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ABSTRACT

The aim of this paper is to prove that Laplace operator depending on nine
points in irregular domains is of order two in addition, some examples as an
applications for this operator are given.

Introduction

Milne[6] derived approximate Laplace operator
depending on five points in regular domains in the
forms:

h2vZu=Hu+0(h')  (a) and

h?v2u=Xu+0(h*)  (b)
and depending on nine points in regular domains of
order O(h?) inthe form: K =4H +2X (c)

and N?=2(X-H) (d)

While in irregular domains he derived the following
two formulas of order O(h):

H=F,+F, =
2 {F<x+m,y)—F(x,y)+F(x—m,y)—F(x,y)}+
b +h h h,
2 JEoy+h)-Foy)  FOGY-h)=FO )| o
h, +h, h, h,
And
X=F,+F, =
L [Fixehgy+h)-F(uy) , Fo-tyy-h)-F(xy)]|
hy +h, | h, h,
1 F(X_hevy+h5)‘F(XvY)+F(X"'hevy_hs)_':(xv)’) (f)
h, +h, h, h,

In eleven points near the boundary in non-rectangular
domains Milne [6] derived second order Laplace
operator for curved boundary using nine points of the

two operators H and X to give new operator called

K =4H +2X . We shall give the prove that the last
operator is of second order, moreover we introduce
some examples as an
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applications of this operator. The operator
K =4H +2X is defined as the following [1]:

L[u]=K = Zglaiui =6(a’+ B+

where

b 8 o = 8

LR (s+s) 0 W (s,+s,)]
8 8

a; 4

TS (5,+) T Wisy(s,+sy)
B 2 B 2
 hs,(S,+5,) e = h2ss(s, + ;) |
a, = 2 Oy = 2
TN, (s, +5) 0 hPsy(s+5S)

s

8
oy, =—» o, where,h =sh,0<s <1i=123-.
i=1

Lemma 1[6]: Let L [u] be a discrete operator of the

form
8
Lul=> au; =G
i=0
where  —o,,04,0a,, -+, 04, are positive functions
such that

-y 2 iai
i=0

Ifu>0onSy and —L[u]>0onRy,then u>0
in Ry.
Lemma 2 [6]: Let L,[u] satisfy the hypothesis of

lemma 1. If |u| <V on Sy and |Lh[u]| <-L,[v] in R,
,then |u| <V in Ry+S;
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Lemma 3[6]: Let L.[u] satisfy the hypothesis of
lemma 1. Let w(x,y) be some function such that
—L,[u] >0 inRy, and w>0 on Sy. For any function
e(x,y), we have

le(x,y)| <W max{ | Eh[[ ]]}+ maxje(X, Y)| where
W = max|w(x.y) -
Ry +Sy
Lemma 4[6]: Let asatisfy Lh[a] =G, and the

boundary condition U =g . Let u satisfy L [u]=G

in Ry, If U has partial derivatives up to fourth order
and continuous and b in R+S, then

h2M
4 where

‘Lh[u—ﬁ]‘ <

64
oy*
Main Result we prove the following theorem.
Theorem [6]: Under the hypothesis of lemma4 , for
all (x,¥) e R, +S, we have

o*u

M, = max| max|— )

R+S

ymaxX| 1
R+S

oX

u(x, y) —u(x, y)\sﬁmax[mh
max‘u(x y) u(x, y)‘ ......

where r is the radlus of the circle which contains R+S.
Proof: for the proof of the first term in the right hand
side of the equation (1) see [9]. To find the second

term, we use in R, the equation:

L,[u] = Zglaiui =G

Solving for u(x, y) we have
85,5,5:5¢5,55 |  S; u, + S, U, |+
Q S, +5S; S, +5S;

s s ]
{4u2+ 2 _u, [+

u(x,y) =

85,5,555657 55

Q

S, +5S, S, +5,

25,5,5,5,5:S, | S S ]
1¥2Y3Y4Y6V8 7 U. + 5 u +
Q Ss +5;

Sy +S;
25,5,5.5,5:5, | s s
1505548580 | Se o Se 3)
Q S + Sg

Q =8s,5,5:5,54Sg +85,555:5,5¢Sg +
25,5,555,S:Sg +25,5,5,5,5:Ss-

where
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The first expression in brackets corresponds to the
linear interpolation in the points u(x+h,y)and
u(x—h,,y) the second expression in brackets
corresponds to linear points
u(x,y+h,)and u(x,y—h,), the third expression in
brackets corresponds to linear interpolation in the
points U(X+h,y+h)and u(x-h,,y—h,), the
fourth expression in brackets corresponds to the linear
the points U(X—hy,y+h;)and

interpolation in

interpolation in

u(x+hg,y—h;). The overall expression represents

linear interpolation in two interpolated values. By the
properties of linear interpolation, we have:

— S S
u(x,y)— U, +—=2—u, | <
S, + S, S, + S,
2 2
h(sl+83) M
8 2
— S S
u(x,y)— 4 —u, + 4y, ¢l <
S, +S, S, +S
2 2
h(32+s4) M
8 2
— S S
u(x,y)— L —ug + S —u, ¢l <
Sg + S, Sg+S
2 2
h(SS+S7) M
8 2
— (S (S
u(x,y)— 8 Ug + 6 Ug | =< Where
Sg + Sg S + Sg

h®(ss +55)”
8

u_ G(x+hl,y)u2—u(x y+h,),
u_ G(x h3,y)u _u(xy h,)
u, =u(x+h,y+ho),u, =u(x—h,,y+h,),
u, =u(x—h,,y—h,),u; =u(x+hy,y—h;)
and

2. 2.7
MZ:max{ng:,Zy—l;}.
Therefore
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u(x,y) -
85,5,5:5,5,S S, - s, —
2Y4°5Y6%Y7V8 3 Ui + 1 U3
Q S, +5S; S, +S;
85,55555¢5,Ss | S, — s, —

u, + u,
Q S, +5S, S, +5S,

2
<M.
25,5,5,5,S¢Ss
Q | S5+,

25,5,5,5,S.:S S, — S, —
1Y2Y3Y4Y5Y7 8 u. + 6 us
Q S + Sg S + Sg

u, + u
* s +s, |

since si <1,i =1,2,3,...,8. Thus we have
u(x, y) —u(x, )| < 71le(x+ by, y)| +
2oy +h,)|+7sle(x—hy, y)| +

Voo y —h)|+ysle(x+hg, y +hy)|+
vsle(x —hg, y+hg)|+7;le(x—h,,y —h,)| +
y8|e(x+h8,y—h8)|+h—2M

Bs $,555¢5;85 [ S3 8s,S 3556575 s,

Vs =

sl
2oyl
)2
2o

8515 S5S¢S7Ss

S, +5,

231523 $456Sg

S5 +S Sg +

)
)

We now seek to show that for u(x,y) € R,

Zssssss 25,5,535,55S;
5°7 394

Vg =

o
[
o[

Sg +Sg

o ¥) - 5% Y) < £ maxe ) + oM. @

To do this,
first consider the case one of the point, say (x+h1, y)

is in S and the other points are not Hence
s2=s3=...=s8=1, in this case e(x+hl, y)=0 since

8
> 7 =1, andsince
i=1

vy 85,5,5:54S- S, < 8S,5,5:5¢S,Ss
Vat7Vs Q Q

=71 +75--09)

2 .
we have 7, +y, > 3 Moreover, since
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8
we have 7, >7,, and 7, 2—%. Thus ) 7, Sg :
i=2

then (8) holds.

Let us consider the case where two of the points are
on S. There are essentially two different cases. In the
first case (x+hy,y) and (x-hs,y) are in S and the other

six points are not. We have y, +y, =%, +%,. Since

8 8 2
dyvi=1and y,+ >y S—E.Thuswe have
i=1

i=4

‘u(x y) —u(x, y)‘ max|e(x y)|+h?M2

A similar arrangement holds if (x,y+h,) and (x,y-ha)
are in S, or (x+hs,y+hs) and (x-hz, y-h7), or (x-hs, y+hs)
and (x+hs, y-hg) are in S. If (x+h1, y) and (x-hs, y) are

inSwehave y, 2y;, y, 2y, and y,+y, 2y, +7,

sothat y, +y, é and

27. < max|e(x y)|+h?M2 ...... (12).

Slmllarly in the other cases it holds if any two
different points lies on S.
Next, let us consider the case where only one of the
points, say (x+hi, y) is not in S. Evidently
=..(13)

7/1:8525455563733 Sg Sg S sl
Q S;+S;) 5(s +s,) 5

Since 8s,5,5:5,S,5Q "

is an increasing function of

S,8,5:55,S and  S,5,5:5:5,S, <1, and since

S;(1+5s,)™
Thus we have

is an increasing function of sz and S; <1.

- 1 h
‘u(x, y) —u(Xx, y)‘ < : nEtx|e(x, y)|+ ?2 M,...(14)

In similar discussion for three or more up to seven
points do not lies on S.

Finally, if all eight points (x+hy, y), ..., etc are on S
- h
we have ‘u(x, y) —u(Xx, y)‘ <-2M

Therefore, (14) holds in all cases.
We now let

V= rrlzilx|e(x, y)|, M= mRaXIe(X’ Y)|

. Evidently, from (2.4.14) and the first part of the
theorem we have
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2.2
4 h?
v < 4 M, +u, ,Llﬁgmax(V:ﬂ)‘l‘?Mz----(lG)

4 N
If £<v,then ysgv+?M2,and

4 h?
M, +—v+—M,...07
o Mat gVt Mo (1)

h2r2
v <

or

2.2
v <2 Shem s,
24 2

On the other hand, if ¢ > v, then

2

yS%y+%M2...(19)

and

=< %thz...(ZO)

therefore, since 1 <v orelse u < gthz ,

we have
5h?r?
24

rTLax‘u(x, y) —u(x, y)‘g M4+gh2M2

s[szr:M4+gM2jh2sO(h2) ...... 21)
Implementation

In the following different examples that have curved
boundary boundaries and the results are presented as
shown in the following tables.
Example 1

The Poisson equation Au = f in the first quadrant

bounded by the circle X2 +y? =1, where the exact
solution and boundary conditions are given by
u(x, y) =sin(zx)sin(zy) .

Step Maximum error _

Length h in ﬁ Maximum error in K
0.5 1.0390e-01 3.24366e-02
0.25 3.1358e-02 2.36209e-02
0.125 8.9441e-03 3.72839%¢-03
0.0625 2.3840e-03 5.45875e-04
003125 6.0972e-04 7.02413e-05
0.015625 1.5111e-04 9.75254e-06

Example 2

Quarter moon with the exact solution and the boundary
conditions given by U(X, Yy) = sin(zx)sin(zy) .

Method of Solution Maximum absolute error

H 1.20457e-03

K 2.787202e-04

PLTMG package (Using Finite

Element Method ) 7.54e-03
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Example 3
Step Maximum errorin | Maximum error in
Length h H K
0.25 2.309123¢-03 8.961037e-04
0.125 6.51036e-04 6.16542e-05
0.0625 1.34793e-04 6.107614¢-06
003125 4.413789e-05 7.0241315e-06
0.015625 1.015908e-05 2.2342435¢e-07

Laplace equation Au=0 in the first quadrant
bounded by the circle X ?+Yy* =1, where the exact

solution and the boundary conditions are given by the
equation u(x,y) =exp(—2x)cos(2y) .

Conclusion
In this work the finite difference of the operator K
be proved of order O(h?). This operator used in

Laplace and Poisson equations with curved boundary
condition, the results are very satisfactory as shown
above tables.
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