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ABSTRACT

In this paper we introduce the definition of standard fuzzy normed space then we
discuss several properties after we give an example to illustrate this notion. Then we
define F-bounded operator as an introduction to define a standard fuzzy norm of an
operator and if T is a linear operator from standard fuzzy normed space X into a
standard fuzzy normed space Y we prove that T is continuous if and only if T is F-
bounded.
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INTRODUCTION
he theory of fuzzy sets was introduced by Zadeh in 1965[1]. Many authors have
introduced the concept of fuzzy norm in different ways [2,3,4,5,6,7,11,12].
Cheng and Mordeson in 1994[8] defined fuzzy norm on a linear space whose
associated fuzzy metric is of Kramosil and Mickalek type[9] as follows:

The order pair (X,N) is said to be a fuzzy normed space if X is a linear space and N
is a fuzzy set on X X [0, ) satisfying the following conditions for every x,y € X and
s,te [0, 00)

(i) N(x,0) = 0, for all x € X.
(i)For all t>0, N(x,t) = Lifand only if x =0
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(iii) N(ex,t) = N(x;-), for all a.# 0 and For all t>0.

(iv)For all s, t>0, N(x+y,t+s) = N(x,t) A N(y,s) where aAb = min{a,b}

(V) lime o N(x,t) = 1.

George and Veeramani in [10] introduced the definition of continuous t-norm. Bag
and Samanta in [2] modified the definition of Cheng and Mordeson of fuzzy norm as
follows:

The triple (X,N,*) is said to be a fuzzy normed space if X is a linear space, * is a
continuous t-norm and N is a fuzzy set on X X[0,) satisfying the following conditions
for every x,y € X and s,t € [0, )

(i) N(x,0) =0, for all x € X.

(if)For all t>0, N(x,t) = 1 ifand only if x = 0
(iii) N(ex,t) = N(x;-), for all a.# 0

(iv)For all s, t>0, N(x,t) * N(y,s) < N(x+y,t+s)
(V)For x=0, N(X, -):(0,00) — [0,1] is continuous.
(vi) lim o N(x,t) = 1.

In this paper we introduce the definition of standard fuzzy normed space as a
modification of the notion of fuzzy normed space duo to Bag and Samanta. In section
one we recall the definition of t-norm then we introduce the definition of standard
fuzzy normed space after that we give an example then we prove that every ordinary
norm induced a standard fuzzy norm define open ball, convergent sequence, open set,
Cauchy sequence, F-bounded set and a continuous operator between two standard
fuzzy normed spaces. Also we prove several properties for F-bounded operator.

Standard fuzzy normed space
Definition 1.1:[1]

Let X be a nonempty set of elements, a fuzzy set A in X is characterized by a
membership function, p, (x): X— [0,1]. Then we can write A = {(x, p,(X)): XeX, 0 <
u,(X) < 1}. Then A is a continuous fuzzy set.

We now give an example of continuous fuzzy set
Example 1.2:[4]
Let X = R and let A be a fuzzy set in R with membership function defined by :

1
malX) = o
Definition 1.3:[10]
A binary operation *: [0,1] x [0,1]— [0,1] is a continuous triangular norm (or simply
t-norm) if for all a, b, c, e[0, 1] the following conditions hold:

1- axb = b=a

2- axl=a

3- (axb) *c = ax(bxc)

4- Ifa<candb < ethenaxb < cxe

Example 1.4:[10]

Define axb = a.b, for all a, be[0,1], where a.b is the usual multiplication in [0,1] then
is a continuous t-norm.

Example 1.5:[10]

Define axb = min{a,b} for all a, be[0,1], it follows that  is a continuous t-norm.
Remark 1.6:[10]
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For any a > b, we can find c such that axc > b and for any d we can find q such that
g*q =>d, wherea, b, ¢, d and g belong to (0,1).

Now we introduce the basic definition in this paper

Definition 1.7:

Let X be a linear space over field K and = is a continuous t-norm and N is a fuzzy set
on X satisfying:

(FN;) N(x) >0 forall x e X.

(FN2) N(x)=1ifandonlyifx=0.

(FN3) N(ox) = %N(X) forallx e Xand o # 0 € K.

(FNg) N(x+y) = N(x) * N(y) forall x,y € X.

(FNs) N(x) is a continuous fuzzy set.

Then the triple (X,N, =) is called standard fuzzy normed space.

Definition 1.8:

Let (X,N,*) be a standard fuzzy normed space. N is called continuous fuzzy set if
whenever x,— X in X then N(x,) — N(x), that is lim,,_,,,N(x;,) = N(X).

Example 1.9:

Let X =Z, the set of integers, axb =a.b for all a,b € [0,1]

Define N(x) =

Then (X,N,*) is standard fuzzy normed space.
Proposition 1.10:
Let (X,IL.I) be an ordinary normed space with || x || is an integer for all x

€ X. Define
1

o if x£0
Ny (%) =
1 if x=0
and axb= a.b for all a,b € [0,1]. Then (X, Ny* ) is standard fuzzy normed space
induced by IL.1I.
Proof:

(FN1) Since IIxll >0 for all x € X then Ny;(x) >0 forall x e X.
(FNz) NH-” (X) =1ifand only if x=0.
(FN3) Leta#0 € K then for all x € X we have
1 1 1
Njj(ox) = — = ——= =Ny (x)

Hax\ll_ x| - ]

(FNg) Ny (x+y) = 7> i = Nin() = Ny (y)

(FNs) Let (x,) be a sequence in X such that x,—X that is lim,_,,, Xn= X.

NOW, limn_m NH-” (Xn) = limn_)oo @ = @ = N”.” (X)

Therefore N is continuous fuzzy set. Hence (X, Ny,* ) is standard fuzzy normed
space.m

Definition 1.11:

Let (X,N,*) be a standard fuzzy normed space, we define B(x,r) = {yeX : N(x) > (1-
r) } then B(x,r) is called an open ball with center xe X and radius 0 <r < 1.
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Definition 1.12:

A sequence (x,) in a standard fuzzy normed space (X,N,*) is said to be converge to a
point xe X if 0 <& < 1 is given, there exists a positive number K such that, N(x,- X) >
(1-¢) foralln>K.

Theorem 1.13:

A sequence (x,,) in a standard fuzzy normed space (X,N,*) is converge to a point xe X
if and only if lim,_. N(x,-X) = 1.

Proof:

Suppose that the sequence (x,) converges to x then for given any 0 < r < 1 there is a
positive number K such that N(x,- X) > (1- r) for all n > K and hence 1-N(x,- X) < I.
Therefore N(x,,- X) converges to 1 as n tends to «.The proof of the converse is similar
hence is omitted.m

Lemma 1.14:

Let (X,N, %) be a standard fuzzy normed space. Then N(x-y) = N(y-x) for all x,y € X
Proof:

N(-y) = NI(D)(Y-X)] == Ny-x) = N(yX) . m

Definition 1.15:

A subset A of a standard fuzzy normed space (X,N,*) is said to be open if it contains

a ball about each of its points. A subset B of X is said to be closed if its complement is
open that is B€ = X — B is open.

The proof of the following theorem is easy, hence it is omitted.

Theorem 1.16:

Every open ball in a standard fuzzy normed space (X,N,*) is an open set.

Definition 1.17:

Let (X,N,*) be a standard fuzzy normed space and let A < X then the closure of A is
denoted by A or cL(A) and is defined to be the smallest closed set contains A.

Lemma 1.18:

Let A be a subset of a standard fuzzy normed space (X,N,x). Then a€A if and only if
there is a sequence (a,) in A such that a,— a.

Proof:

Let acA , if acA then we take sequence of that type (a,a,a,...,a,...) . If agA, then it is

a limit point of A. Hence we construct the sequence (a,)<A by N(a,- a) > 1- ni for
eachn=1,23,.....
The ball B(a, nl) contains a, €A and a,— a because lim,_,N(a,- a) = 1.

Conversely if (a,) in A and a,— a then a€A, or every neighborhood of a contains
points a,# a, so that a is a point of accumulation of A, hence acA by using the
definition of the closure.m

Definition 1.19:

A sequence (x,) in a standard fuzzy normed space (X,N,*) is said to be Cauchy if for
each 0 < & < 1 there is a positive number K such that N(x,- x,) > (1- ¢) for all n, m
> K.

The proof of the following theorem is easy, hence it is omitted.

Theorem 1.20:

In a standard fuzzy normed space every convergent sequence is Cauchy.

Definition 1.21:
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Let (X,N,*) be a standard fuzzy normed space. A subset A of X is said to be F-
bounded if there exists a real number r, 0 < r < 1 such that, N(x) > (1- r), for all x
eA.

Definition 1.22:

Let (X,Nx,*) and (Y,Ny,*) be two standard fuzzy normed spaces and A < X. The
operator f:A—Y is said to be continuous at acA, if for every 0 < ¢ < 1, there exists
some 0 < & < 1, such that Ny (f(x) - f(a)) > (1- €) whenever xeA satisfying Nx(x-a) >
(1 - 9). If fis continuous at every point of A, then it is said to be continuous on A.

Fuzzy Bounded and Continuous Linear Operator

Definition 2.1:

Let (X,Nx,*) and (Y,Ny,*) be two fuzzy normed spaces and T: D(T) — Y be a linear
operator, where D(T) < X. The operator T is said to be F-bounded if there is a real
number ¢, 0 <c <1 such that for all x € D(T),

Ny (Tx) > (1-c) Nx (X) ..... 2.1

Remark 2.2

1-Formula (2.1) shows that F-bounded linear operator maps F-bounded sets in D(T)
onto F- bounded sets in Y.

2-What is the largest possible (1- ¢) such that equation (2.1) still holds for all X €

D(T)?. By division we have I\II\IL(TX’;) > (1-c) and this shows that (1- c) must be at least
X

as big as the infinimum of the expression on the left taken over D(T) - {0}.Hence the

answer to our question is that the smallest possible (1- ¢) in (2.1) is that infinimum.

This quantity is denoted by N(T). Thus

. Ny (T
N(T) = infycpen) %@? . (2.2)
N(T) is called the fuzzy norm of the operator T. If T =0, we define

N(T) = 1.

3- From (2.1) with (1- ¢) = N(T) we have

Nv(Tx) > N(T) * Nx(X) ... (2.3)
Lemma 2.3
Let T: D(T) = Y be fuzzy bounded linear operator from a standard fuzzy normed
space (X,Nx,*) with D(T) c X into a standard fuzzy normed space (Y,Ny,*) then
(i) An alternative formula for the norm of T is
N(T) = ianGD(T) Ny(TX) (24)
(ii) The norm defined by (2.2) is a standard fuzzy normed space

Proof :
(i) We put a = Ny(x) and sety =ax Then

Nx(y) = Nx(ax) _ﬁ Nx(x) = NX(X) =1 and since T is linear equation (2.2)
gives

. Ny (T
lnfxeD(T)#(X);)z infycpem) = infycp(ry Nv (T(ax))

lnfxeD(T) Nv(Ty)
Writing x for y on the right, we have (2.4).

Ny (TX)

(i1) (FN1) Ny(Tx) > 0 and Nx(x) >0 |mpI|es ) > 0. Hence N(T) > 0.
(FN2) N(T) =1 < infycpr) Ny(TX) =1 & NY(Tx) =1 Tx=0
< T=0.
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(FNs) N(aT) = infyepery Ny(@Tx) = infycpry Ny(TX) = = N(T).
(FNg) N(T1+ T2) = infyepcrynpcr,) Ny [(Ti+ T2)(X)]
= infyep(r,)np(T,) Ny (T1(X) + T2(X))
> infyep(r,) Nv (T1(X) * infyep(r,) Ny (T2(X))
> N(T1) * N(T>)
(FNs) Since Ny is continuous so N(T) is continuous.m

Before we consider general properties of F- bounded linear operators, let us take a
look at some typical examples, so that we get a better feeling for the concept of a F-
bounded linear operator.

Example 2.4:

Let X be the vector space of all polynomials on J = [0,1] with norm given by IxIl =
max [x(t)l, t € J where [x(t)| is an integer then (X,N,,*) is a standard fuzzy normed

space where Ny (x) = Lifx #0and N, (0)=1lalsoaxb=a-bVva,beJ=[01]

Il

Let T: X— X defined by :

T(X() = X (1),

T is linear but not F-bounded. Indeed x,(t) =t" ,n=1, 2,... so lIx,/l = 1, then N;;,(x,) = 1
where n € N. Now, Tx,(t) = nt"* so ITx,|l = n which implies that Ny, (Tx;,) = % SO
% = % Since n € N is arbitrary, this shows that there is no r, 0 <r < 1 such that
% > (1-r). From this we conclude that T is not F-bounded.m

Example 2.5:

Consider C[0,1] with IIxIl = max | x(t) I, t € J = [0,1] with |x(t)| is an integer.Then
(C[0,1],Ny,,*) is a standard fuzzy normed space where

Ny (X) = L Ny (0) =1, and axb =a-b for all a,b € [0,1]. Define T: C[0,1] —

lIxIl ’
C[0,1] by T(x) =y where y(t) = fol k(t, s)x(s)ds where K(t,s) is continuous on JxJ. and
k(t,s) is bounded say | k(t, s)I <k, for all (t,s) € JxJ where k, € R .This operator is
linear and F-bounded. Now

Ix(t)l < maxix(t)l = Ixll, t € J.

Hence , Ilyll = IITxIl = max | [ k(t, s)x(s)ds|

<max [ 1k(t,s)l1x(s)l ds
< ko lxII.
Therefore
1 > 1 1

1 1
NH'“ (TX) = Tl = k_o . =l = k_o N||_H (X) Put k_o = (1-r) for some rro<r<1, we get NH.H

(Tx) > (1-r) Ny (x). Hence T is F-bounded.m

Operators are mappings, so that the definition of continuity applies to them as follows:
Let T: D(T) = Y be any operator, not necessarily linear, where D(T) < X and X and
Yare standard fuzzy normed spaces. The operator T is called continuous at x, € D(T)
if for every 0 <e < 1thereisa0 <d < 1suchthat Ny(Tx -Tx,) > (1- ¢) forall x €
D(T) satisfying Ny(x - Xo) > (1 —

d). T is continuous if T is continuous at every x € D(T) .

Theorem 2.6:

Let T: D(T) — Y be a linear operator, where D(T) c X and (X,Nx,*),

(Y,Ny,*) are standard fuzzy normed spaces .Then:
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(i) T is continuous if and only if T is F-bounded.

(it) If T is continuous at a single point, it is continuous.

Proof of (i):

We assume T is F-bounded and consider any x, € D(T). Let any 0 < £ < 1 be given.
Then, since T is linear, for every x € D(T) such that

Ny(X - X)) > (1-8) , (1-9) :%,we obtain

Ny (TX - Txo) =Ny [T(X - Xo)] z N(T) - Nx (X - Xo)

>N(T) * (1 -6) =(1-¢).
Since x, € D(T) was arbitrary, this shows that T is continuous.
Conversely, assume that T is continuous at an arbitrary X, € D(T) Then, given any 0 <
€ <1, thereisa0<d<1suchthat Ny (Tx - Tx,) > (1-¢) for all x € D(T) satisfying Nx
(X-Xo) > (1-8) - (2.5)
We now take y # 0 in D(T) and set

_ Nx(¥) _ Nx(
X=X+ 15 -y . Then (X - X,) = 15 Y.
Hence Ny (X - Xo) = (-9 Nx(y) = (1-38). Now
Nx(¥)
Ny (T - Txg) = Ny (T(X - X)) = Ny [T((Nf—(g Y] = % Ny (Ty) and (2.5) implies
- X
(Nl(i)) Ny((Ty) > (1- ) implies Ny(Ty) > g 5 Ny (y). This can be written Ny ((Ty) >
" Z
(1- ¢) Nx(y), where (1-c) = 8—_2 and this shows that T is F-bounded.
Proof of (ii):

Continuity of T at a point implies F-boundedness of T by the second part of the proof
of (i), which in turn implies continuity of T by (i).

Corollary 2.7

Let (X,Nx,*),(Y,Ny,*) be standard fuzzy normed spaces and let T: D(T) — Y be a F-
bounded linear operator. Then:

(i) Xn = X [where x, , x € D(T) ] implies Tx, = Tx.

(i) The null space K(T) is closed, where K(T) = {xe D(T) : T(x) = 0}.

Proof of (i):

Since T is F-bounded, N(T) > (1-r) for some 0 <r <1 ,and since X, = X given 0 <s<1
there is a positive number K such that Ny (X, - X) > (1-s). Now , by Remark (1.6) there
is (1- €) € (0,1) such that (1-r) * (1-s) > (1- €). Now

Ny (TXn - TX) = Ny (T(Xy - X)) = N(T) * Nx (X - X) > (1-r) * (1-s) > (1- ¢) for all n > k.
Hence Tx, — Tx.

Proof of (ii):

For every x € K(T) there is a sequence (X,) in K(T) such that x, = x by Lemma
(1.18) . Hence Tx, — Tx by part (i) of this corollary. Also Tx = 0 since Tx, = 0. So
that x € K(T). Since x € K(T) was arbitrary K(T) is closed.m

Theorem 2.8

Let (X,Nx,*) be a standard fuzzy normed space and let (Y,Ny,*)be a Banach space.
Let T: D(T) - Y be a F-bounded linear operator, where D(T) € X . Then T has an
extension T: D(T) — Y where T is a F-bounded linear operator of norm N(T) = N(T).
Proof:

We consider any x € D(T) . By Lemma (1.18) there is a sequence (X,) in
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D(T) such that x, — x. Since T is linear and F-bounded, we have N(T) > (1-r) for some
0 <r <1 and since x, — x for any given 0 < s <1 there is a number K such that Nx(x,
- X) > (1-s) for all n > K. Hence by Remark (1.6), there is (1- &) € (0,1) such that (1-r)
* (1-s) > (1- €). Hence

Ny(TXn - TXm) = Ny[T(Xn - Xm)] = N(T) * Nx(Xn -Xm) > (1- 1) * (1-s) > (1- ¢, for all n,m
> k. This shows that (Tx,) is Cauchy. By assumption Y is Banach so that (Tx,)
converges, say, Tx, — Yy, We defineT: D(T) —» Y : Tx = y. We show that this
definition is independent of the particular choice of a sequence in D(T) converging to
X. Suppose X, = x and z, = X. Then v,— x where (Vi) = (X1, 21, X2, Z2, ...). Hence
(Tvm ) converges by Corollary(2.7(i)), and the two subsequences (Tx,) and (Tz,) of
(Tvin ) must have the same limit. This proves that T is uniquely defined at every
x € D(T).

Clearly, T is linear and Tx = Tx for every x € D(T), so that T is an

extension of T. We now use Ny (TX,) > N(T) * Nx (x,) and letn — oo

Then Tx, — y = Tx. Since x = N (x) defines a continuous operator , we thus obtain
Ny (Tx) > N(T) * Nx (X). Hence T is F-bounded and N(T) > N(T). Of course, N(T) <
N(T) because the fuzzy norm being defined by a infinimum, cannot decrease in an
extension. Together we have N(T) = N(T).m
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