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Abstract:

The spectral conjugate gradient methods are fascinating, and it has been shown that
they are useful for strictly convex quadratic reduction when used properly. To handle large-
scale unconstrained optimization issues, a novel spectral conjugate gradient approach is
suggested in this study. We devise a new methodology for determining the spectral and
conjugate parameters, motivated by the benefits of the approximate optimum step size
strategy utilized in the gradient method. Additionally, the new search direction meets the
spectral property as well as the sufficient descent criterion. The presented method's global
convergence is established under a set of appropriate assumptions.
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1- Introduction
Consider the unconstrained optimization problem with the following n variables [1][2]:
min f(x) ,x € R" Q)

The conjugate gradient methods are among the most effective optimization strategies for
achieving the solution of problem (1), where f:R™ — R is a continuous differentiable
function. The conjugate gradient technique has the following form [3][4]:

X1 = Xk + akdk , k= 0,1,2,3, (2)

Where x, is the starting point, a;, is a step size , g, = Vf (x) and d;, can be taken as [5][6]:
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—Jk P k=0
d ={ 3
gk + Brdi—1 1 k=21 3)

The exact and inexact line search is commonly used to estimate the step size «; for
nonlinear conjugate gradient methods. As a result, the Wolfe inexact line search was used
in this investigation, with the following formula, a;, was needed to meet the normal Wolfe
line search [7].

f e + agdy) — f(xi) < Saygidy (4)
Ji+1di = 0 gidy, (5)
Where 0 < § < o < 1.When the value of o is less, the line search is often more accurate,
but the computational time is longer. A stronger criterion based on (4) and (6) was

developed to make analysis easier [7].

|9k +1di| = —ogidy (6)
In addition to the conditions indicated in (4), the strong Wolfe line search (SWP) has the
following characteristics (6).Generally, dj, is required to satisfy [8][9]

drgi <0 (7)
Guarantying d,, is a descent direction of (x) at x;, . In order to retain the convergence
property, it is often necessary for d, to meet the descent requirement. [10]

Jiedi < —cllgill® (8)
Where the constant > 0 .

Bergin et al. proposed a spectral conjugate gradient (SCG) technique, which is a
combination of the conjugate gradient method and the spectral gradient method. let s, =
Xi+1 — X = Ady and yp = gryq1 — Gk -

The direction d,, is termed as [11][1]

di+1 = —Ok+19+1k + Br+15k 9)
Different conjugate gradient algorithms will be determined by different S,. Previous
research in this field has shown that a good selection of this parameter resulted in improved
numerical performance. As illustrated below, Hestenes and Stiefel (HS)[12], Fletcher and
Reeves (FR)[13], Polak and Ribiere and Polyak (PRP)[14], Fletcher (CD)[15], Liu and
Storey (LS)[16], and Dai and Yuan (DY)[8] are some of the most well-known classical
By selections :
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HS _ Ik+1Vk LS _ Ik+1Yk PRP _ Ik+1Vk

T gy TR T —afg TR ge? (10)
CD _ _ ||gk+1||2 FR __ ||gk+1||2 DY _ ||9k+1||2

koo kg TR T laklz TR afw

where y, = gr+1 — gk and |. || denotes the Euclidean norm.

2- The new spectral conjugate gradient algorithm

Spectral conjugate gradient methods of the kind (9) are proposed in this part, and the
following is the name of our novel spectral conjugate gradient method:
dp"? = —(1 + w3) gi+1 + B sy (11)
Where w; = % .and

2

W, = (91€+19k+1)(3’1?5k) + (Sggk+1)(yzgk+1) - (91€+1gk+1)(3’kTgk+1)

w2 = (9 91) Wk Jrer1)
The algorithm is denoted by the following:

Algorithm 1

Stage 1: Initialization. Given x, € R", set k = 0.

Stage 2 : Calculate 5, based on (10)

Stage 3 : Calculate d; based on (3) . If g, = 0 ,then stop.

Stage 4 : Calculate a;, based on (4) and (6) .

Stage 5 : Update d;, based on (11)

Stage 6 : Update new point based on (2).

Stage 7 : Convergent test and stopping criteria.

If f(x,41) < f(x,) and || gx |l < € then stop. Otherwise go to Step 1 with k = k + 1.

3- Descent property

Here, we demonstrate, using the following theorem, that our method specified in (3)
and (11) yields descent direction for all iterations.

Theorem 1:
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Consider the procedure stated in equation (2), where d, is derived from (3) and (11).
When a given increment in the step size a; meets the Wolfe conditions (4) and (6) and
y¥ grs1 > 0, it follows that the directions dj, are descent for every k.

Proof :

Since dpfi? = —(1+ w3)grs1 — B sy

We can prove the descent property dr . ; gi+1 < 0 by mathematical induction :

For the initial point dy, = —g, , then the new direction (9) multiplied by g, .4 is sufficient
descent .

Let the direction in (9) hold for all k.

For k+1 we have:

D = wWq — (g£+1gk+1)(ylfsk)+(51€gk+1)(J’]T;gk+1)_(g£+1gk+1)(yl7;gk+1) (12)
37 w, 9591 VL Grs1)
_ gk POFs0) | (ScGies1) Wk Irs) _ NGieaa I Vk Giesn) (13)
3 T Mgl gks) | (GEGDOEGrs1) 9kll? VE G+ 1)
FR OEsp) (SkGr+1) FR
= — 14
ws = f Wlgke)  (Glan) B (14)
_ oFR [ Oksk) ) (SkGr+1)
= e | R 15
ws =P ((yzfgkﬂ) + (9% 9K) (15)
Substituted (15) in (11) we have
new _ _(1 + (ﬁFR( (yzsk) _ 1) + (Slzgk+1)>g + IBFRS (16)
ke+1 (YL gis1) (g%agr) ) Ik*1 K
By multiplying (16) by g7, we have
daT —_1+( FR(M_l M T FR T 17
kr19k+1 = —( B Ol grsd) + (9T gx) Jier19k+1 1 B Sk k41 a7)
FR (yksk) _(S£Qk+1) 2 FR.T
= (=1 (ﬁ ((ykgk+1) 1) (9kgk) )”‘gk“” + B8k Giens (18)
T
= ~lgrsl? =B (72 = 1) gl - (Tos)B™ + g
BT S Gran
Vi S
@h1icrn = gl = 7 (2 1) gy 2 (20)
We have ykTsk>0 by Wolfe condition and y,fgk+1>0 by assumption , then
T
T = i”‘i >0
Vi 9k+1
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dier19k+1 = NGk lI? = BTR (= Dllgrsall? (21)
= —llgi+1 1> = B 1 gr+1 1 + BRI Gresa I (22)
= (=14 B grs1ll? = B R grsa II? (23)
= —cllgsall? =B Fllgisal? i = 1- BFF (24)

0 < BFR <1 then we have

d,7;+1gk+1 < _C||9k+1||2 - T.BFR”gkﬂ”Z = (—c - T,BFR)||91<+1”2 <0 (25)

dr19k+1 < 0; then the new direction is descent .

4- Global convergence

Following that, we shall demonstrate that d9X12 converges globally. For the suggested
new method to be successful in its convergence, we must make the following assumptions.
Assumption (1)[4][6][71[17]

1- Suppose that f is bounded below in the level set S = {x € R™: f(x) < f(x0)}
2-In the case of f that is continuously differentiable and whose gradient is Lipchitz
continuous, there exists L > 0 such that :

lg(x) =gl < Lllx —yll Vx,y €N (26)

3-If £ is a uniformly convex function, then a constant p > 0exists such that:

T
(Vf() = Vf () (x =) = plix = ylI* ,forany x,y € S 27)
or equivalently
Yiesk 2 pllsell> and pllsgll® < ysie < Lllsell? (28)

On the other hand, given Assumption(1), it is evident that there are positive constants &
such that :

lx[| <6, Vx €S (29)
IVfF ()l <y ,vxeS (30)
Lemma (1)[18][19]

Suppose that assumption(1) and equation (30) hold. Consider any conjugate gradient
method in from (2) and (3), where dj,; IS a descent direction and «;, is obtained by the
strong Wolfe line search. If
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1
Zk>1m = o0 (31)
then we have
lim infl[g, |l =0 (32)
Theorem 2:

Assuming that Assumption (1) is true and that any iterative technique of the type (11)
where d,, ., satisfies descent condition, where «a,, is determined from Wolfe conditions (4)
and (6), if the objective function is uniformly convex on set S, then Ilim inf|| g, || = 0.

Proof :
We have the direction d2X1?2 = —(1 + w3)gre1 — B Ry
oK1 = _(1 4 (gk+1gk+1)(J’kSk)‘l'(sk(Zl;;;))((J;I;gglj;-ll)) (gk+1gk+1)(ykgk+1))gk+1 _ %Sk 3Y)
By taking ||. || to the both sides , we have
425 < 1-11l - (||g£+1gk+1ll)(||y;fskll)-(|IS(ﬁZ%;:;{I'll))((Irli}%i:lll'Il?(||g£+1gk+1II)(IIy;fngII))”gkﬂ” I|g|;|¢+%gkﬁ1|| sl (32)
lagiell < (- -t sl kol MaealP) g M (33)
< (=1l = 187R] (el — B4 1BFR]) Hlgieyall + 187 s (34)
< (grsall = 1B Nsiell = NsieMNBTRN + 1B N gre41 1) + B7X llsiell (35)
< Ugesall = 1Bl giesa ) =252 (36)
< Ngieell (1 + 18781 + 1l (37)
IId{fﬂzll < ullgea (38)
laRise = gl (39)
Zic=0 IId,?f{ZII Z figen 1l = (40)
lim [lg, |l =0 (41)

5- Numerical results
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The numerical results of the proposed new approach generated from the application of
the new formula for the beta conjugation coefficients as well as the Wolfe (4) and (5)
conditional set of test functions in the unconstrained optimization (Andrei, 2008)[20] will
be explained in this section. We always require the practical side while calculating
unconstrained optimization methods since it complements the theoretical side. To fully
appreciate the algorithm's strength, we must use it in practice and test it on a variety of
non-linear unconstrained situations. Many test functions have been chosen to evaluate the
performance of the proposed method, which are provided in this work and detailed in the
Appendix. The functions are chosen for dimensions n=100,...,1000, and the performance
of these new suggested algorithms is compared to that of the FR method. The || g, |l = 107°
stopping condition has been used. All of the code is written in double precision FORTRAN
using the F77 compiler settings. The test routines normally begin with a point standard and
then record numerical findings in Matlab's figures (1), (2), and (3).
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Figure (1): Performance according to Function
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Figure (3): Performance according to Time

6- Conclusions
Based on the (FR) method, we provide a novel Spectral Conjugate Gradient Methods

based on the (FR) approach in this study. We investigate the qualities of the formula from
a scientific standpoint and demonstrate the properties of descent and convergence by using
a number of assumptions. We also looked into the characteristics of the matrices and
compared their performance to that of the FR approach, which produced favorable results.
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