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Abstract

In this paper, we study composition of certain types of compact mappings namely,
paracompact and C-paracompact mappings and we investigate the relationship between these types.
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1- Introduction

Halfar in 1957 [4] introduced new types of mappings which said to be compact mapping and he
gave some properties of these mappings and in 1969, G. Viglino, [2] studied the sensitivity of these
types of mappings also introduce new class of compact space is called C-compact space and he
discussed the relationship between these spaces and compact space. In 2003, G.maximilian [3] used
preopen set to obtain in an analogous manner a new class of spaces namely PC-compact space, [3].

The aim of this work, is to study some classes of compact mapping which are paracompact and
C-paracompact mappings and give certain properties of these types of mappings which show the
relationship between these mappings and modify some theorems appear in [7], on these mappings by
using same outline of its proof.

2-Preliminaries

In this section, we below list the definitions and results which are useful in the sequel .Through
this paper, we denote X the topological space.

Definition (2.1): [5]

Let A be asubset of a topological space x then A is said to be compact if every open cover
of A has afinite open sub cover.
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Every finite set is compact set, but the converse is not necessary to be true, since [0,1] in usual
topological space (r,T,) is compact but infinite set, [7].

Remarks (2.2): [5][4]

let F ={X, :a e @} isafamily of sets then [T x, is compactifand onlyif x , is compact for all

aeQ

a e Q..
(1) if A isclosed set and B is compact set then A ~ B is compact set.

Now, upon definition (2.1) G. Viglino give the definition of compact mapping as follow:

(2) if fxf,:x,xXx,—-Y xY, iscompact mapping then f '(y,)andf '(y,)are compact set for
all y,eY,,y, €Y,

(3) Let {X,} be a family of spaces and A, X, for each a if A, is closed in X, then [T A, IS
closed in [ X, .

Definition (2.3) : [4]

A mapping f :(X,T)——(Y,o) is said to be compact mapping if f (k)< x is compact
set for every compact set K < v.

Clearly, the compact mapping is not necessary to be continuous mapping. To illustrate that
consider f :(R,T,)—— (R,T,) defined by f(x)=x wvxe x, is compact mapping but not
continuous.

Definition (2.4) : [1]

Let (x,7) be a topological space, A subset A of a topological space x is said to be
paracompact if every open cover of A hasa locally finite open subcover.

Notice that, general every compact set is paracompact but converse is not true
Remarks (2.5) : [5]
If A isclosed setand B is paracompact set then A ~ B is paracompact set.
Definition (2.6) : [7]

A mapping f :(X,T)——(Y,o) is said to be paracompact mapping if f '(K)c x is
paracompact set for every compact set K < v.

From definition (2.6) and definition (2.1) we have, every compact mapping is paracompact
mapping but converse is not true in general.

Now, we can give other types of paracompact mapping such paracompact and paracompact
mappings as follow:
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Definition (2.7) :
A mapping f :(X.T)—(Y,o) is said to be paracompact mapping if f *(k)c x s
compact set for every paracompact set K < v.

Thus from definitions (2.7) and (2.6),* we get the paracompact™ mapping stronger than paracompact
mapping. Moreover, every paracompact mapping is compact mapping.

Definition (2.8):
A mapping f:(X.T)——(Y.o) is said to be paracompact. mapping if f *(k)c x is
paracompact set for every paracompact set K < v.

Examples (2.9):

1- Let f:(R,T,)——(R,T,) be a mapping defined by f(x)=x vxeR , then f s
paracompact’ mapping but not compact mapping.

2-Let f:(R,T,)——(R,T,) beamapping defined by f(x) = x vx e R ,then f iscompact
mapping but not paracompact mapping.

3- Let f:(R,T,)——(R,T,) by amapping defined by f(x) = x vxe R ,then f is
paracompact. mapping but not paracompact mapping.

4-Let f:(R,T,)——(R,T,) beamapping defined by f(x)= x vxe R ,then f is
paracompact’ mapping but not paracompact” mapping.

5- Let f:(R,T,)——(R,T,) by a mapping defined by f(x) = x vxe R ,then f is
paracompact  mapping but not paracompact mapping.

Remark (2.10) : [5]

Let f:x —» X x{x} be a function defined by f(a)=(a, x) for all ae X , then f is
homeomorphism

Next, the following diagram shows the relationship between some types of paracompact mapping .

paracompact” mapping

compact mapping paracompact  mapping

.

Diagram I: The relationship between some types of paracompact mapping

paracompact mapping
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3- On paracompact mappings:

we study in this section certain properties of some types of paracompact mappings such as,
restriction and composition and the product of these mappings. We start by recall that, the restriction
of compact mapping is not necessary to be compact mapping. This is also true for paracompact
mapping [7], to see that consider the following remark.

Remark (3.1) :

If a mapping f:(x,T)——(Y,o) IS paracompact then f|A:A——>Y IS not necessary to be
paracompact. To illustrate that, consider the following example:-

Example (3.2):
Let f:(R,T,)—— (R,T,) be a mapping defined by f(x) = x , then f is paracompact mapping and
let A =[0,3) then f|A IS not paracompact.

the following proposition provides a condition in order to make remark (3.1) is true.
Proposition (3.3):

Let f: x —— Yy be a paracompact mapping. If A < x is closed then f|A A—-Y isa
paracompact mapping.

Proof:

Let k be a compact subset of vy, thus f "(k) is a paracompact in x and
(f|A)‘1(K) = An f '(K), by using Remark (2.5), one can have A~ f (k) is a paracompact set.
From definition (2.6) we get, f|A is a paracompact mapping.

From the above proposition we can get the following corollary :-

Corollary (3.4) :

Let f:x — Y be a paracompact (paracompact ) mapping. If A c x is closed then
f|a: A—— vy isaparacompact” (paracompact ) mapping.

We give the composition of paracompact mapping by the following theorem.

Theorem (3.5) :

Let f:(X,T)——(Y,o) be paracompact mapping
DIf g:(v,0)——(z,y) Iscompact mapping then gof is paracompact mapping.
2)If g:(Y,0)— > (z,y) isparacompact mapping gof is paracompact mapping.
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Proof:

1) Let k be acompact subsetinz , then g * (k) is compact subset of vy and since f is paracompact
mapping then f *(g " (K)) is paracompact setin x, but (gof ) '(K) = f (g " (K)) , therefore; gof
IS paracompact mapping.

2) Let k be a paracompact subset inz , thus by using definition (2.7), one can have, (g)'(K) is

compact subset of v, and since f is paracompact mapping we get, (gof) '(K) is paracompact
subset of x , therefore; gof is paracompact’ mapping.

If g:(v.0)——(z.y) is paracompact or paracompact mapping ,we cannot take any one of the
types have studied .

Moreover, the following theorem give the composition of paracompact” mapping with other
types.

Theorem (3.6) :

Let f:(X,T)——(Y,o) be paracompact mapping
DIf g:(v,0)——(z,y) iscompact mapping then gof is compact mapping.
2)If g:(Y.0)——(z.7) isparacompact mapping gof is paracompact mapping.
3)If g:(Y.0)——(z.7) isparacompact” mapping gof isparacompact’ mapping.
4)If g:(Y,0)—>(z.,y) isparacompact mapping gof isparacompact mapping.

Proof:

1) Let kK be a compact subsetinz ,so g (k) is compact setin y thus g (K ) is paracompact subset
of v since f is paracompact mapping then f ‘(g *(k) is compact subset of x, but
(gof ) '(K) = f (g " (K)) , therefore; gof iscompact mapping.

2) Let k be a paracompact subset of z , thus by using definition (2.7), one can have, (g) '(K) is
compact set in v , so (g) (K ) is paracompact set in y and since f is paracompact’ mapping we get,
(gof)*(K) iscompactsetin x therefore; gof is paracompact” mapping.

Similarly we can prove (3) and (4).
Theorem (3.7) :

Let f:(X,T)——(Y,o) be paracompact mapping
DIf g:(v,0)——(z,y) iscompact mapping then gof is paracompact mapping.
2)If g:(Y,0)——(Z,y) Isparacompact mapping gof is paracompact mapping.
3)If g:(Y.0)——(Z.7) isparacompact’ mapping gof is paracompact mapping.
A)If g:(Y,0)——>(z,y) isparacompact mapping gof isparacompact mapping.

Next, the following propositions study the product of paracompact mapping.
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Proposition (3.8) :
Let f,:Xx,——vY, and f,:Xx,——Y, be two mappings. If fxf,:X xX,—->Yxy, IS

paracompact mapping then both f, and f, are paracompact mappings.
Proof:
Suppose k is a compact set in v, y, eY,, S0 {y,} IS a compact set iny, and by using

Remark (2.2(1)) we get K x{y,} is a compact subset of v xYy, and since f x f, iS paracompact
mapping, thus (f, x f,) (K x{y,}) is a paracompact setin x xx,, but

(fx £,) 7 (Kx{y, ) =1, (K)x £, ({y,h SO £ (K)xf, ({y,) is a paracompact set in x, xx,, hence by using
remark (2.2(1)) we have f,'(K) is paracompact set in x , thus f  is a paracompact mapping and
f," {y,p isparacompactsetin x, ,thus f, isa paracompact mapping.

Proposition (3.9) :
Let f,:Xx,——vY, and f,:Xx,——Y, be two mappings. If fxf,:X xX,—->YxY, IS

paracompact” mapping then both f, and f, are paracompact” mappings.
Proof:

Suppose k isacompactsetiny, , y, eY,,s0 {y,} isacompactsetiny,then K and {y, }are
paracompact set and we get K x {y,} Is a compact subset of v, xvy, thus K x {y,}is paracompact ,
and since f x f, is paracompact mapping then by definition (2.7) , hence (f,xf,)"(Kxly,}) is a
compact setin x,xx,, but

(fx £,) 7 (Kx{y, ) = £ (K)x £, ({y,) SO 1, (K)x f, ({y,) isacompactsetin x xx,, by Remark (2.2(3))
We have f,*(k) is compact set in x,, thus f, is paracompact” mapping and f, *{y} is
paracompact” setin x, ,thus f, isa paracompact’ mapping.

Proposition (3.10) :
Let f,:x,——vY, and f,:x,——Y, be two mappings. If fxf,:X xX,—-YxY, IS

paracompact  mapping then both . and f, are paracompact  mappings.

Proof:

Suppose Kk isacompactsetiny,, y, eY,,S0 {y,} isacompactsetiny,then K and {y, }are
paracompact set and we get K x {y,} Is a compact subset of v, xvy, thus K x {y,}is paracompact ,
and since f x f, is paracompact mapping then by definition (2.8) , hence (f,xf,)"(Kx{y,})) is a
paracompact setin x, x x,, but

1 -1

(fx £) (Kxdy, =1 (K)x f,({y,) SO £ (K)x £, (ly,]) IS a paracompact set in x, xx,, by
proposition(3.8) We have f, *(k) is paracompact set in x , thus f, is paracompact mapping and
t,'@y,» isparacompact setin x, ,thus f, isa paracompact mapping
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Theorem (3.11):

Let f:(X,T)——(Y,o) be a mapping then fx1, :X xW —— Y xW is paracompact

w

mapping if and only if 1, x f is paracompact map, for each topological space w .
Proof:

Suppose f x 1, is paracompact mapping and we can say 1, x f = L,o(f x 1,)oL, such that
L, W x X —— X xW Is mapping defined by L (w,x) = (x,w) V(w,x)eW x X and
L,(y,w) = (w,y) V(y,w)eY xw , also by Remark (2.10) we can get L, and L, are
homeomorphism then L, and L, are paracompact mappings and by using theorem (3.5), we get
L,o(f x1,)oL, IS paracompact mapping. Therefore; 1, x f IS paracompact mapping. By the same
way we prove f x I, IS paracompact mapping.

4- On C-paracompact mappings:

In this section, we define and study some new types of paracompact mapping namely, C-
paracompact mappings and study some properties of these mappings, we start by the following
definition which appears in [7], [8].

Definition (4.1) : [7]

A mapping f :(X,T)——(Y,o) issaidtobe c — compact mapping if fx1, :XxW —>Yxw
is compact map, for any topological space w .

Definition (4.2) :

A mapping f:(X,T)——(Y,o0) is said to be c -paracompact mapping if
fx1, :XxW —-Yxw IS paracompact map, for any topological space w .

Now, the following lemma shows the relationship between paracompact and ¢ - paracompact
mappings.

Theorem (4.3) :
If f:(Xx,T)——(Y,0)IiS Cc - paracompact mapping then f paracompact mapping.
Proof:

Let f:x ——Y be c -paracompact mapping. Thus fx1, :X xW ——Y xW IS
paracompact compact, for any topological space w ,by proposition (3.8) one can have ¢ is
paracompact mapping.

We can gives anther type of C-paracompact mapping upon some types of paracompact mapping
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Definition (4.4) :

A mapping f:(X,T)——>(Y,0) is said to be c~ -paracompact mapping if
Fx1, X xW —-YxW isparacompact mapping, for any topological space w .

For example:-

Let f:(Ca,b] T,)——(R,T,) be a mapping defined by f(x) = x vx e[a,b] , then f

is ¢ * - paracompact” mapping.

Next, the following proposition gives the relationship between ¢ - paracompact and c -
paracompact mappings.

Proposition (4.5):

If f:(x,T)——>(Y,0)is ¢’ - paracompact mapping then f c - paracompact mapping.
Proof:

Let f:x ——vY be c  -paracompact mapping, so from definition (4.4) we get

fxl,:XxW—->YxW is paracompact mapping , for any topological space w , thus

w

fxl,:XxW——YxW IS paracompact mapping , for any topological space w , and by using
definition (4.2), one can have f is c - paracompact mapping.
Definition (4.6) :

A mapping f (X, T)——>(Y,o) is said to be c” - paracompact mapping if
fx1,:XxW —>Yxw isparacompact mapping, for any topological space w .

Now, the following proposition shows the relation between c¢ ™ - paracompact and
paracompact mapping

Proposition (4.7) :
If f:(x,T)——(Y,o)is ¢ - paracompact mapping then f paracompact mapping.
Proof:

Let f:x ——Yy be ¢ -paracompact mapping, thus fxI, :X xW ——Y xW IS
paracompact  mapping , for any topological space w and by proposition (3.10) we have t is
paracompact  mapping.

Now ,to illustrate the relationship between all types of paracompact and C-paracompact
mapping have been studied ,see the following diagram:-
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C -paracompact mapping

l

paracompact” mapping

compact mapping paracompact” mapping

T

C-compact mapping C"™"-paracompact mapping

paracompact mapping

!

C-paracompact mapping

Diagram I1: the relationship between all types of paracompact and C-paracompact mapping

Now, we study certain properties of C- paracompact mapping, and we start by the following
remake

Remark (4.8):
If (X, T)——>(Y,0) is C-paracompact mapping and Ac X then
f\A: (AT,) —-  (Y,0) Is not necessary to be C-paracompact. To illustrate that, consider the

following example:-

Example (4.9):
Let f:(R,T,)——(R,T,) be a mapping defined by f(x)=x* , then f is C-paracompact

mapping ,let A=[1,5) since Aisnotclosed then f|[1,5) is not C-paracompact.

Next, the following proposition give the condition to make the Remark (4.8) true.

Proposition (4.10) :

Let f: x —— Y Dbe a C-paracompact mapping. If A < x is closed then f|A CA—->Y isa
C-paracompact mapping.
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Proof:

Since f:x —— Y Is C-paracompact mapping, so f x 1, IS paracompact, for any topology
w and since A c x is closed thus, Axw is closed by Remark (2.2(4)) also, (f|A)>< 1, IS

paracompact but (f|A) x 1, =(fx1,) therefore f|A is C-paracompact mapping.

Axw 1

Now, from above proposition we can get the following corollary

Corollary (4.11) :

Let f: X — Y bea C -paracompact (C™"-paracompact) mapping. If A < x is closed then
f|a: A——v isaC -paracompact (C™ -paracompact) mapping.

Next, the following theorem give the composition of some types of C-paracompact mappings.
Now, we need the following corollary:-

Corollary (4.12) :

Let f: X —— Y be c - paracompact mapping. Then 1, x f is paracompact for each space
W

Proof:

Let f:x —— Y is c - paracompact mapping, thus f x1, is paracompact map and by
using theorem (3.11) we get 1, x f is paracompact map.

Theorem (4.13) :

Let f:(x,T)——(Y,o) be C-paracompact mapping
DIf g:(v,0)——>(z,y) is C-compact mapping then gof is C-paracompact mapping.
2)If g:(Y.0)——(z,7) isC -paracompact mapping gof is paracompact mapping.
Proof:
1) since f is C-paracompact mapping so by using definition (4.2), we get f =1, is paracompact
mapping for any topological space w , also since g is C-compact mapping thus by using definition
(4.1), we get g x 1, is compact mapping, for any topological space w , then from theorem (3.5), one
can have (f x1,)o(gx1,)=(fg)x1, ISparacompact mapping, therefore; from definition (4.2), we
have ; gof is C-paracompact mapping.

2) since f is C-paracompact mapping so by using definition (4.2), we get f x 1, is paracompact
mapping for any topological space w , also since g is C -paracompact mapping , thus by using
definition (4.4), we get g x 1, is paracompact’ mapping, for any topological space w , then g x 1, is
compact mapping and from theorem (3.5), one can have (fx1,)o(gx1,)=(fog)xl, IS
paracompact mapping, therefore; from definition (4.2), we have ; gof is C-paracompact mapping.
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When g :(Y,0)——(z,7) is C - paracompact mapping we cannot get any type of mapping have
been studied. Moreover, the following theorem give the composition of C’-paracompact mappings
with other types of C-paracompact .

Theorem (4.14):

Let f:(X.,T)— > (Y,o)be C’- paracompact mapping

DIf g:(v,0)——(z,y) is C-compact mapping then gof is C-compact mapping.
2)If g:(Y,0)——(z,y) IisC-paracompact mapping gof is C-compact mapping.
3)If g:(Y.0)——(z.7) isC’-paracompact mapping gof isC - paracompact mapping.
) If g:(Y,0)——>(z.7) isC - paracompact mapping gof is C -paracompact mapping.

Proof:
1) since f is C -paracompact mapping so by using definition (4.4), we get f x 1, is paracompact’
mapping for any topological space w , then f x 1, is compact mapping also since g is C-compact
mapping , thus by using definition (4.1), we get g x 1, IS compact mapping, for any topological
space w , then from theorem (3.6), one can have (f x1,)o(gx1,) = (fog )x 1, IScompact mapping,
therefore from definition (4.1), we have , gof is C-compact mapping.

2) since f is C -paracompact mapping so by using theorem (4.4), we get f x I, is paracompact
mapping for any topological space w , also since g is C-paracompact mapping , thus by using
definition (4.2), we get g x 1, is paracompact mapping, for any topological space w , then from
theorem (3.6), we have (f x1,)o(gx1,)=(fog)x 1, iScompact mapping, therefore from definition
(4.1), we have , gof is C-compact mapping
similarly, we can get prove (3) and (4).

Now, the following theorem gives the composition of C” -paracompact mapping with other
types of mapping

Theorem (4.15) :
Let f:(X.T)——(Y,o)be C”- paracompact mapping

DIf g:(v,0)——>(z,y) is C-compact mapping then gof is C-paracompact mapping.
2)If g:(Y,0)——(Z,y) isC-paracompact mapping gof is C-paracompact mapping.
3)If g:(Y.0)——(z.7) isC’-paracompact mapping gof isC - paracompact mapping.
) If g:(Y,0)——>(z.7) isC" - paracompact mapping gof isC" -paracompact mapping.
Proof: The proof is obvious.

Next, we study the product of some types of C- paracompact mapping and we start by the
following proposition:-
Proposition (4.16) :

. Let f,:x,——vY, and f,:x,——Y, be two mappings ,then f x i, is C-paracompact
mapping if and only if f,x f, is C-paracompact mappings.
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Proof:

Let f,xf,:Xx,xX,—-Y xY, be C-paracompact mapping ,then (f x f,)xI
each space W

IS paracompact for

w

To prove that (f,x f)x 1, IS a paracompact mapping one can see ;

w
(f,x f)x1,= L,o(f, x f, x1 )oL,

Suchthat L, : X, x X, xW — X, x X, xwW defined by:

2
W) V(X,,X,,W)e X, x X, xW

And L,:Y, xY,xW > Y, xY xw defined by :

Lz(yl!ysz):(ygvyl’w) v(yl’yz!W)EY1XY2XW
Since L,and L, isa homeomorphisms then L, and L, is paracompact

Thus L,o(f, x f, x 1,)oL, isparacompact ,therefore (f,x f)x1, is paracompact

w

Then (f,x f,) is C-paracompact mapping .

Corollary (4.17):

Let f,:x,——v, and f,:x,——Y, be two mappings ,then fxf, is C -paracompact

2 2

(C™-paracompact ) mapping if and only if 1, x f, is C -paracompact (C~ -paracomact ) mappings.

Theorem (4.18) :

Let f,: X, ——vY, and f,:x,——Y, be two mappings. If f xf,:x xXx,—-YxY, is C-
paracompact mapping then both ¢, and f, are C-paracompact mappings

Proof:

Since f x f, is C-paracompact mapping, thus (f x f,)x1, iS a paracompact mapping , but
(f,x f,)x1, = fx(f,x1,) then by using proposition (3.8) , we get f and (f,x1,) are paracompact
mappings, so f, is C- paracompact mapping and since f x f, is C-paracompact mapping then by
using proposition (4.16) we get f,x f, is C-paracompact mapping and (f,x f)x1, IS paracompact
mapping, but (f,x f)x1, = f,x(f,x1,) thus by using proposition (3.8) , we get f, and (fx1,) are
paracompact mappings, so f, is C- paracompact mapping.

Now, we can get the following conclusions:-

Conclusions (4.19) :

(1) If 1%, :x,xx,—-Y xy, is C-paracompact mapping then both f and f, are C-
paracompact mappings.

(2) If fxf,:x,xx,—-Y xv, is C -paracompact mapping then both  and f, are C" -
paracompact mappings.
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Proof

(1) Since f,x f, is C”-paracompact mapping, thus (f,x f,)x1, is a paracompact mapping , but
(f,x f,)x1, = f,x(f,x1,) then by using proposition (3.9) , we get f and (f,x1,) are
paracompact. mappings, So f, IS C’- paracompact mapping and since fxf, IS o
paracompact mapping then by using corollary (4.17) we get f,x f, IS C’-paracompact mapping
and (f,x f,)x 1, is paracompact” mapping, but (f,x f)x1, = f,x(f,x1,) thus by using proposition
(3.9), we get f, and (f,x1,) are paracompact’ mappings, so f, is C - paracompact mapping

(2) Since fx f, is C" -paracompact mapping, thus (f x f,)x1, is a paracompact mapping , but
(f,x f,)x1, = f,x(f,x1,) then by using proposition (3.10) , we get f, and (f,x1,) are
paracompact” mappings, so f, is C - paracompact mapping and since fxf, is C -
paracompact mapping then by using corollary (4.17) we get f,xf, is C  -paracompact
mapping and (f,x f)x 1, is paracompact mapping, but (f,x f)x1, = f x(fx1, ) thus by using
proposition (3.10) , we get f, and (f,x1,) are paracompact mappings, so f, is C -
paracompact mapping
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