k k .
T =T

i=0

Since
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In [5] the anther proved if f is a measurable bounded function on[a,b],

then : w,(f,0), <7,(f,0), ka(f,é)(b—a)%’,(ISp<oo)

where

7 (f.9),=|w (.9, =

sup{\A’;f(x)\;\h\s&x,x + kh e[a,b]}
|h|<s

p
Also proved the following theorem which is now classical in approx-
imation theory and numerical analysis .This theorem gives additional
conditions which allow us to invert the above inequality.

Theorem 1, [5]:

For each integer n =1 there is a number W  with the following
property, for any interval A and for any continuous function f on A
there is a polynomial P of degree at most n —1 such that

| f@)=P@)|<W, w,(f,A), xeA (1.6)
where W, i1s called Whitney’s constant, A= [a,b ]
Definition (Riesz — Torin Theorem), [5]:

Let T be a linear operator from the spaces L, [a,b] in to the

spaces L, [a,b ], if there exists a constantk , for which

ITf (x) q[a,b]Ska(x)\ ,1<p<g<w (1.7)

plas]
For every function f inL, [a,b] , we say that the operator 7T is of the
type ( p,q) . The smallest number & with this property is called the
(p,q )- norm of the operator 7.
Theorem 2, [5]:

For eachn € Z 7, there is a number W, and there is a polynomial p,

for each Lebesgue integral function f on [a,b] , such that

f -p,

<W w, (f.A)), (1.8)



where W, Whitney’s constant ,Az[a,b] .
Lemma 1, [5]:

LetL, be a linear operator and ) ={x, :a=x,<..<x,,, =b}.If

i

feM[a,b]. Then L,(f)eL, [a,b],(lSpSoo)

L], =<Kls ]y, - (1.9)

and ‘

where K is an absolute constant and M [a,b] the space of all

measurable functions bounded on interval [a ,b ] .
Lemma 2, [2]:
Let © beanon— decreasing function on P, satisfying:

w1(y)— u(x) = Constant and 1< p <o, we put

w,(8)= sup (u(y)—pu(x)),5>0 ,and

0<y—x<6

1 n—l1 Yp
(—Z max‘Pn‘pj < C(p)‘

n i xel;

Pl’l

p 2

where P, isan algebraic polynomial of degree at most » and

I/p
55 e 2, < copfmn, (1))

Lemma 3, [2]:

P

mlp

(1.10)

Let f beabounded u- measurable functionand 1< p <o . Then
I, <com|r], - (1.11)
where C(p) is a constant depends only on p.

2-Main Results
Now we are using the interpolation results of the Whitney's theorem
and the Riesz- Torin theorem [4], [5] to obtain interpolation theorems

which are using of the averaged modulus of smoothness.



Lemma 4:

Let /' bea 2z — periodic bounded u- measurable function then:

Tk(f’né‘)p“u < (2n)k+l z-k (f:é‘)p”u ’ 1Sp<OO

Proof:

(n=1)
We use the identity AL, /(1) = >, A" Ay f (t +ih) 2.1)
i=0

where 47" are defined by

k (n-Dk '
(Let 4 4t) = 3 AMt =n (2.2)

i=0

since 7, (f,nd),, :“Wk(f’x’n5)“p,y

we get 7, (f,no6),,<7.(f.[n]d),,
B k ] k[nlo k[nlo
= iug{ [%]/(t)‘.t,t+k[n]h e[x— 5 X + 5 }ﬂ[a,b]} y

DA [%]’;f (t +ih)

i=0

[n—11k ‘

-l s
|n|<6

t +ih,t +ih +nh e{x _k[n]5,x +k[n]5}ﬂ[a,b]}

2 2

PLu

2n-1)k 2n-1 ké‘
Wi (fxn8)< Y A Zwk(f,x—m—j)?aj (23)
j=l

i=0

since,

2(n)-1
t +ih ,t +ih +nh e U [x —@+(j —l)kj,x +k[n]5+(j +1)?}
j=1

So that by using definition of local modulus of smoothness and

(2.2),(1.5) we obtain



(n-Dk 2n-1

ZADn]k ZW (fx_(n_ )?’5‘)

i=0

7, (f,nd),, <

b | 201 P | v
S2n"[I 2w [fx (n—j)?,éj ch(x)]

2n-1 | b I4 Vr
<2n' {I wk(f,x—(n—n?,éj d,Ax)}

b—(n—-j)%}

p
S2nk(2n—1)[ |w, (f.x.0) d#(x)]

a~(n=j)%2
= 2n" 2n-1).7,(f.,5),,

= (2n* 2n-2n") 7,(1.0),,
= @2n""=2n") 7,(f,5),,
< 2! Tk(fa5)p,y

Lemma 5:

Let > ,={x,a=x,<...<x, =b} be a partition of the interval
[a,b] into n+1 subintervals and let & >1 be an integer .Using the

,i=1,2,...,n ,dnzmax{Ai,ISi Sn}

notation A, =|x , —x,_

+2(k + dn
Then Hwk(f,x[,2h)Hp,#Z < plp+2a(k+D) r.(f ,h +?)p,/t (2.4)

Proof:
From(1.9) and (1.10),(1.5) we have

; I/p
Hwk(f,xl.,2h)up,ﬂz ={Z\wk(f,x,.,2h) i Al}
i=1

I/p
{Zj (W (fox2m)| d (x, }

i=l y



n Yisl

<2 Cl(p){z |

=iy

» I/p
w, (f,x,2(h +Cj€”) d(x)}

< 2 c,(p) 7, (f ,2(h +‘j€n ))p

d
S2”an0ﬂw+fﬁw

d
S 21/p+2(k+1) C3 (p) Tk (f 77”)17,# L

Now, the Whitney’s theorem for feL  (A) spaces, have been proved.

Theorem 2.1:

Foreach neZ" there is anumber w  and there is a polynomial p, for
each Lebesgue Integral function f on [a,b]such that,
Hf _pn Dol SI/Vn Tk(fs[aab])p”u (25)

where W _ 1s Whitney’s constant.

Proof:

Let g=/fd, (x)

From (1.8), (1.6), (1.11) and (1.4) there is a polynomial p,6 of
degree n—1 such that

Sank(g,[a,b])
:Wn.sup{\A’,; gW)||h|<5, 1.t +kh e[a,b]} L h>0

g -p,

f —p,

I/p
lg-p, =W, (j | supAj £ (@) [ d, @)1t +Kh e[a,b]J
A

<,

=C(p) 7, (f [ab]),, I
We shall call the polynomial p=p (f) for which theorem 2 is valid

Whitney’s polynomial for the function feL 6 ofdegree(n—1).



Theorem 2.2:
Let L be a bounded linear operator on L, [a,b] and letL(P)= P,

for every polynomial P € H, , , where H, , is the set of all algebraic

polynomials of degree n —1 . Then for every function f e L, [a,b] ,

wehave [f —L(f)| ,<C(W,z, (f,b;“J (2.6)

where W 1s Whitney's constant.
Proof:
Let P (f ) be polynomial for f of degree n —1 .Then using (1.8),
(1.10) and (1.11) we obtain
|r =2, . <lr -P.O, AP0 -LEGD,,
+| LB, (FN-L(f)

<|f =B, L -LEoN],,
HLl,, A =2,

+

<@+|L|, )|/ =P,
<C(pAHL])-]f =P, ()],
<C(pW,A+|L]) w(f [ab)),

P(f)-LE(N],,

<C,(p)W,(1+|L]) 7, (f ,bn;a)p
<Cy(p)W,(+|L| )z (f ,b%a)p,y
=C.(»W, 7.(f ’bn;a)zw

where C4(p) :C3(p) (1 + H L Hp”u)

Theorem 2.3:
Let F be a bounded linear functional on L, [a,b] ,let F(P)=0

forevery P e H, . Then foreveryf €L, [a,b],



|FOO],, =MW, ¢(fb-a),, (2.7)
where M 1is a constant.
Proof:
By using (1.8), we have
[FOl,, < 1F¢ =, +F®)],,
=1F7-pl,,
<71, 1r -rl,.
SMW, 7,(f|a.b]) I

pHH

Now, we shows Riesz — Torin Theorem in the spaces of all functions
belongsto L, [a,b] :
Theorem 2.4:

Let T be a linear operator from the spaces L, , [a,b] into the

spacesL , , [a,b ], if there exists a constantK , for which

ITf )], <K|f @), (2.8)
Forevery felL,, [a,b],then the operator T is of type(p,q).
Proof:
By using (1.10), (1.7) and (1.11) we get
r.f,, <C@|T.f| <KC@|f |,
=G|, . CW=KCiq)
< KC,(p)|f HM N

Theorem 2.5:
Let L, be a linear operator, If f € L, [a,b],

then Ln(f)eLp’ﬂ[a,b],1£p<oo and Ln(f)Hp’ﬂSka HP’/JZ,, (2.9)

where k& 1s an absolute constant .
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Proof:
By (1.9)and (1.11) we have

IL,f ], <CmlLr,
<cmlf,
<c.lfl,s

CONCLUSIONS

1- The best approximation of bounded 4 - measurable function inZ, ,

Y2y

spaces by using Whitney’s constant have been found.

2- The best approximation of bounded - measurable function inL, ,

spaces by using Riesz — Torin Theorem, have also been found.
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