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Abstract
In this paper, we introduce and study new subclass f(z) € 35,(p, v, 8, 1) defined by

convolution. we obtain necessary and sufficient condition of these class and some
properties (the radii of starlikeness, convexity and close- to- convexity; weighted mean and
arithmetic mean; We also obtain convolution properties and neighborhood property of the
functions f(z) in this class).
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1. Introduction

Let «,(n) be the class of normalized functions f of the form

f(z) = 27 + Z a, 2%, (pmeN={12 .}zeD), 1)
k=nt+p
which are analytic and p-valent in the open unit disk U= {z € C:|z| < 1}.
Let 3, (n) be the subclass of <A, (n) consisting functions f of the form

oo

f(zj:z'p— Z ﬂ‘kzkr [:ﬂ-kEn,p,ﬂEN={1,2,...},ZEUj, (Ej
k=n+p

which are analytic and p-valent in U.
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Let (f*g)(z) denote the Hadamard product (or convolution) of the functions f(z)
and g(z), thatis, if f(z) is given by (1) and g(z) is given by

glz)=zF — Z b, z¥, (zeU) (3)
then )
(Fro)=f@D=20= ) ab,z* (z€V) (4

In this paper, we will use (1) to define a new subclass of J,(n) as follows:

3S,(p,v, 8.0 ={ f(2) € 3,(n):

(fg)@)
p(f=g)(z)
9@

Fe=D - ¢

BEGHION

“Po(Frg)m) 1P
NEEDICE

p(f=g)(z)

= 17,

0<f=10=l<paz=00<v=1pneNzelU} (5)

Some authors studied for another classes, like, Atshan, Mustafa and Mouajeeb [1],
Aouf and Mostafa[2], Mahzoon[9]and Yang and Li [14] consisting of multivalent
functions.

2. Necessary and Sufficient Condition for f(z) € ISy (p,v, 3,1

Theorem 1. Let the function f(z) € 3,(n) be given by (1), then f(z) € ISy(p, v, B, 1)
if and only if

Z [(k=p)(a(l+v)+1) —v(k = Bp(p — D]axb <vp(Bp - pA-1),  (6)
k=n+p

where0 < <1,0<A<p,a=200<A<p,pn€eN,zel.
Proof. Suppose that the equality(6)holds true and let |z| = 1

2(f 2 9)' () _
p(f * g)(z)

(£ 9) (2

Pe= 5o

2(f9)' (@) .|

“olFgm P
NEEDIOE

p(f=g)(z)

= 1,

_ z(f *g)' (2) —alz(f * g)' (2) —p(f * ) (@)| —p(f * 9)(2)
Po(p — D *g)(2) — z(f * g)'(2) — alz(f * g)'(2) — p(f * g)(2)|

then



lz(f * 9)'(2) — alz(f * g)'(2) — p(f * g)(@)| — p(f * g)(2)|
—v|Bp( — D(f * g)(2) — z(f * g)'(2) — alz(f * g)'(2) — p(f = g)(2)|

- > t-paht

k=n+p

- Y Ue-pabzt-a

k=n+p

o)

(Bp? — BpA —p)zP — Z [Bp(p — A) — klaybyz* — a

k=n+p

= > = pahzt

k=n+p

%

< ) k—pabilzdt+a Y (k—pablz

k=n+p k=n+p

+ " wlBp(p = 1) — Klagbylzl* + av ) (k = plaghylzl* - v(gp? - BpA - p)lzlP
k=n+p k=n+p

oo

= D [0 =p)@(l + )+ 1) = vk = Bp(p = D)labe — vp(Bp — 2= 1) < 0.

k=n+p

Hence, by the maximum modulus Theorem, for any z € U, we have

1z(f * 9)'(2) — alz(f * )" (2) — p(f * 9)(2)| — p(f * 9) (2|
—v|Bp(p = D(f * 9)(2) — 2(f * 9)'(2) — alz(f * 9)'(2) — p(f * 9) (2|

< Z [(k =p)(a(l+v)+1) —v(k—Bp(p — D)]laxby —vp(fp — A - 1) <0,
k=n+p

which is equivalent to
Z [(k =p)(a(1 +v) + 1) —v(k — Bp(p — M)]axb, < vp(Bp — BA—1).
k=n+p
Then f(z) € ISy (p, v, B, A).
Conversely, assume that f(z) € 3S,(p, v, 8, 4). Then from (5), we have
20/ @) 200/ @) |,
p(f*g)(z) p(f =g)(z)

BN IC I ZDION
R O (e o

=< 7,

_ z(f*9)'(2) —alz(f xg9)'(2) —p(f * 9)(@)| —p(f * 9)(2)
Bo(p — D) (f * g)(2) — z(f * g)'(2) — alz(f * g)'(2) — p(f * g)(2)|
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0

- Z (k — p)aybiz*

k=n+p

—( i (k — p)agbez® + a

k=n+p

)

- z (k — p)agbyz*

k=n+p

o0

(Bp? = BpA —p)zP — Y [Bp(p — ) — kl(k — P)arhz* — a

k=n+p

<v,

since Re(z) < |z| for all z, we have

0

Z (k —p)agbiz* + a

k=n+p

0

- Z (k — p)agbyz"

k=n+p

Re

0

(Bp? = BpA—p)zP — > [Bp(p — ) — kl(k — p)agbpz — a

k=n+p

0

- Z (k — p)aybyz*

k=n+p

<.

. z(f+9)'(2) .
We choose the values of z on the real axis, so that m isreal. Then, we have

o0

Y. (k—pagbz* +a

k=n+p

0

- Z (k — p)aybyz"

k=n+p

o0

(Bp? = BpA—p)zP — . [Bp(p — 1) — kl(k — p)agbyzk — a

k=n+p

0

- Z (k — p)aybyz*

k=n+p

‘ z (k —p)aybz* + z (k — p)aybylz|k

k=n+p k=n+p

= <.
(Br* = BpA—p)z? = 3 [Bp@—N—K(k—pabzt—a 3, (k—p)abyzk
k=n+p k=n+p
(7)
Letting z — 1~ throughout real values in (7), we obtain
z (k —plaxby + a Z (k — p)ayby
k=n+p k=n+p < v,

0

B —ppr-p)— Y (B —2) —kl(k—paghe—a Y (k- p)agh

k=n+p k=n+p
itis

Z [(k =p)(a(l+v)+1) —v(k = Bp(p — D)]ab, < vp(Bp — A — D).
k=n+p

This completes the proof of the theorem.

Corollary 1. Let the function f(z) € 3,(n)be given by (1).1f f(2) € IS;(p, v, B, 1),
then



vp(Bp —BA—1)
[(k —p)(a(X +v) +1) —v(k — pp(p — 1)|bi

akS

The result is sharp for the function given by

vp(fp — A —1) Jk
[((k—p)(a(l+v)+1) —v(k—Bp(p — )b

f(2) =2z" -

3. Radii of Starlikeness, Convexity and Close-to-Convexity

In the section, we obtain the radii of starlikeness, convexity and close —to —
convexity for functions in the class 3S;(p, v, B, ).

Theorem 2. Let the function f(z)defined by (1) be in the class IS, (p, v, 8, 1). Then
f(2) is starlike of order §(0 < 6 < p) in|z| < R (k,p,v, A, B,5), where

-8k -p)al+v)+1) —v(k—pplp - A))]bk}l/k—p
vp(k—8)(Bp — A —1)

R,(k,p,v,A,B,6) = inf{

®)
Proof. We need to show that
Zf,(Z)—p‘ <p-6 for |z] < Ry(k,p, v, 4, B, 8).
f(2)
Since
- >, (k—paz” Y. (k—palz|*P
2f' (@) ~pf@)| _ | _
VA o - © )
/(@) P — Y azk 1— > azlkP
k=n+p k=n+p
To prove (8), it is sufficient to prove
> (k- paglz|*?
k=n+p
<p-26.
1- Z ai|z|k-P
k=n+p
It is equivalent to
00} k _
Qaklzlk‘p <1. (9)
e (p—9)
=n+p

By Theorem 1, we have

o)

Z [((k—p)(@(l+v)+1)—v(k—Bp(p—1))]
vp(Bp —pA—1)

akbk < 1,
k=n+p
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hence (9) will be true if

(k—8)
(p —9)

[((k—p)(a(1+v)+ 1) —v(k—Bp(p—1)]bx
vp(Bp — A —1)

|z|FP <

[t is equivalent to
(p =)k =p)a(d +v)+1) —v(k = Bp(p — D))Iby

|z|*7P < ,
vp(k—8)(Bp — A —1)

therefore

2l < {(p — Ok = p)(a(i+v) + 1) —v(k — fp(p - A))]bk}l/k—v
- vp(k = 8)(Bp — fA— 1) '

This completes the proof.

Theorem 3. Let the function f(z)defined by (1) be in the class 3Sy(p, v, B,2). Then
f(z) is convex of order n(0 < § < p) in |z| < R,(k,p, v, A, 5, 5), where

p—8&)[k—p)a(l+v)+1)—v(k—Bplp— ;{))]bk}l/k—p

N
Follop v 2,5.0) = inf { V(& = k8)(Bp — A~ D

(10)
Proof. We need to show that
Zf,”(z) —(p-D|<p-5 for |z] < Ry(k, p, v, 4, B, 8).
f'(2)

Since

o0 0

= D klk—paz"t| > k(k—plaglzl*?

k=n+p k=n+p
<

zf"(z) = (p = Df'(2)
f'(2)

- — )

o0 0

pzP~1 — z ka,zk-1 p— z ka,|z|kP

k=n+p k=n+p

to prove (10), it is sufficient to prove

o0

Y. k(k—p)aylz|™P

k=n+p

<p-26.
p— D kalz|kP
k=n+p
It is equivalent to
> k(k - 8)
——alz|FP < 1. 11

k_z plp-8 " b
=n+p

By Theorem 1, we have



[0

Z [((k—p)a(1+v)+1) —v(k—Fp(p— )]
vp(Bp — A —1)

akbk <1,

k=n+p
hence (11) will be true if

k(k — &)
p(p —6)

[((k —p)(a(1 +v)+1) —v(k - Bp(p — 1)]by
vp(Bp — A —1)

|z|7P <

It is equivalent to
- ®Olk —p)a(l+v) +1) —v(k = Bp(p — D)Iby

k—
2l < v(k? — k8)(Bp — BA— 1)

therefore

= {(p ~ Ol — p)all +v) + 1) - vk — fplp — a))]bk}l/"-p
- v(k* —k8)(Bp — A —1) :

This completes the proof.

Theorem 4. Let the function f(z)defined by (1) be in the class IS, (p, v, 8, 2).
Then f(z) is close- to- convex of order u(0 <6 <p) in |z| < R;(k,p,v,1,B,6),
where

-8k -p)a@l+v)+1)—v(k—-pplp- A))]bk}l/k_p

Rs(k,p,v,4,B,6) = mf{ vpk(Bp — A —1)

(12)
Proof. We need to show that
f'(@)
1 P <p-94 for |z| < R3(k,p,v, A, B,0).
Since
. . - > kagz*?
f'(z)—pzP~ k=n+p w —
zp—1 - zp—1 S k;p kag|z]*7®,
to prove (12), it is sufficient to prove
Z kay|z|*P < p — 6.
k=n+p
[t is equivalent to
Z a ag|z|*P < 1. (13)
e (p—9)
=n+p

By Theorem 1, we have



[0

Z [((k—p)a(1+v)+1) —v(k—Fp(p— )]
vp(Bp — A —1)

akbk <1,
k=n+p

hence (13) will be true if

- [(k—=p)(a(1+v)+1) —v(k—Bplp —1)]bx

k—
2% = vp(Bp — B2~ 1)

(p—90)

It is equivalent to

(p =8|k = p)(a(1 +v) + 1) —v(k — Bp(p — 1)) |by

|z|*7P <
vpk(Bp — A —1)

therefore

|z|*7P < {

-8k -p)a@+v)+1)—v(k—pplp - A))]bk}l/k_p
vpk(fp — A —1) -

This completes the proof.

4. Weighted Mean and Arithmetic Mean

Definition 1. Let the function f;(z)(t = 1,2) defined by

@ =27 ) ek =12) (12)

k=n+p

belong to 35, (p, v, B, 1), then the weighted mean h;(z) of f;(z)(t = 1,2) is given by

1
hj(2) =51 -NA@ + A+ DD
In the theorem below we will show the weighted mean for this class.

Theorem 5. If f,(z)(t = 1,2) are in the class 3S4(p,v, B, 1), then the weighted
mean of f;(z)(t = 1,2) isalso in IS, (p, v, 5, 4).

Proof. We have h;(z) by Definition 1,

[o9] [o9]

1
M@ =5|A=pl 2= Y anz |+A+p[2 = Y a2t

k=n+p k=n+p

oo

1 ] . k
=zP — Z E[(l—])ak,l + (1 + Nayz ] 2.
k=n+p

Since f;(z)(t = 1,2) are in the class 3S4(p, v, B, 4) so by Theorem 1, we must prove
that



N 1
> [k =@ +v) + 1) =v(k = ol = D)5 [(1 = D + A+ Daz Jbe

k=n+p

= %(1 ), z [(k —p)(@(1+v) + 1) —v(k — Bp(p — )] ar1 b

k=n+p

1 (o]
+3+) ) [te=p) @ +v)+ D = v(k = fp( - )] aca by

k=n+p

<-(1—vp(Bp— BA—1) + (1 +Hvp(Bp — fA— 1)
= vp(Bp — A —1).

which shows that h;(z) € IS,(p, v, 5, 1).
The proof is complete.

Theorem 6. Let the functions f;(z) defined by

fi(z) = 2P — z 02" (4 20, i=12,..0) (13)

k=n+p

be in the class 3S,(p, v, B, 1), then arithmetic mean of f;(z)(i = 1,2, ...¢) defined by

£
HE) =5 fi@), (14
i=1

Is also in the class 35, (p, v, B, 1).
proof . By (13),(14) we can write

£ (o) o) £
H(z)—l zP — ay;z% | = zP — L ay; |z*
- € k,l - e k,l
i=1 k=n+p k=n+p i=1

Since f;(z) € SSg(p, v,B,A) for everyi = 1,2, ..., so by using Theorem 1, we prove
that

) £
D [tke=p) @l +v) + D) = vl = fp( - D) (%Z a, ) by
k=n+p i=1

' 0
1
=2 [ D [ =P + v+ 1) = vk~ o — )]s b

i=1 \k=n+p

<vp(Pp—pBA—1).

which shows that H(z) € 3S,(p, v, 5, 1).
The proof is complete.



5. Convolution Properties.

Theorem 7.1f f,(z)(t = 1,2) defined by (12) be in the class 3S;(p, v, B, 4). ThenThe
Hadamard product of the functions f; (z) and f,(z) is given by

o

(fi * f2)(2) = zP — Z Aj1 g2 zX, (15)

k=n+p
is in the class 35, (p, v, f;, 4),where

B <

vp(Bp = A= D2[vk = (k = p)(@(L +v) + D] = [(k = p)@(L +v) + D = v(k = fp(p = D) by
(0 = D) [v2p2(Bp — BA— 1) = [(k — p)(@( +v) + 1) — v(k — fp(p — )] By

Proof. We need to find the largest ; such that

(o]

Z [(k —p)(a(l+v)+1) —v(k — Bip(p — ))]by
e vp(Bip — 1A — 1)

Since the functions f;(z)(t = 1,2) belong to class G} (B, A, @), then from Theorem 1,
we have

o)

Z [((k—p)(a(l+v)+1)—v(k—Bp(p — 1))]bk
vp(Bp — A —1)

akll aklz S 1

a, <1,(t=12)

k=n+p

by the Cauchy - Schwarzinequality, we have

N [(k—p)(a(1+v)+ 1) —v(k—Bp(p —A1)]bi
Z vp(Bp — BA—1) Vi arz < 1. (16)

k=n+p
Thus, we want only to show that

[(k=p)a+v)+1) —v(k—Bip(—N)]

Bip—Bid =D et 2
(G = p) (@1 + v) + 1) = v(k - fp(p — V)]
= Br—pr-1) Vo oz

That is, if
(Bip — P1d — D[(k — p)(@(1 +v) + 1) — v(k — Bp(p — 1))]
V12 = T T i T Dk — p)(a(l + v) + D) — v(k — Bap(p — )]’

from (19), we have
vp(Bp — fA—1)
1/Clk,l Ay 2 < [(k _ p)((l(l + V) + 1) - v(k —_ ﬂp(p — A))]bk .

Consequently, if

10



vp(Bp — A —1)
[(k —p)(a(1 +v) +1) —v(k — Bp(p — 1))| by

< Bip— B — D[k —p)(a(1 +v) + 1) —v(k - Bp(p — 1))]
~ Bp—pA- DIk —p)@@ +v) + 1) —v(k - prp(p — D]

(17)

From (17), we have

B <

vp(Bp — BA — ?*[vk — (k — p)(a(1 +v) + D] - [k ~p)(a(1 +v) + 1) —v(k = fp(p = )] "By
(p— 1) [v2p2(Bp — p2 = 1) = [k = p)(a(1 +v) + 1) = v(k — Bp(p — 1))] by

This completes the proof of Theorem 7.

Theorem 8. Let the functions f,(2) (t = 1,2) defined by (12) be in the class
3S4(p, v, B, 4). Then the function

F@ =2 = ) (an® +an?)7, (18)

k=n+p

also belong to the class 35, (p,v,y, 1), where

y <

2vp(Bp — pA— D?[vk — (k —p)(@(1 + v) + D] — [(k —p)(a(1 +v) + 1) — v(k — fp(p — /D)]Zbk_
(p— M) [2v°p2(Bp — BA— 1)? — [k = p)(@(1 +v) + 1) = v(k — Bp(p — D)] by ]

proof. By Theorem 1, we want to find the largest y such that

Z [(k=p)(a(l+v)+1) —v(k —yp(p —D))]b

(yp—yA—1) (0r® +ap*) <1

k=n+p

Since f;(z)(t = 1,2)belong to the class 35,(p, v, B, 1), we have

i [(k —p) (@@ +v) + 1) — v(k — Bp(p — 1) b2 o
(Bp — BA—1)? &

k=n+p

(k= p)@d +v)+ D~ (k= fpo=D)be ) _,
S(,(;p Bp—B1—1) "’1> =

and

11



o)

Z [(k—p)(@(l+v) + 1) —v(k — Bp(p — Ph>
(Bp — B2 — 1)? 2

k=n+p

<1

< i [k —p) (a1 +v) +1) —v(k — Bp( — Db,
“\, (Br—B2-1D 2

=n+p

Hence, we have

i 1 ([(k —p)(a( +v) +1) —v(k = Bp(p — ))I*h,’
2 (Bp — BA—1)?

k=n+p

F(z) € 35,(p,v,v,4) if and only if

) (akjlz + ak,2 2) S 1,

oo

z [(k—p)(a(1+v) +1) —v(k —yp(p — D)]bk
yp—vA—-1)

(akllz + aklz 2) < 1.
k=n+p

Therefore, we need to find the largest y such that
[(k = p)(a(1 +v) + 1) = v(k —yp(p = 2))]by
(rp—yA-1)

(k—p)(a(l+v) + 1) —v(k — Bp(p — 1))]I?b;°
2(Bp — A —1)? ’

L

(19)

(p,nEN)
from (19), we have
y <

2vp(Bp = fA— 1)*[vk = (k = p)(a(1 +v) + D] = [(k = p)(@(1 +v) + 1) = v(k = fp(p = )] by
(p = M) [2v*p2(Bp — BA — 1)? = [k — p)(a(1 +v) + 1) = v(k — o — 1))] by |

This completes the proofof Theorem 10.

6. Neighborhood propertyfor the Class 3S,(p, v, 5, 1)

Now, following the earlier investigations by Goodman [7], Ruscheweyh[11], and others
including Altintas and Owa [4], Altintas et al.([5] and [6]),Murugusundaramoorthy and
Srivastava [8], Raina and Srivastava [10], Srivastava and Orhan [13] (see also [3] and
[12]), we define theWe define the (n, t) — neighborhood of a function f(z) € J,(n) by

Np(f) = {g €I, g(z) =2P — Z b,z* and Z klay — bl <t,0<t< 1}.

k=n+p k=n+p
(20)
For the identity function e(z) = z, we have

12



Np(e) =g € 3,(n): g(2) = 2P — z bez* and 2 kb <t,0<t<1\.
k=n+p k=n+p
(21)
Definition 2. A function f € X, is said to be in the class 3S;“ (p, v, B, Dif there
exists a function g € 35, (p, v, B, A)such that

f(2)
9(z)

-1{<p—-—w, (ZeUO0<Sw<l).

Theorem 9.1f g € 35,(p, v, B, Aand

t[(k —p)(a(1+v) + 1) — v(k — Bp(p — 1))]a

w=p-— :
[(k —p)(a(1 +v) + 1) —v(k = Bp(p — A))]ar — vp(Bp — B2 — 1)
(22)

Then N, .(g) € 3S,“(p, v, B, A).
Proof. Let f € N, 5(g). We want to find from (20) that

Z klay — bl <t,

k=n+p

which readily implies the following coefficient inequality

Z |ak—bk|St, (n,pEN) (23)

k=n+p
And, since g € 35, (p,v, B, 1), we have from Theorem 1
Z b < vp(Bp —BA—-1)
kS :
St (k=)@ +v) + 1) —v(k - Bp(p — D)]a
So that
> lay — byl
]‘EZ; _ 1| < kgp
VA o0
g 1= > by
k=n+p
t[(k = p)(@( +v) + 1) —v(k — Bp(p — 1)]a, -

< =
[(k = p)(@(1+v) + 1) —v(k = Bp(p — N))]ay — vp(Bp — BA — 1)

Hence, by Definition (2), f € IS;“ (p, v, B, Dfor w given by (22).
This completes the proof.
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