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1- Introduction:  Let 𝒜1
∗  be a class of functions 𝑓 of the form:    

𝑓(𝑧) = 𝑧−1 + ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=1

,                                                           (1.1) 

which are analytic and meromorphic univalent in the punctured unit disk                                 

𝑈∗ = {𝑧 ∈ ℂ: 0 < |𝑧| < 1}. 

     Let Σ  be a subclass of  𝒜1
∗  , consisting of  functions of  the form:    

𝑓(𝑧) = 𝑧−1 + ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=1

  ,   (𝑎𝑘 ≥ 0 , 𝑘 ∈ ℕ = {1,2, … } ),                 (1.2) 

which are analytic and meromorphic univalent in 𝑈∗. 

      For  𝑓 ∈ Σ  given by (1.2) and  𝑔 ∈ Σ given by    
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A function 𝑓 ∈ Σ  is said to be meromorphic starlike function of order 𝜌 ( 0 ≤ 𝜌 < 1) if  

𝑅𝑒 {−
𝑧𝑓′(𝑧)

𝑓(𝑧)
} > 𝜌, (𝑓(𝑧) ≠ 0, 𝑧 ∈ 𝑈 = 𝑈∗ ∪ {0}).                               (1.3) 

The class of all such functions is defined by Σ ∗(𝜌). 

      A function 𝑓 ∈ Σ  is said to be meromorphic convex function of order 𝜌 ( 0 ≤ 𝜌 < 1) 

if 

𝑅𝑒 {− (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
)} > 𝜌, (𝑓′(𝑧) ≠ 0, 𝑧 ∈ 𝑈 = 𝑈∗ ∪ {0}).                           (1.4) 

      For  𝑓 ∈ Σ  given by (1.2) and  𝑔 ∈ Σ given by    

𝑔(𝑧) = 𝑧−1 + ∑ 𝑏𝑘𝑧𝑘

∞

𝑘=1

  ,   (𝑏𝑘 ≥ 0 , 𝑘 ∈ ℕ = {1,2, … } ),                   (1.5) 

the Hadmard product (or convolution) of  𝑓 and  𝑔 is defined by  

(𝑓 ∗ 𝑔)(𝑧) = 𝑧−1 + ∑ 𝑎𝑘𝑏𝑘𝑧𝑘

∞

𝑘=1

= (𝑔 ∗ 𝑓)(𝑧). 

Definition (1): A function 𝑓 ∈ Σ  is said to be in the class Σ (𝛼, 𝛾) if and only if 

|
𝑧(𝑧2𝑓′(𝑧))′ − 𝑧2𝑓′(𝑧)

𝛾 − 𝑧2𝑓′(𝑧)
| < 𝛼  , where      (0 < 𝛼 ≤ 1, 𝛾 > 0).      (1.6) 

Lemma (1)[1]: Let 𝛼 ≥ 0. Then, 𝑅𝑒(𝑤) > 𝛼 if and only if  |𝑤 − (1 + 𝛼)| ≤

|𝑤 + (1 − 𝛼)|, where 𝑤 be any complex number     

 The first theorem gives a necessary and sufficient condition for a function  𝑓 to be in the 

class Σ (𝛼, 𝛾). 

2- coefficient bounds: 

Theorem (1): Let 𝑓 ∈ Σ . Then  𝑓 ∈ Σ (𝛼, 𝛾) if and only if  



 

3 
 

∑ 𝑛(𝑛 + 𝛼)𝑎𝑛 ≤ 𝛼(1 + 𝛾)

∞

𝑛=1

,   (0 < 𝛼 ≤ 1, 𝛾 > 0).             (2.1) 

The result is sharp for the function  

𝑓(𝑧) = 𝑧−1 +
𝛼(1 + 𝛾)

𝑛(𝑛 + 𝛼)
𝑧𝑛, (𝑛 ≥ 1) .                           (2.2) 

Proof: Suppose that the inequality (1.6) holds true and |𝑧| = 1. Then, we have  

|𝑧(𝑧2𝑓′(𝑧))
′

− 𝑧2𝑓′(𝑧)| − 𝛼|𝛾 − 𝑧2𝑓′(𝑧)| 

= |∑ 𝑛2𝑎𝑛𝑧𝑛+1

∞

𝑛=1

| − 𝛼 |(1 + 𝛾) − ∑ 𝑛𝑎𝑛𝑧𝑛+1

∞

𝑛=1

| 

≤ ∑ 𝑛2𝑎𝑛|𝑧|𝑛+1 − 𝛼

∞

𝑛=1

(1 + 𝛾) + ∑ 𝛼𝑛𝑎𝑛|𝑧|𝑛+1

∞

𝑛=1

 

= ∑ 𝑛(𝑛 + 𝛼)𝑎𝑛 − 𝛼

∞

𝑛=1

(1 + 𝛾) ≤ 0, 

by hypothesis. Thus by maximum modulus principle, 𝑓(𝑧) ∈ Σ(𝛼, 𝛾). To show the 

converse, suppose that 𝑓(𝑧) ∈ Σ(𝛼, 𝛾). Then from (1.6), we have 

|
𝑧(𝑧2𝑓′(𝑧))

′
− 𝑧2𝑓′(𝑧)

𝛾 − 𝑧2𝑓′(𝑧)
| = |

∑ 𝑛2𝑎𝑛𝑧𝑛+1∞
𝑛=1

(1 + 𝛾) − ∑ 𝑛𝑎𝑛𝑧𝑛+1∞
𝑛=1

| < 𝛼. 

Since 𝑅𝑒(𝑧) ≤ |𝑧| for all 𝑧 (𝑧 ∈ 𝑈), we have  

𝑅𝑒 {
∑ 𝑛2𝑎𝑛𝑧𝑛+1∞

𝑛=1

(1 + 𝛾) − ∑ 𝑛𝑎𝑛𝑧𝑛+1∞
𝑛=1

} ≤ 𝛼.                                (2.3) 

We choose the value of 𝑧 on the real axis so that 𝑧2𝑓′(𝑧) is real. Upon clearing the 

denominator of (2.3) and letting 𝑧 → 1−, through real values so we can write (2.3) as  

∑ 𝑛(𝑛 + 𝛼)𝑎𝑛 ≤ 𝛼(1 + 𝛾).

∞

𝑛=1
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Sharpness of the result follows by setting   

𝑓(𝑧) = 𝑧−1 +
𝛼(1 + 𝛾)

𝑛(𝑛 + 𝛼)
𝑧𝑛, (𝑛 ≥ 1) .      

Corollary (3.2.1): Let  𝑓 ∈ Σ(𝛼, 𝛾). Then 

𝑎𝑛 ≤
𝛼(1 + 𝛾)

𝑛(𝑛 + 𝛼)
  ,       (𝑛 ≥ 1). 

3- Convex Linear Combination. 

Theorem (2): The class  Σ(𝛼, 𝛾) is closed under convex linear combinations .  

Proof: Let  𝑓1 and 𝑓2 be the arbitrary elements of Σ(𝛼, 𝛾). Then for every  𝑡 (0 ≤ 𝑡 ≤ 1), 

we show that (1 − 𝑡)𝑓1 + 𝑡𝑓2 ∈ Σ(𝛼, 𝛾). Thus we have 

(1 − 𝑡)𝑓1 + 𝑡𝑓2 = 𝑧−1 + ∑[(1 − 𝑡)𝑎𝑛 + 𝑡𝑏𝑛]𝑧𝑛

∞

𝑛=1

 . 

 Hence,  

∑ 𝑛(𝑛 + 𝛼)[(1 − 𝑡)𝑎𝑛 + 𝑡𝑏𝑛]

∞

𝑛=1

 

= (1 − 𝑡) ∑ 𝑛(𝑛 + 𝛼)

∞

𝑛=1

+ 𝑡 ∑ 𝑛(𝑛 + 𝛼)𝑏𝑛

∞

𝑛=1

 

≤ (1 − 𝑡)𝛼(1 + 𝛾) + 𝑡𝛼(1 + 𝛾) = 𝛼(1 + 𝛾). 

This completes the proof. 

4. The arithmetic mean 

Theorem (3): Let the functions 𝑓𝑘 defined by  

𝑓𝑘(𝑧) = 𝑧−1 + ∑ 𝑎𝑛,𝑘

∞

𝑛=1

  ,    (𝑎𝑛,𝑘 ≥ 0, 𝑛 ∈ 𝑁  , 𝑘 = 1,2, … , 𝑙) 

be in the class Σ(𝛼, 𝛾) for every 𝑘 = 1,2,3, … , 𝑙, then the function ℎ defined by 



 

5 
 

ℎ(𝑧) = 𝑧−1 + ∑ 𝑒𝑛𝑧𝑛

∞

𝑛=1

,         (𝑒𝑛 ≥ 0 , 𝑛 ∈ 𝑁) 

also belong to the class Σ(𝛼, 𝛾), where 𝑒𝑛 =
1

𝑙
∑ 𝑎𝑛,𝑘

∞
𝑛=1 . 

Proof: Since  𝑓𝑘 ∈ Σ(𝛼, 𝛾), it follows from Theorem (1) that  

∑ 𝑛(𝑛 + 𝛼)𝑎𝑛,𝑘 ≤ 𝛼(1 + 𝛾)

∞

𝑛=1

, 

for every 𝑘 = 1,2,3, … , 𝑙. Hence  

∑ 𝑛(𝑛 + 𝛼)𝑒𝑛 =

∞

𝑛=1

∑ 𝑛(𝑛 + 𝛼)(
1

𝑙
∑ 𝑎𝑛,𝑘

𝑙

𝑘=1

)

∞

𝑛=1

 

=
1

𝑙
∑ (∑ 𝑛(𝑛 + 𝛼)𝑎𝑛,𝑘

∞

𝑛=1

)

𝑙

𝑘=1

≤
1

𝑙
∑ 𝛼(1 + 𝛾) = 𝛼(1 + 𝛾).

𝑙

𝑘=1

 

Then ℎ ∈ Σ(𝛼, 𝛾).  

5- The growth and distortion bounds for the functions in the class 𝚺(𝜶, 𝜸, 𝝀) 

Theorem (4): If 𝑓 ∈ Σ(𝛼, 𝛾), then  

1

𝑟
−

𝛼(1 + 𝛾)

(1 + 𝛼)
𝑟  ≤ |𝑓(𝑧)| ≤

1

𝑟
+

𝛼(1 + 𝛾)

(1 + 𝛼)
𝑟 , (|𝑧| = 𝑟 < 1).             (5.1) 

The result is sharp for the function  

𝑓(𝑧) = 𝑧−1 +
𝛼(1 + 𝛾)

(1 + 𝛼)
𝑧.                                                              (5.2) 

Proof: Let 𝑓 ∈ Σ(𝛼, 𝛾). Then by Theorem (1), we get  

(1 + 𝛼) ∑ 𝑎𝑛 ≤

∞

𝑛=1

∑ 𝑛(𝑛 + 𝛼)𝑎𝑛

∞

𝑛=1

 ≤ 𝛼(1 + 𝛾)    

or   
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∑ 𝑎𝑛 ≤

∞

𝑛=1

𝛼(1 + 𝛾)

(1 + 𝛼)
.                                                    (5.3) 

Hence, 

|𝑓(𝑧)| ≤
1

|𝑧|
+ ∑ 𝑎𝑛|𝑧|𝑛

∞

𝑛=1

≤
1

|𝑧|
+ |𝑧| ∑ 𝑎𝑛   

∞

𝑛=1

 

=
1

𝑟
+ 𝑟 ∑ 𝑎𝑛        

∞

𝑛=1

 

≤
1

𝑟
+

𝛼(1 + 𝛾)

(1 + 𝛼)
𝑟 .                                                 (5.4) 

Similarly,   

|𝑓(𝑧)| ≥
1

|𝑧|
− ∑ 𝑎𝑛|𝑧|𝑛

∞

𝑛=1

≥
1

|𝑧|
− |𝑧| ∑ 𝑎𝑛 

∞

𝑛=1

 

=
1

𝑟
− 𝑟 ∑ 𝑎𝑛      

∞

𝑛=1

 

≥
1

𝑟
−

𝛼(1 + 𝛾)

(1 + 𝛼)
𝑟.                                                       (5.5) 

From (5.4) and (5.5), we get (5.1) and the proof is complete. 

Theorem (5): If  𝑓 ∈ Σ(𝛼, 𝛾), then  

1

𝑟2 −
𝛼(1+𝛾)

(1+𝛼)
≤ |𝑓′(𝑧)| ≤

1

𝑟2 +
𝛼(1+𝛾)

(1+𝛼)
  (|𝑧| = 𝑟 < 1).                    (5.6) 

The result is sharp for the function 𝑓 is given by (2.2).  

Proof: The proof is similar to that of Theorem (4). 
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6. The Partial sums and neighborhood property 

Theorem (6): Let  𝑓 ∈ Σ be given by (1.2) and define the partial sums 𝑆1(𝑧) and 𝑆𝑘(𝑧) as 

follows 𝑆1(𝑧) = 𝑧−1 and 

𝑆𝑘(𝑧) = 𝑧−1 + ∑ 𝑎𝑛

𝑘−1

𝑛=1

𝑧𝑛,        (𝑘 ∈ ℕ ∖ {1}).                        (6.1) 

Also suppose that 

∑ 𝑐𝑛𝑎𝑛 ≤ 1,      (𝑐𝑛 =
𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾)
).                                            

∞

𝑛=1

(6.2) 

Then, we have 

𝑅𝑒 {
𝑓(𝑧)

𝑆𝑘(𝑧)
} > 1 −

1

𝑐𝑘
, (𝑧 ∈ 𝑈 , 𝑘 ∈ ℕ)                              (6.3) 

and  

𝑅𝑒 {
𝑆𝑘(𝑧)

𝑓(𝑧)
} >

𝑐𝑘

1 + 𝑐𝑘
, (𝑧 ∈ 𝑈 , 𝑘 ∈ ℕ).                            (6.4) 

Each of the bounds in (6.3) and (6.4) is the best possible for 𝑛 ∈ ℕ.   

Proof: We can see from (6.2) that 𝑐𝑛+1 > 𝑐𝑛 > 1  , 𝑛 = 1,2,3 … . Therefore, we have   

∑ 𝑎𝑛

𝑘−1

𝑛=1

+ 𝑐𝑘 ∑ 𝑎𝑛

∞

𝑛=𝑘

≤ ∑ 𝑐𝑛𝑎𝑛

∞

𝑛=1

≤ 1.                                        (6.5) 

By setting   

𝑔1(𝑧) = 𝑐𝑘 [
𝑓(𝑧)

𝑆𝑘(𝑧)
− (1 −

1

𝑐𝑘
)] = 1 +

𝑐𝑘 ∑ 𝑎𝑛𝑧𝑛+1∞
𝑛=𝑘

1 + ∑ 𝑎𝑛𝑧𝑛+1𝑘−1
𝑛=1

 ,                     (6.6) 

and applying (6.5), we find that  

|
𝑔1(𝑧) − 1

𝑔1(𝑧) + 1
| ≤

𝑐𝑘 ∑ 𝑎𝑛
∞
𝑛 =𝑘

2 − 2 ∑ 𝑎𝑛
𝑘−1
𝑛=1 − 𝑐𝑘 ∑ 𝑎𝑛

∞
𝑘=𝑛

,                              (6.7) 

which readily yields the assertion (6.3). If we take     
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𝑓(𝑧) = 𝑧−1 −
𝑧𝑘

𝑐𝑘
 ,                                                             (6.7)  

then   

𝑓(𝑧)

𝑆𝑘(𝑧)
= 1 −

𝑧𝑘

𝑐𝑘
⟶ 1 −

1

𝑐𝑘
  (z ⟶ 1−), 

which shows that the bound in (6.3) is the best possible for 𝑘 ∈ ℕ.    

Similarly, if we put  

𝑔2(𝑧) = (1 + 𝑐𝑘) [
𝑆𝑘(𝑧)

𝑓(𝑧)
−

𝑐𝑘

1 + 𝑐𝑘
] = 1 −

(1 + 𝑐𝑘) ∑ 𝑎𝑛𝑧𝑛+1∞
𝑛=𝑘

1 + ∑ 𝑎𝑛𝑧𝑘+1𝑘−1
𝑛=1

,      (6.8) 

and make use of (6.8), we have  

|
𝑔2(𝑧) − 1

𝑔2(𝑧) + 1
| ≤

(1 + 𝑐𝑘) ∑ 𝑎𝑛
∞
𝑛=𝑘

2 − 2 ∑ 𝑎𝑛
𝑘−1
𝑛=1 + (1 − 𝑐𝑘) ∑ 𝑎𝑛

∞
𝑛=𝑘

,                        (6.9) 

which leads us to the assertion (6.4). The bound in (6.5) is sharp for each  𝑘 ∈ ℕ with the 

function given by (6.7). The proof of the theorem is complete. 

     Now, following the earlier works on neighborhoods of analytic functions by Goodman 

[4] and Ruscheweyh [6], we begin by introducing here the δ −neighborhood of a function 

𝑓 ∈ Σ of the form (1.2) by means of the definition below: 

𝑁𝛿(𝑓) = {𝑔 ∈ Σ ∶ 𝑔(𝑧) = 𝑧−1 + ∑ 𝑏𝑘𝑧𝑘  𝑎𝑛𝑑  ∑ 𝑘|𝑎𝑘 − 𝑏𝑘| ≤

∞

𝑘=1

∞

𝑘=1

𝛿 ,0 ≤ 𝛿 < 1}.    (6.10) 

 Particularly for the identity function 𝑒(𝑧) = 𝑧−1, we have  

𝑁𝛿(𝑒) = {𝑔 ∈ Σ ∶ 𝑔(𝑧) = 𝑧−1 + ∑ 𝑏𝑘𝑧𝑘  𝑎𝑛𝑑  ∑ 𝑘|𝑏𝑘| ≤

∞

𝑘=1

∞

𝑘=1

𝛿, 0 ≤ 𝛿 < 1 } . (6.11) 

Definition (2): A function 𝑓 ∈ ℳ is said to be in the class  Σ𝑦(𝛼, 𝛾) if there exists a 

function 𝑔 ∈ Σ(𝛼, 𝛾), such that  

|
𝑓(𝑧)

𝑔(𝑧)
− 1| < 1 − 𝑦,   (𝑧 ∈ 𝑈, 0 ≤ 𝑦 < 1). 
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Theorem (7): If  𝑔 ∈ Σ(𝛼, 𝛾) and  

𝑦 = 1 −
𝛿(1 + 𝛼)

1 − 𝛼𝛾
 ,                                                 (6.12)  

then 𝑁𝛿(𝑔) ⊂ Σ𝒚(𝛼, 𝛾). 

Proof: Let 𝑓 ∈ 𝑁𝛿(𝑔). Then we find from (6.10)that   

∑ 𝑘|𝑎𝑘 − 𝑏𝑘| ≤

∞

𝑘=1

 𝛿, 

which implies the coefficient inequality  

∑|𝑎𝑘 − 𝑏𝑘| ≤

∞

𝑘=1

 𝛿 , (𝑘 ∈ ℕ). 

Since 𝑔 ∈ Σ(𝛼, 𝛾), then by using Theorem (1), we get   

∑ 𝑏𝑛 ≤

∞

𝑛=1

𝛼(1 + 𝛾)

(1 + 𝛼)
 , 

so that  

|
𝑓(𝑧)

𝑔(𝑧)
− 1| <

∑ |𝑎𝑛 − 𝑏𝑛|∞
𝑛=1

1 − ∑ 𝑏𝑛
∞
𝑛=1

≤
𝛿(1 + 𝛼)

1 − 𝛼𝛾
= 1 − 𝑦. 

Hence, by Definition (2), 𝑓 ∈ Σ𝑦(𝛼, 𝛾) for  𝑦 given by (6.12).  

This completes the proof.  

7. the radii of starlikeness and convexity . 

Theorem (8): If  𝑓 ∈ Σ(𝛼, 𝛾), then 𝑓 is univalent meromorphic starlike of order 𝜑 (0 ≤

𝜑 < 1) in the disk |𝑧| < 𝑟1 , where  

𝑟1 = inf
𝑘

{
𝑛(1 − 𝜑)(𝑛 + 𝛼)

(𝑛 − 𝜑 + 2)𝛼(1 + 𝛾)
}

1
𝑛+1

.    

The result is sharp for the function 𝑓 given by (2.2).  

Proof: It is sufficient to show that   
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|
𝑧𝑓′(𝑧)

𝑓(𝑧)
+ 1| ≤ 1 − 𝜑      for |𝑧| < 𝑟1.                                    (7.1) 

But 

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
+ 1| = |

𝑧𝑓′(𝑧) + 𝑓(𝑧)

𝑓(𝑧)
| ≤

∑ (𝑛 + 1)𝑎𝑛|𝑧|𝑛+1∞
𝑛=1

1 − ∑ 𝑎𝑛|𝑧|𝑛+1∞
𝑛=1

. 

Thus, (7.1) will be satisfied if 

∑ (𝑛 + 1)𝑎𝑛|𝑧|𝑛+1∞
𝑛=1

1 − ∑ 𝑎𝑛|𝑧|𝑛+1∞
𝑛=1

≤ 1 − 𝜑, 

or if  

∑
(𝑛 − 𝜑 + 2)

1 − 𝜑
𝑎𝑛|𝑧|𝑛+1 ≤ 1.

∞

𝑛=1

                                              (7.2) 

Since 𝑓 ∈ Σ(𝛼, 𝛾), we have    

∑
𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾) 
𝑎𝑛 ≤ 1.

∞

𝑛=1

 

Hence, (7.2)  will be true if  

(𝑛 − 𝜑 + 2)

1 − 𝜑
|𝑧|𝑘+1 ≤

𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾) 
 , 

or equivalently 

|𝑧| ≤ {
𝑛(1 − 𝜑)(𝑛 + 𝛼)

(𝑛 − 𝜑 + 2)𝛼(1 + 𝛾)
}

1
𝑛+1

 , (𝑛 ≥ 1), 

which follows the result. 

Theorem (9): If  𝑓 ∈ Σ(𝛼, 𝛾), then 𝑓 is univalent meromorphic convex of order 𝜑 (0 ≤

𝜑 < 1) in the disk |𝑧| < 𝑟2 , where  

𝑟2 = inf
𝑛

{
(1 − 𝜑)(𝑛 + 𝛼)

𝛼(𝑛 − 𝜑 + 2)(1 + 𝛾)
}

1
𝑛+1

. 

The result is sharp for the function 𝑓 given by (2.2).  
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Proof: It is sufficient to show that   

|
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 2| ≤ 1 − 𝜑      for |𝑧| < 𝑟2.                                (7.3) 

But  

|
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 2| = |

𝑧𝑓′′(𝑧) + 2𝑓′(𝑧)

𝑓′(𝑧)
| ≤

∑ 𝑛(𝑛 + 1)𝑎𝑘|𝑧|𝑛+1∞
𝑛=1

1 − ∑ 𝑛𝑎𝑛|𝑧|𝑛+1∞
𝑛=1

 . 

Thus, (7.3) will be satisfied if  

∑ 𝑛(𝑛 + 1)𝑎𝑛|𝑧|𝑛+1∞
𝑛=1

1 − ∑ 𝑛𝑎𝑛|𝑧|𝑛+1∞
𝑛=1

≤ 1 − 𝜑, 

or if  

∑
𝑛(𝑛 − 𝜑 + 2)

1 − 𝜑
𝑎𝑛|𝑧|𝑛+1 ≤ 1.

∞

𝑛=1

                                  (7.4) 

Since 𝑓 ∈ Σ(𝛼, 𝛾), we have    

∑
𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾) 
𝑎𝑛 ≤ 1.

∞

𝑛=1

 

Hence, (7.4) will be true if  

𝑛(𝑛 − 𝜑 + 2)

1 − 𝜑
|𝑧|𝑛+1 ≤

𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾) 
 , 

or equivalently 

|𝑧| ≤ {
(1 − 𝜑)(𝑛 + 𝛼)

𝛼(𝑛 − 𝜑 + 2)(1 + 𝛾)
}

1
𝑛+1

, (𝑛 ≥ 1), 

which follows the result. 

8. the convolution properties . 

Theorem (10) : Let the functions  𝑓 and 𝑔 of the form   

𝑓(𝑧) = 𝑧−1 + ∑ 𝑎𝑛𝑧𝑛∞
𝑛=1   , 𝑔(𝑧) = 𝑧−1 + ∑ 𝑏𝑛𝑧𝑛∞

𝑛=1  
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belong to the class Σ(𝛼, 𝛾). Then the Hadamard  product (or convolution) of two 

functions 𝑓 and 𝑔 belong to the class Σ(𝛼, 𝛾1),  where  

𝛾1 =
𝛼

𝑛(𝑛 + 𝛼)
− 1. 

Proof: Since 𝑓 and 𝑔 ∈ Σ(𝛼, 𝛾). Then from Theorem (2.1), we have  

∑
𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾)
𝑎𝑛 ≤ 1

∞

𝑛=1

   ,        ∑
𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾)
𝑏𝑛 ≤ 1.

∞

𝑛=1

 

We need to find largest number 𝛾1 such that  

∑
𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾1)
𝑎𝑛. 𝑏𝑛 ≤ 1

∞

𝑛=1

. 

By using Cauchy-Schwarz inequality, we have  

∑
𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾)
√𝑎𝑛. 𝑏𝑛 ≤ 1.

∞

𝑛=1

                                                    (8.1) 

Thus, it is sufficient to show that   

𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾1)
𝑎𝑛. 𝑏𝑛 ≤

𝑛(𝑛 + 𝛼)

𝛼(1 + 𝛾)
√𝑎𝑛. 𝑏𝑛 . 

This is equivalent to  

√𝑎𝑛. 𝑏𝑛 ≤
1 + 𝛾1

1 + 𝛾
.                                                         (8.2) 

From (8.1),  we get 

√𝑎𝑛. 𝑏𝑛 ≤
𝛼(1 + 𝛾)

𝑛(𝑛 + 𝛼)
.    

Thus, it is sufficient to show that  

𝛼(1 + 𝛾)

𝑛(𝑛 + 𝛼)
≤

1 + 𝛾1

1 + 𝛾
, 
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which implies  

𝛾1 ≥
𝛼

𝑛(𝑛 + 𝛼)
− 1. 
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