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    تجسئات بواسطة ألهندسة ألجسئية للمستوي ألإسقاطً على حقل كالوز من ألرتبة 

           

 هحوذ ألبذري نغن ستار ,ذ ألشىزة هخزب ألسزاج  جن ػبن

 ألؼزاق /بغذاد  /ألجاهؼت ألوستنصزٌت  /كلٍت ألؼلٌم  /لسن ألزٌاضٍاث 

 المستخلص

الى سبغ هستٌٌاث جشئٍت         الغزض هن ىذا البحث ىٌ لتجشئت الوستٌي الاسماطً هن الزتبت التاسؼت 

اسماطٍت هنفصلت ًالى ثلاثت ػشز هن الالٌاص الكاهلت هن الذرجت الثانٍت ًالحجن السابغ الونفصلت. الخظ         

هنفصلت ًػذد         تن تجشئتو الى سبغ خطٌط جشئٍت           الاسماطً هن الزتبت السابؼت ًالؼشزٌن 

ًالوستٌٌاث           ػلى الخطٌط الاسماطٍت  الوجوٌػاث هن الزتبت الزابؼت الوختلفت تن تصنٍفيا . تأثٍز الشهز

ىً فسزث ًلونا بتمذٌن نظزٌاث ًاهثلت ًالفضاءاث الجشئٍت هن                      ,الاسماطٍت 

تن تٌضٍحيا . كل هن ىذه التجشئاث تؼطً ارتفاع لتصحٍح ااخطاء                       ,         

. تن تطبٍك نظام حساباث بزهجت خٌارسهٍاث الشهز لأطٌاليا الأخطاءالزهش ًالذي ٌصحح اكبز ػذد هوكن هن 

GAP .ًلحساب الجبز الونتي 

, تأثير ألسمر, ألأقواش ألكاملةألمستوي  ألإسقاطً  لخط ألإسقاطً ,: أ ألكلمات ألمفتاحية

 Abstract

The purpose of this thesis is to split the projective plane of order nine          into seven 

disjoint projective subplanes         and thirteen disjoint complete arcs of degree two 

and size seven. The projective line of order twenty-seven          has been partitioned 

into seven disjoint projective sublines         and the number of inequivalent  -sets 

which are unordered sets of four points is classified. The group action on projective lines 
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         and projective planes                      is explained and we have 

introduced theorems and examples and the subspaces of           and            

         are shown. Each of these partitions gives rise to an error-correcting code that 

corrects the maximum possible number of errors for its length. GAP-Groups–Algorithms, 

Programming a system for computational discrete algebra has been applied.  

Key words: Projective line, projective plane, groups’ action, complete arcs. 

Introduction 

The basic concepts of this study depends 

on the subjects of Projective Geometry, 

Group Theory and Vector Space over 

Galois Field                     . 

The following three notions are 

equivalent for       

1. An       -arc in PG     , that is 

, a set of   points with at most 2 

in any hyperplane ; 

2. A set of   vectors in V      with 

any   linearly independent ; 

3. A maximum distance separable 

linear code of length   , 

dimension    , and hence 

minimum distance        , 

that is,             code. 

The Projective space PG        over 

a finite field    contains 

            ⁄   points , this is 

the number of 1- dimensional 

subspaces in V      ; 

                           ⁄
  lines, this is the number of 2- 

dimensional subspaces in V      

; 

      points on a line, this is the 

number of 1- dimensional 

subspaces in a 2- dimensional 

subspace; 

              ⁄   Lines 

through a point, this is the 

number of 2- dimensional 

subspaces through a 1- 

dimensional subspace. 

The points of projective plane PG      

are                     where 
                       and the lines 

of PG       are          
{         |          } A 

Projective plane satisfying the following 

four axioms.  

1. Any two distinct points lie on 

one and only one line. 

2. Any two lines meet in at least 

one point. 

3. There exist three non-collinear 

points, such that a set of 

points is said to be collinear 

if there exists a line 

containing them all. 

4. Every line contains at least 

three points. 

The brief history of this subject is given 

as follows: In 1976, Hirshfeld 

        partitions PG         into three 

disjoint PG      , also he splits PG       

into 15 disjoint PG        . In 2008, 

Almuktar     shows that PG        is 

embedded in PG        . In 2011, Al–

Seraji     partitions PG         into 

disjoint projective subplanes PG        

and PG        The sets in projective line 
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and projective plane of orders 

2,3,4,5,7,8,9,11,13 have been described 

   . In 2010, Al-Seraji     classifys the 

sets in projective line and projective 

plane of order 17. In 2011, Al-Zangana 

    shows the sets in projective line and 

plane of order 19. In 2014, Al-Seraji     

explains the sets in PG         and In 

2015 he classfys the subsets in 

PG         for more details see    .we 

are looking at to partition the projective 

plane of order nine and the projective 

line of order twenty-seven and studying 

the group action of them as the next in 

the sequence. 

The following definitions are interesting 

to our subject. 

Definition 1     An      -arc   or arc 

of degree   in PG       with       

is aset of points with property that every 

hyperplane meets   in at most   points 

of   and there is some hyperplane 

meeting   in exactly   points. An 

      -arc is also called an r-arc. 

Definition 2     An        -arc is 

complete if it is maximal with respect to 

inclusion; that is, it is not contained in an 

        -arc. 

Theorem 3:      ( The fundamental 

theorem of projective geometry) If 

{           }  and {   
        

 }  are 

both subsets of PG       of cardinality  

    such that no     points chosen 

from the same set lie in a hyperplane , 

then there exists a unique projectivity   

such that   
       for             

    

Definition 4:      Let S and    be two 

spaces of PG        , A projectivity 

         is a bijection given by a 

matrix T, necessarily nonsingular, where 

             if          with 

    { }   write          then 

        for any     in    { } . The 

group of projectivities of PG        is 

denoted by PGL           

Definition 5:     A group G acts on a 

set   if there is a map         such 

that given     ́ elements in G and 1 is 

identity, then 

1.      , 

2.      ́       ́   for any x in   . 

Definition 6:      The orbit of x in   

under the action of G is the set 

   {   |    }   

Definition 7:     The stabilizer of x in   

under the action of G is the group  

   {    |     }   

Definition 8:      Let the group G act 

on the set     

1. If        for x , y       then 

         
              

2. |  |  
| |

|  |
  

Definition 9:     The action of G on   

is transitive if given any two elements x , 

y in   there exists g in G such that 

     . In that case, there is only one 

orbit. The action is regular if it is 

transitive and     { } for all x in    . 

 

Definition 10:     (Primitive and 

Subprimitive Polynomial) 

Let              
        be 

a monic polynomial of degree     

over    . Let   be irreducible over   and 

      be root of    . 

 It is called primitive if the 

smallest power s of    such 
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that       is         ; that 

is ,   a primitive root over     

.  

 It is called subprimitive if the 

smallest power s of   such 

that       is            

             . 

The main results 
In this section, we introduce the 

properties of the group action and we 

make partitions on projective line 

PG         and projective plane 

PG                 .Where  PG       

is n-dimensional projective space over 

  . 

The group action on projective 

line of order three PG        

The polynomial of degree two      

       is irreducible over     

{          } , since        for all t 

in     . The points of PG        are 

generated by a nonsingular matrix  

       (
  
  

)  , such that 

                               

The action of  〈   〉 on PG      is 

     
 
       

 
      

 
      

 
        

Therefore, T cycles of four points and 

 〈   〉  {                } 

The action of 〈  〉 on PG      is given 

as follows: 

        
  

→       
  

→        

        
  

→       
  

→        

Therefore,   cycles of two points .This 

gives the following conclusion . 

Theorem    On PG        we have 

i. The set 〈   〉  together with the 

usual multiplication of 

matrices is a cyclic group of 

order      
ii. The set 〈  〉  together with the 

usual multiplication of 

matrices is a cyclic group of 

order      
iii. The action of 〈  〉 on PG      

is transitive ; 

iv. The action of 〈  〉  on    ,   
    is transitive. 

Example 1: The different 

between         the 2-dimensional 

vector space over a finite field of order 

three and PG        the projective line 

over a finite field of order three  is given 

as follows: 

        {      }  

{
 

 
             
             
             
             

 

In general,                   |       |     and 

 |        |         
      

   
 

Therefore,                  |        |    and 

       

 Thus, the elements of PG      are a first 

column of         {      } . 

The stabilizer group of 3-set 

The stabilizer of any 3-set is the group of 

six projectivities found by shifting the 3-

set to its six permutations. The stabilizer 

 it is isomorphic to     of the 3-set  
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  {      }  , where             
                  is generated by two 

projectivities marked    (
  
  

)  and 

 (
  
  

)  . The action of     
 

   
  

 

 
  on PG      is {       }  { }   

Example 2: To construct of       in 

exponential and polynomial form take 

                which is 

irreducible over    with          
  , the elements of     are         

       

             

               

      

            

              

             

From definition 10, we have   is 

primitive over      

Example 3: The polynomial of degree 

two              is irreducible 

and primitive over     .      
                           
                        
                             

 So,         for all   in     , therefore, 

  is irreducible over     . 

 Now, let   is a primitive root over      , 

where     {                      
      }  take              
                           

by help the computer and (11), we have  

      . From definition 10,   is a 

primitive over      . 

The group action on projective 

line of order nine PG       

The points of PG      are generated by 

a nonsingular matrix        

(
  
   

)  , where                

such that,                  
        .  

The action of  〈   〉   on PG       

with                    is given as 

follows: 

 
 
  

 
   

 
  

 
    

Therefore, M is cycles of ten points and 

〈   〉   {                     } 

The action of 〈    〉  on PG      is given 

as follows: 

     
   

→     
   

→    

     
   

→    
   

→    

Therefore,     cycles of five points. The 

action of 〈    〉  on PG      is given as 

follows : 

     
   

→    
   

→     , 

     
   

→    
   

→     , 

     
   

→    
   

→   , 

     
   

→   
   

→    , 

     
   

→   
   

→   

 This gives the following conclusion.  

Theorem2: On PG      , we have 
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i. The set 〈   〉   together with 

the usual multiplication of 

matrices is a cyclic group of 

order    ; 
ii. The set 〈    〉  together with 

the usual multiplication of 

matrices  is a cyclic group of 

order     
iii. The set 〈    〉  together with 

the usual multiplication of 

matrices  is a cyclic group of 

order     
iv. The action of 〈    〉 on 

PG       is transitive ; 

v. The action of 〈    〉  on      

       is transitive ; 

vi. The action of 〈    〉  on      

            is transitive. 

The action of      
 

   
  

 

 
  on 

PG      is 

{        }  {  }  {                 } . 

The group action on projective 

line of order twenty- seven 

PG       

The points of PG       are generated by 

a nonsingular matrix        

(
  
   

)  where               , 

such that                      
           .  

The action of  〈   〉 on PG(1,27) is 

    
 
      

 
   

 
       

 
       

Therefore, Q is cycles of twenty- eight 

point and 

〈   〉    {                    } 

The action of  〈   〉   on PG        

with                      is given 

as follows: 

    
  

→  
  

→  
  

→   
  

→   

    
  

→  
  

→  
  

→   
  

→   

The stabilizer group of           is 

given as follows: 

          (
  
  

)          

The action of  〈   〉   on PG       is 

given as follows: 

    
  

→   
  

→   

    
  

→   
  

→   

    
  

→   
  

→   

    
  

→   
  

→   

                    

The dihedral group    satisfies the 

following properties: 

 |  |     ; 

    contains   matrices of order 

   ; 

    contains   matrices of order 

   ; 

                  

          ; 

    is a nonabelian group . 

 

The action of 〈   〉 on PG       is given 

as follows: 

    
  

→  
  

→   
  

→   
  

→    , 

    
  

→  
  

→   
  

→   
  

→    , 
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→  
  

→   
  

→   
  

→  , 

    
  

→   
  

→   
  

→   
  

→   , 

    
  

→   
  

→   
  

→   
  

→   , 

    
  

→   
  

→   
  

→   
  

→   , 

    
  

→   
  

→   
  

→   
  

→    

Let    be the cross-ratio of       

       , then             

             . 

                    

The action of 〈    〉 on PG        is 

given as follows: 

    
   

→   
   

→   , 

     
   

→   
   

→   , 

     
   

→   
   

→   , 

     
   

→   
   

→  , 

    
   

→   
   

→    , 

     
   

→   
   

→   , 

     
   

→   
   

→   ,  

     
   

→   
   

→  , 

    
   

→   
   

→    ,  

      
   

→   
   

→   , 

        
   

→   
   

→    , 

      
   

→   
   

→      ,  

        
   

→   
   

→      ,   

       
   

→   
   

→     

                      see (12) 

The dihedral group     satisfies the 

following properties: 

 |   |     ; 

     contains    matrices of order 

   ; 

     contains    matrices of order 

   ; 

     contains    matrices of order 

  ; 

                    

          ; 

     is a nonabelian group . 

 

This gives the following conclusion. 

Theorem    On PG         we have 

i. The set 〈   〉  together with the 

usual multiplication of 

matrices is a cyclic group of 

order      
ii. The set 〈   〉  together with 

the usual multiplication of 

matrices  is a cyclic group of 

order       
iii. The set 〈   〉  together with 

the usual multiplication of 

matrices is a cyclic group of 

order     
iv. The set 〈   〉  together with 

the usual multiplication of 

matrices is a cyclic group of 

order     
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v. The set 〈    〉  together with 

the usual multiplication of 

matrices is a cyclic group of 

order     
vi. The action of 〈   〉 on 

PG        is transitive ; 

vii. The action of 〈    〉 on 

        is transitive ; 

viii. The action of 〈    〉 on 

               is transitive ; 

ix. The action of 〈    〉 on 

                        is 

transitive ; 

x.     The action of 〈     〉 on 

                   is transitive; 

xi.     The orbit 

                    represents 

a subline         in          ; 

xii.     There are precisely one 

projectively subline         in 

        . 

The action of     
 

   
  

 

 
   on 

PG         is given as follows: 

   {                     } 

   {                    } 

   {                     } 

   {                     } 

   {   } 

The partitions of PG        

The line of order twenty-seven consists 

of seven disjoint line of order three. 

According to the action of    on 

PG        and the cross-ratio    
                            ⁄  

, where                in PG       , we 

have five types of 4-set (unordered set of 

four distinct points) are given as follows  

1. The 4-sets of type one, when           

The 4-sets and their cross-ratio are given 

in Table 1 as follows: 

Table )1( : The 4-sets of type one 

Number The 4-set The cross-ratio 

  {            }     

2 {            }     

3 {             }     

4 {               }       

5 {                }     

6 {                }       

7 {                }     

 

The transformations between the 4-sets 

in above Table are given in Table 2 as 

following: 
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Table ) 2(: The transformations between 4-sets of type one  

Number The transformation Projective equation 

1      
     

        
 

2      
     

       
 

3      
    

        
 

4      
    

       
 

5      
     

    
 

6      
     

       
 

 

Therefore, on PG        , there are 

precisely one projectively 4-set of type 

one. 

  2.  The 4-sets of type two, when           

The 4-sets and their cross-ratio are given 

in Table 3 as follows: 

Table )3(: The 4-sets of type two 

Number The 4-set The cross-ratio 

1 {             }      

2 {           }      

3 {             }      

4 {               }       

5 {                }      

6 {                }       

7 {                }      

 

The 4-sets in above Table are equivalent, 

therefore, on PG        , there are 

precisely one projectively 4-set of type 

two. 

 

3. The 4-sets of type three, 

when           
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The 4-sets and their cross-ratio are given in Table 4 as follows: 

Table )4(: The 4-sets of type three 

Number The 4-set The cross-ratio 

1 {             }      

2 {            }       

3 {              }       

4 {               }       

5 {                }       

6 {                }       

7 {                }       

 

Therefore, on PG        , there are 

precisely one projectively 4-set of type 

three. 

   4. The 4-sets of type four, when         

. 

 The 4-sets and their cross-ratio are 

given in Table 5 as follows: 

Table )5(: The 4-sets of type four 

Number The 4-set The cross-ratio 

1 {             }      

2 {             }       

3 {             }       

4 {              }      

5 {                }       

6 {               }      

7 {                }       

 

Therefore, on PG        , there are 

precisely one projectively 4-set of type 

four. 

  5. The 4-sets of type five, when       .  The 4-sets and their cross-ratio are given 

in Table 6 as follows: 
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Table )6(: The 4-sets of type five 

Number The 4-set The cross-ratio 

1 {              }       

2 {             }       

3 {                }       

4 {                }       

5 {             }       

6 {             }       

7 {                }       

 

Therefore, on PG        , there are 

precisely one projectively 4-set of type 

five. 

From Tables 1,2,3 ,4,5 ,6, we have the 

following Theorem . 

Theorem 4: On PG        , there are 

precisely five distinct projectively 4-sets. 

The 4-sets and their stabilizer group are 

given in Table 7 as follows: 

Table 7: The inequivalent 4-sets on PG       

Number The 4-set The stabilizer group 

1 {          }        
     

     
   

     

        
  

2 {           } 

 

       
     

        
   

     

     
  

3 {           }        
     

     
   

     

        
  

4 {           }        
     

     
   

     

        
  

5 {            }       
 

 
  

 

   
   

 

The group action on projective 

plane of order three PG        

The projective plane PG       contains 

thirteen points, thirteen lines, four points 

on line and four lines through a point. 

The points of PG      are generated by 

a nonsingular matrix        

(
   
   
   

)   where           , 

such that                   i = 

0,1,…,12 . 
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The action of  〈   〉 on PG      is 

    
 
      

 
   

 
       

 
       

Therefore, E is cycles of thirteen point 

and 〈   〉  {                } 

This gives the following conclusion. 

Theorem   On PG        we have 

i. The set  〈  〉  together with 

the usual multiplication of 

matrices is a cyclic group of 

order    ; 

ii. The action of  〈  〉  on 

PG       is transitive. 

The group action on projective 

plane of order nine PG       

The projective plane PG       contains 

   points,    lines, ten points on line 

and ten lines through a point.The points 

of PG       are generated by a 

nonsingular matrix         

(
   
   
    

)   where           

  , such that                      
             .  

The action of 〈   〉 on PG       is 

    
 
      

 
   

 
       

 
       

Therefore, W cycles of 91 points and  

〈 〉    {               } 

This gives the following conclusion. 

Theorem    on PG        we have 

i. The set 〈 〉  together with the 

usual multiplication of 

matrices is  a cyclic group of 

order    ; 
ii. The action of 〈 〉  on 

PG       is transitive. 

The group action on projective 

plane of order twenty-seven 

PG       

The plane PG        contains     

points,     lines,    points on line 

and    lines through a point. The points 

of PG        are generated by a 

nonsingular matrix        

(
   
   

     
)   where         

       such that 

                                    . 

The action of  〈   〉 on PG       is 

    
 
      

 
   

 
         

 
       

Therefore, U cycles of      points and 

〈   〉   {                } 

This gives the following conclusion. 

Theorem    On PG         we have 

i. the set 〈   〉  together with the 

usual multiplication of 

matrices is a cyclic group of 

order       
ii. The action of  〈   〉   on 

PG        is transitive. 

The partition of PG        

The action of 

〈    〉     〈  (
      

     

    

)  〉  on 

PG        with                      

is given as follows:  

     
   

→    
   

→     
   

→     

     
   

→   
   

→     
   

→     

     
   

→   
   

→     
   

→     
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→    
   

→     
   

→     

     
   

→    
   

→     
   

→     

     
   

→    
   

→     
   

→     

    
   

→    
   

→     
   

→     

Each one of above orbit represents a 

subplane PG      in PG      . 

The lines of subplanes       ,    
         are given in Table 8 as 

follows: 

Table )8(: The lines of subplanes in PG      

The subplane The lines of subplane 

   

  
   
   
   

  
   
   
   

  
   
   
   

  
   
   
   

   
   
   
   

  
   
   
   

  
  
   
   

  
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   

  
   
   
   

  
   
   
   

  
   
   
   

  
   
   
   

   
   
   
   

  
   
   
   

  
  
   
   

  
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   

  
   
   
   

  
   
   
   

  
   
   
   

  
   
   
   

   
   
   
   

  
   
   
   

  
  
   
   

  
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   

  
   
   
   

   
   
   
   

  
   
   
   

   
   
   
   

   
   
   
   

  
   
   
   

  
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   

  
   
   
   

   
   
   
   

  
   
   
   

   
   
   
   

   
   
   
   

  
   
   
   

  
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   

  
   
   
   

   
   
   
   

  
   
   
   

   
   
   
   

   
   
   
   

  
   
   
   

  
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   

  
   
   
   

   
   
   
   

  
   
   
   

   
   
   
   

   
   
   
   

  
   
   
   

  
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

   
   
   
   

 

Moreover,   

 
    

 
                 

This gives the following conclusion. 

Theorem 8: On PG      , we have 

i. The set 〈    〉 together with 

the usual multiplication of 
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matrices is a cyclic group of 

order    ; 

ii. The action of  〈    〉 on  

    ,           is transitive ; 

iii. There are precisely one 

projectively subplane 

PG      in PG      . 

The action of 〈     〉     

 〈  (
      

     

      

) 〉 on PG      is given 

as follows: 

     
    

→       
    

→    

     
    

→       
    

→    

     
    

→       
    

→    

     
    

→       
    

→    

     
    

→      
    

→   
    

→    

     
    

→      
    

→   
    

→    

     
    

→      
    

→   
    

→    

     
    

→      
    

→   
    

→    

     
    

→      
    

→   
    

→    

      
    

→      
    

→   
    

→    

       
    

→     
    

→     

       
    

→    
    

→     

       
    

→   
    

→     

 Each one of above orbits represents 

a complete       -arc. Moreover, 

  

 
   

 
    

 
     

This gives the following conclusion. 

  Theorem 9: On PG      , we have  

i. The set  〈     〉   together 

with the usual 

multiplication of matrices 

is a cyclic group  of order   

; 

ii. The action of  〈     〉  on  

   ,             is 

transitive ;  

iii. There are precisely one 

projectively complete  

      -arc.  

 Conclusions 

1. Partition PG        into five 

types of seven disjoint  -sets. 

2. Partition PG       into seven 

disjoint subplanes of order three 

PG      . 

3. Partition PG       into thirteen 

disjoint complete      -arc . 

4. Classify the group action on 

PG        and PG           
      . 

5. Classify the subspaces of 

PG       and PG       . 

6. To  give rise to an err-correcting 

code that corrects the maximum 

possible number of errors.   
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