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Abstract: The Gompertz Topp Leone Inverse
Weibull distribution GoTLIW distribution, which
has four parameters, is a novel distribution that we
introduce in this article. Inverse Weibull (IW)
distributions with various parameter values can be
combined to form the new distribution. The
moments, moment generating function, quantile
function, the R'enyi entropy generating function,
reliability function, and hazard function are only a
few of the crucial structural aspects of the new
model that are derived. and apply the method of
greatest likelihood to calculate the parameters of the
new distribution (MLEs). We used one genuine data
point on the total milk output in the first birth of 107
SINDI race cows to demonstrate how adaptable the
new distribution is. The Carna 'ba farm, which is
owned by Agropecuaria Manoel Dantas Ltd., is the
owner of these cows (AMDA), statistics that show
how the (GoTLIW) distribution works.
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. Introduction

Nowadays, in probability theory, both the reliability function and the
survival function have the same property, which is the measurement of the
life span of a particular system or living organism. The flexible distribution
Is considered to fit different lifetime data. These distributions have more
flexibility than the base line distribution because they add one or more
shape parameters. Furthermore, new distribution can take many different
shapes. Many families and distributions have been established and studied
by researchers. In (1993) Mudholkar and Srivastava proposed a
modification of the Weibull family named Inverse Weibull distribution
(IW) by adding one shape parameter. In (1994) Mudholkar et al.,
Generalized Weibull family. In (2021, March) Chipepa et al., Marshal
Olkin Gompertz distribution. (1997) developed a technique for adding one
parameter to the baseline distribution, and the new distribution is very
flexible for modeling real time data. in (2019). The Marshall-Olkin inverse
Lomax distribution (MO-ILD) with application .in (2021) A new inverse

Weibull distribution: properties, classical and Bayesian estimation with
applications. In (2002) Eugene et al. introduced a new technique by adding
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two shape parameters named Beta-G. (2017). Beta burr type x with
application to rainfall data. Malaysian Journal of Mathematical Sciences.
Bera et al., (2015) The Kumaraswamy inverse Weibull Poisson
distribution, (2017). WEIBULL BURR X DISTRIBUTION. In (2013)
Cordeiro et al. introduced a new family using an odd formula to define
Weibull-G. In (2017) Weibull Burr X distribution. (2012). Modified
inverse Weibull distribution. Abid et al. proposed a new method in (2017)
to discover a new family called the [0,1] truncated-G family. In (2022). A
new [0, 1] truncated inverse Weibull Rayleigh distribution. In (2017),
Alizadeh et al. defined a new family named Gompertz-G by adding two
shape parameters to any base line distribution. Many researchers follow the
work by Alizadeh et al. to define new distributions like. in (2020) The
Gompertz flexible Weibull distribution. in (2022) the Rayleigh Gompertz
distribution. Muhammed, H. Z., & Almetwally, E. M. (2020). Bayesian and
non-Bayesian estimation for the bivariate inverse Weibull distribution.
Pakungwati al., Marshall-Olkin extended inverse Weibull distribution and
its application (2018, November). In 2021, Khaleel et al. defined and
studied another new family called Marshall Olkin Topp-Leone-G a day in
probability theory, the flexible distribution considers to fit different the
lifetime data. This distribution will be more flexibility than the base line
distribution because we add one or more shape parameters as we can proof
that in experimental application. Furthermore, new distribution can give
many different shapes. In (2020) the Marshall-Olkin Topp Leone-G family
of distributions. Finally, The Gompertz Tope Leone-G (GoTL-G) family of
distributions was presented by Rannona in (2022). Therefore, the
cumulative density function (cdf) and the probability density function (pdf)
of the GoTL-G family of distributions is given by.

1 )
2(1-(1-[1-G2(x)]P)Y
Feorr—c(x; v, b, {) = (1 — e[l"( ( %017 }) (1)

Where G(x;0) =1—G(x;{) = G2(x;0) = (1 — G(x;{))?

feorL-¢(x v, b,0)
=2bgxG(x (1 -G (x; ()" ()
f[1-(1-GxPl1rt
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therefore x > 0,y,b > 0 and {is the parameter vector.

We are motivated to propose a distribution because:

It can be considered as an appropriate distribution to model the skewed
data available in the literature may not be adequately fitted.

+ It may also be used to represent a wide range of real-world data sets in the
disciplines of survival and industrial reliability.

¢ It can be relied upon to build other unstudied distributions with better
results and with the same or other data.

2. Inverse Weibull Distribution: The inverse Weibull distribution has a

novel addition known as the extension, which was developed by the
researchers Afify et al. in (2021) Khan et al., in (2008).

A novel inverse Weibull distribution was investigated, and some of its
mathematical characteristics were deduced. A variety of techniques,
including the method of greatest possibility and the method of least
squares, were used to estimate the parameters of the new distribution. The
inverse Weibull functions are both writable. If x is a random variable, then
G (x; Q)is the probability distribution function (pdf), and g(x;Q)is the
probability density function (pdf) corresponding to the inverse Weibull
distribution (cdf):

G(x o, B) = p—a(P x>0 ,a,B

>0 (3)
g(x;a, f) = ape 2@ F () B x>0 ,a,f>
0 (4)

3. Gompertz Toppe Leone invers Weibull distribution: In this paper, we
develop a novel distribution called the Gompertz Toppe Leone invers
Weibull distribution that is the outcome of combining the Gompertz Toppe
Leone family with the Invers Weibull distribution. By contrasting it with
certain different distributions, it is hoped that we may find some useful
conclusions. Further, we do. Consequently, we change equation one into
equation three to obtain the cumulative distribution function. By inserting
Eq. (3) in Eqg. (1) we have a cdf of new distribution as follows:
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Feorurw (v, b, B, )
b
ORI

1
=[1-el” (5)

Therefore, we substitute equation number( 4) into equation number (2) to
obtain the probability density function:
feorerw (v, b, B, @)

= 2abBe @ P () P11 - e @@ a1

o (1 o e—a[x)_ﬁ)z]b—l
* [1 - (1- (1 — e_“[x}_ﬁ)z)b]_y_l

(bt

Where x>0, ybpBa=>0

L1
=4 —  +=0.30,B=1.22, x=1.00 , b=2.20
— ¥=0.20.B=1.55, x=1.9 , b=1.50
¥=0.90,B=3, ¢=1.10 , b=2.40
— v=1.5,=22. x=1.50 . b=2.5
v=1.30,=1.50, x=0.92 , b=0.80
e —— y=4.3=1.8, *=1.80 , b=1.61

PDF
|

05
|

h—
=3

T T T T T
o 1 2 3 1

Figure 1: Different shapes of the pdf, with different value of parameters.
3-1. The survival function S(x) given by:

Scoruw (x;v,b, B, a)
b
[%l(l—(l—[l—(l—e—a(xj—ﬁ)2] )—V)“

3-2. Hazard rate function (HRF) by substituting:

(7)
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heorw (X; v, b, B, @)

2abe™ 09 ()81 1 - =P [1 - (1 - 7o P) ot [1 ~(1-(1- e-a@'ﬁ)z)bl

Mol

*

e [}% (l_(l_[l_(l_e_aw—ﬁ)Zr)‘y)“
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Figure (2): Different shapes of the h(x), function with different value of
parameters
. Expansion the density function: The expansion for the pdf of the

GoTLIW distribution are provided as:
(—l)i xl'

i!

Let us use the exponential Taylor series e™ = 7, for

expansion for the pdf of new distribution on Eqg. (6).
M) = E(e™) = | e f(ax
feoruiw (X;v,b,[5,a) = 2abf(q + 1) (x) B 1 e ala+ D),
" (_1)L+M+p+q
D i
kLMp.q=0 k! 14 (q + 1)
+2pq) (9)

Equation (9) can be written as a short form and it help us to find many
properties than need many simplified before find the integration.

(kL) (—y(L+1)—-1M)(b(M+1)—-1p)(
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feoruiw (X;v.b,[5,a)
= Uaf(qg+1) (x)F1
 p-ala+1)()F

i (—1)L+M+p+a (k) (—V(L +1) - 1) (b(M +1) - 1) (1 + Zp) (10)

k
k.L.M.p.q:Ok”’ (g+1) ‘L M P q
Where U
_ Z (—1)rHMrpta (k) (—y(L +1)— 1) (b(M +1)— 1) (1 + Zp)
kly*(g +1) \L M p q
k.L.Mp.qg=0

Equation (10) as we shall demonstrate, it may be utilized to discover a
variety of mathematical features.

5. Mathematical Properties:

5-1. Moments: One of the statistical techniques utilized in these situations is
mathematical expectation. Moments are crucial in identifying and
quantifying certain statistical features. Any attribute, including the
coefficient of variation, torsion and flattening, standard deviation, as well
as the potential of determining the mean, variance, and other metrics, may
be investigated using moments. Depending on the probability density
function after its expansion, we may get the moment of degree r for the
Gompertz Toppe Leone inverses Weibull distribution from the following
relationship; [ Khalaf and Khaleel (2022)]

1y = E(x7) = f X7 F () dx

0

= EX")gorriw
~ v f () #1 aB(q
0

+ 1)e 3@ DEF gy (11)
Making substitution z = a(q + 1)(x) ™ = dz = —aB(q + 1) (x) F ldx

1 -

zxP=a(g+1) =xf =a(g+1)z7! = x=(alqg+1))Fz¢F
Putting these values, the expression will be

0o 1 —-1\"
tr = EX") gorLiw = Uf ((a(q +1))BzF ) e “dz
0
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o —r

I
iy = E(X") gorw = Ulalq + 1})ﬁf zF e ?dz
0

Uy = EX")gorLiw
=U(a(q

r e ({_ry
+1))F f z(l ﬁ’) ‘e Zdz the integral of the expression is
0

= Ula(q + 1)]%!* (1 —

%) (12

Equation (12) very important to find many statistical concepts like mean,
the 4" moments, variance, CV, Moment generating function (MGF) and so

on.
5-2. Moments Generating Function:

By using Eq. (12) and Taylor expansion e™ = Z;":O%xpwe can

get the MGF of new distribution as follows: [ Khalaf and Khaleel. (2020)]

oo

My (1) = E(e™) = f e%F (x)dx

— oo

© P - © P © P
MO =) S wrod=)  TEG) =) SEC)
0

By using Eq. (12), it is same moment's function we have
oo [ r
m@:EZﬂ%hmmunwﬁ—a} (13)
p: -

5-3. The Quantile function and median: We get the quantity function using
equation no. (6), say, x = Q(u), [ Khaleel et al, (2017)]
u= F 1)

(1—(1—[1—(1—e—“("]_5)zr)_")”

1
%
l1—u-=-=e
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=112

1
1 2

ERY;
Q(¥)gotuw = | @ tlog1 — [1 - (1 - ((1 —ylog(1 — It)))_y) ] 0<u<

1 (14)
Equation (14) very important to study simulation of the GoTLIW
distribution where U is Uniform (0,1).

Hence, the median of the distribution is derived by substituting
u = 0.5 in Equation (14)

Median(x)coriw = | @ tlog1

Lk
— [1 — (1 — (1 —ylog(1 — 0.5)))1')11‘ (15)

5-4. Order Statistics: Let X;, X,,X3,..., X,, denote a random sample of size n
drawn from the GoTLIW distribution, and X1y < X5y =...= X,y denote
the order statistics. If X;.,, denotes statistics of the ith order, then the
probability density function of X;.,is given by. [ Munef and Khaleel
(2021)].

Gin(X)

D e W O (16)
=0

n! (n—1i
Gimgorrw (X) = Z (i—1D'(n—10) (-1 (nf I)
j=0
jHi-1

* [(1 e %{1—(1—[1—{(1—{““‘3E)z}r}“’}}ﬂ *

ZabBe_a{"}_B (x)"B-1 [1 — e_a{"}_B] wx [1 — (1 — E'-_‘;[{"‘}_B)Z]D_1

425


http://www.doi.org/10.25130/tjaes.19.61.2.22

Tikrit Journal of Administrative and Economic Sciences, Vol. 19, No. 61, Part (2): 417-435

Doi: www.doi.org/10.25130/tjaes.19.61.2.22
.|

. [1 - (1 ~(1- e—a(x}-ﬁ)z)bl
(et

gm(x)

Z(H) ol L XL ()6

(—}/(q+1)—1)* (b(?"‘Fl)—l)*

T s

(%5 1) 2abpe 2D ()b (18)
zZ

The density function of the smallest order statistics is obtained by
Putting r=1 and, Similarly, the density function of the greatest order
statistic can be obtained by substituting r = n.

5-5. R'enyi Entropy: The study of life and water resources makes extensive
use of the R'enyi Entropy. It is a fundamental number in information theory
related to any random variable and is significant in spectrum analysis and
model performance assessment. It may also be thought of as an average
level. The extended frequency analysis is a metric for the level of
uncertainty that is sometimes referred to in randomized trials as
"unproven." It is also applied in the areas of information theory and
statistical physics. The probability density function for a novel Gompertz-
Topp-Leone invers Weibull distribution, which was examined in this thesis,
defines R'enyi Entropy for the random variable x. Consequently, this is the
conventional formula: [Munef et al., (2021)].

IR(S) = 1 islegfm([f(x}]sdx} s #1,s>0.
0
Ir(S)
1 ® s
=1- Slﬂgfo [feoruw (v, b, B, a)]°dx (19)

a,b,y,B > 0andx > 0 ,s > 0 Where

And the probability density function for a new GoTLIW distribution. is as
follows;

feorw (G 7,b, B, @) = 2abBe™2® ™% (x) 71 [1 — e_a(X)‘B] .
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[1-(1- -:-r“*f")_ﬁ)z]i"1 . [1 - (1 ~(1- e—a(x)‘ﬂ)z)b‘

{E(l—(l—[l—(l—e—am—ﬁ)Z]b)—n]
v

*| €

Thus, the formula is the final R'enyi Entropy for a new distribution, and the
number of the equation (19) IS as follows;
Ir(S)

1 = _ _
1 logf 2abBe 2™ B(x)_ﬁ_l[l —eTa® B] * [1

. (1 . e—a(x)_ﬁ)z]b—l

|

-1

B (1 - e_a(x)_ﬁ)z}b]—r—l e[%{1—(1—[1—(1—5“(“]_5)Zr)"’)] dx (20)

-1 —sB=s. 11 sB4s—1
Ir(S) = | M (asﬁs?(ﬂ(s +p)) P +ﬁ‘F(ﬁT) s #1,
s > 0. (21)
Equation (21) very important in this section when S = 0 we have Shannon
Entropy.

5-6. Parameter Estimation of GoTLIW distribution: To determine the
unknown parameters of the GoTLIW distribution, we take into account the
maximum likelihood estimation approach. The sample values, which are
composed of n observations, are x;, x5, X3,.., X,,. The probability density
function's log-likelihood function is provided by.

EP

= Hfaomw (x;y,b,B,a) (22)
i=1

where E is Estimation and P is Parameter
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n
EP = H (ZabBe_a{"}_B (x)Ft [1 - e—ﬂfx}‘B] «[1
i=0

-(1- e-a{x}'ﬁ)zlb—l) . [1 —a-(1- e—a(x}-ﬂ)z)n}
) g[%(1—{1—[1—(1—e—at'xll_|3)2r}—r}}

In(EP) = nlog(2abf) — (B + 1)2 In(x) —ax;? _|_Z In(1—e ax!-_ﬂ)

il0

+ (b

- 1)2111 (1 -(1- e-ﬂxa"ﬂ)z) e
—|—1)Zln(1—[(1— 1—3_‘”! ﬁ)z]’-’)
+Z (1

_(1
~a- (1- e ) ) (23)

Now, we extract the partial derivatives for each parameter, thus:

65;7813) -7 Z a(x) Z n(x)

—aix;) B

" aln(r)e e 0F < 2a(b - Dla(e e (1 emen?)
_Z’“?(l—ﬁ““‘*'ﬁ) 2 E(1— (1— e P)2)

i=1

= 2ab(A+1) ln(xz')e_amj_ﬁ (1 — e_mi_ﬁ) (1 - (1 — e—at'xei'_ﬁ)z)

-2

b-1

b
i=1 xz.n‘g (1 — (1 _ (1 _ e—ﬂill‘z':'_ﬁ)z) )
h-1 p-17"¥-1
n 2ab In(x;)e ™" (1 - e_“*_ﬁ) (1 - (1 - e-“‘“‘*':'_ﬁ)z) Il - (1 - (1 - e—a(;\-i:ﬁﬁ)z) l

’ xf (24)

i=1
oEp)  _m Nt Ehaf(wfe ™) 320 (e (1 - o)

9a . i=1 xiﬁ n+ Z;Ll[:_e_ai.xij_ﬁ) i=1 xi'g (1 - [:1 — e—ai'xa:'_ﬁ)z)
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n o e—ﬂf!‘i:'_ﬁ b (1 _ E—a(-xg:l_ﬁ)xi-_ﬁ (1 - (1 - e_a('!ii:l_ﬁ)z)b—l

A+ 1)2

= (“_ =1 (1—(1—e-ac'xf:n-ﬁ)2)*’)
n —alx) B {4 _ .—a(x) B (1 amalx) B 24 b-1 I R
_;Zbe ( (1 e~al )(1 [1 e fxzﬁ) ) [1 (1 (1—eal )2) ] -
n (jf+1)1n[1— 1_ —alx) ﬁ ][1_ g ].!:

i=1 (1— [1 —(1—emalx 3)2} )
+zn: (1 ~a-la-a- e—at'xg:'_E)Z]b)—F—l)ln ((1 - e—ac-xf:u“*)z) [(1 —(1- e—ai'xg:'_ﬁ)z]b (26)
i=1

lngip) - —Z ln(l _ (1 -(1- e—ﬂf'ﬁ)z)b) +
¥

" In (1 —a—(1- e‘ﬂ*‘f—g)z)b)y - (1 —(—(1- e‘”r‘_ﬂ)z)ﬂ) +1
= (1-a- [1—e—ﬂa“’]2)b)yy2
Following a series of steps, we observe that the equations are zeroed to get
d(EP) _ 0(EP) _ 3(EP) _ 3(EP) _

ag dy db da
The equations have the integers (24), (25), (26), and (27) and are equivalent
to zero after that. It displays the equations, but it is not able to access the
simplified formula to estimate the parameters in it, making it challenging to
manually solve. Therefore, it is important to get an approximation of these
parameters for the distribution of the new GoOTLIW using computer
programs, numerical methods, or by using matrices. In order to get the
estimate of these parameters, the R software was utilized, which is one of
the crucial and simple statistical programs. to support the new Gompertz-
Topp-Leone Invers Weibull distribution.
. Applications: In this part, we provide a real-world phenomenon for the
GOTLIW distribution, which also fits better than other distributions. Their
(NLL) negative log-likelihood is included in the comparison, (HQIC)
Hanan and Quinn Information Criteria, (BIC) Bayesian Information
Criteria, (CAIC) Consistent Akaike Information Criteria, (AIC) Akaike
Information Criteria values, Kolmogorov-Smirnov (KS), P-Value and. The

(27)

the largest estimate possible:
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data fitting comparison between the GoTLIW distribution and other
distributions such as, Transmuted Exponentiated Exponential inverse
Weibull distribution, The Beta Inverse Weibull distribution, The
Kumaraswamy—Inverse Weibull distribution, Exponentiated Generalized
inverse Weibull distribution, Weighted Inverse Weibull Distribution,
Gompertz inverse Weibull distribution, Marshall-Olkin Extended Inverse
Weibull Distribution, Invers Weibull Distribution,

The data: Is about the total milk production in the Orst birth of (107) cows
from SINDI race. These

cows are property of the Carna’ba farm which belongs to the Agropecu-ria
Manoel Dantas Ltda (AMDA), located in Tapero- City, Paraiba (Brazil).
Hamedani et al., (2017). The original data is not in the interval (0,1), and it
was necessary to make a transformation given by:

xi = [yi-min(yi)}J/[max(yi)-min(yi)], for i=1,...,107.

The values of yi are given in Table of Brito (2009, p. 46) and xi values are
0.4365, 0.4260, 0.5140, 0.6907, 0.7471, 0.2605, 0.6196, 0.8781, 0.4990,
0.6058, 0.6891, 0.5770, 0.5394, 0.1479, 0.2356, 0.6012, 0.1525, 0.5483,
0.3323, 0.0671, 0.2361, 0.4800, 0.5707, 0.7131, 0.5853, 0.6768, 0.5350,
0.4151, 0.6789, 0.4576, 0.3259, 0.2303, 0.7687, 0.4371, 0.3383, 0.6114,
0.3480, 0.4564, 0.7804, 0.3406, 0.4823, 0.5912, 0.5744, 0.5481, 0.1131,
0.7290, 0.0168, 0.5529, 0.4530, 0.3891, 0.4752, 0.3134, 0.3175, 0.1167,
0.6750, 0.5113, 0.5447, 0.4143, 0.5627, 0.5150, 0.0776, 0.3945, 0.4553,
0.4470, 0.5285, 0.5232, 0.6465, 0.0650, 0.8492, 0.8147, 0.3627, 0.3906,
0.4438, 0.4612, 0.3188, 0.2160, 0.6707, 0.6220, 0.5629, 0.4675, 0.6844,
0.3413, 0.4332, 0.0854, 0.3821, 0.4694, 0.3635, 0.4111, 0.5349, 0.3751,
0.1546, 0.4517, 0.2681, 0.4049, 0.5553, 0.5878, 0.4741, 0.3598, 0.7629,
0.5941, 0.6174, 0.6860, 0.0609, 0.6488, 0.2747).

The new distribution: Gompertz Toppe Leone invers Weibull distribution
was compared with some sub-models:

And The R program was used to calculate the estimation values of the new
distribution parameters using the MLE method. also, the most important
statistical measures that are used in the comparison between the
distributions, which were mentioned in the first chapter in detail values
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AIC, CAIC, BIC, HQBIC, Kolmogorov-Smimov (KS) and p-value test
statistic.

Table (1): The measures AIC, CAIC, BIC, HQIC and, Criteria Values

Quality statistical standards with a new distribution. GoTLIW

Source: Prepared by the researcher based on statistical software
Table (2): The estimated feature value of the distributions for the real data

Criteria Values
Distributions =~ KS KS AIC  CAIC BIC HQIC
Statistic | p-value
GoTLIW | 00473 | 09728 | -48.8643 | -48.464 | -38248 | -44.562
TEEIW | 0.1730 | 0.0037 | 131893 | 1.718 | 11.934 | 5.620
BIW | 0.1433 | 00267 | -7.5425 | -7.142 | 3.0732 | -3.240
KUIW 0.1580 | 00105 | -5.2255 @ -4.825 | 53903 | -0.923
EGIW | 01696 | 00047 | -3.4558 | -3.055 | 7.1599 | 0.845
WelW 0.0972 | 02734 | -31253 | -30.853 | -20.637 | -26.952
GoIW | 00494 | 09598 | -48.125 | -47.725 | -37.509 | -43.823
MOIW 02091 | 0.0002 37.736 | 37973 | 45.697 @ 40962
W 0.2609 | 12311e-06 97.5650 = 97.682 | 102.872 | 99.715

set.
Distributions Estimation parameters
-LL V b a B
GoTLIW -28.432 | 46.315 1.3481 | 2.2047 = 0.220
TEEIW -3.3405 | 72.293 0.5089 = 3.3271  0.551
BIW -7.7712 | 0.475 193.005 = 4.4237 | 0.501
KUIW -6.6127 | 2.361 299.538 19072 @ 0.335
EGIW -5.7279 | 112996 @ 0.4945 @ 3.7072 | 0.529
WelW -19.626 | 18.688 0.329 1.1978 = 0.088
Golw -28.062 | 0.839 39.137 | 1.9627 @ 0.296
MOIW 15.868 | 49.286 « ------- 0.0033 | 1.953
W 46.782 - - 0.264 1.034
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Fig. 2: fitted densities Fig. 1: fitted densities of eight distribution
Source: Prepared by researchers based on statistical programs
. Concluding Remarks: The Gompertz Topp Leone Inverse Weibull

GoTLIW distribution was successfully generated in this work, and its many
statistical characteristics were examined. The model's shape might be
ascending, falling, or unimodal. It is suggested to use the greatest
likelihood method to estimate unidentified model parameters. Failure rates
can be used to simulate and explain actual occurrences such bathtubs,
inverted bathtubs, and bathtub increases and decreases. The GoTLIW
distribution is discovered to be an advancement and a superior choice than
other distributions when used with actual data sets..
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