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 The aim of this paper is to prove that Laplace operator depending on nine 

points in irregular domains is of order two in addition,  some examples as an 

applications for this operator are given.  
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Introduction   

   Milne[6] derived  approximate Laplace operator 

depending on five points in regular domains in the 

forms: 

  )()( 422 ahOHuuh       and   

)()( 422 bhOXuuh   

and  depending on nine points in regular domains of 

order )( 2hO  in the form:   )(24 cXHK       

and      )()(22 dHXN   

 While in irregular domains he derived the following 

two formulas of order )(hO : 
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In eleven points near the boundary in non-rectangular 

domains Milne [6] derived second order  Laplace 

operator  for curved boundary using nine points of the 

two operators H and X  to give new operator called 

XHK 24  . We shall give the prove that  the last 

operator is of second order,  moreover we introduce 

some examples as an 
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applications of this operator. The  operator 

XHK 24   is defined as the following [1]: 
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Lemma 1[6]: Let ][uLh  be a discrete operator of the 

form  
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where   8210 ,,,,   , are positive functions 

such that  
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If 0u  on Sh  and  0][  uLh  on Rh , then  0u  

in Rh. 

Lemma 2 [6]: Let ][uLh  satisfy the hypothesis of 

lemma 1. If  vu   on Sh and ][][ vLuL hh   in Rh 

, then vu   in Rh+Sh 
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Lemma 3[6]: Let ][uLh  satisfy the hypothesis of 

lemma 1. Let w(x,y) be some  function such that 

0][  uLh  in Rh  and 0w  on Sh. For any function 

e(x,y), we have  
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Lemma 4[6]: Let u satisfy GuLh ][ , and the 

boundary condition gu  . Let u satisfy GuLh ][  

in Rh, If  u  has partial derivatives  up to fourth order 

and continuous and b in R+S, then  
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Main Result we prove the following theorem.  

Theorem [6]: Under the hypothesis of lemma4  , for 

all hh SRyx ),(  we have  
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where r is the radius of the circle which contains R+S. 

Proof:  for the proof of the first term in the right hand 

side of the equation (1) see [9]. To find the second 

term, we use in 
'

hR  the equation: 
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 . 

Solving for u(x, y) we have  
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   The first expression in brackets corresponds to the 

linear interpolation in the points ),( 1 yhxu  and 

),( 3 yhxu   the second expression in brackets 

corresponds to linear interpolation in points 

),( 2hyxu  and ),( 4hyxu  , the third expression in 

brackets corresponds to linear interpolation in the 

points ),( 55 hyhxu  and ),( 77 hyhxu  , the 

fourth expression in brackets corresponds to the linear 

interpolation in the points ),( 66 hyhxu  and 

),( 88 hyhxu  . The overall expression represents 

linear interpolation in two interpolated values. By the 

properties of linear interpolation, we have: 
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We now seek to show that for 
'),( hRyxu                 

)8...(
2

),(
5

4
),(),( 2

2

max M
h

yxeyxuyxu
hR



 To do this, 

first consider the case one of the point, say (x+h1, y)  

is in S and the other points are not Hence 

s2=s3=…=s8=1, in this case e(x+h1, y)=0 since  
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  Let us consider the case where two of the points are 

on S. There are essentially two different cases. In the 
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 A similar arrangement holds if (x,y+h2) and (x,y-h4) 

are in S, or (x+h5,y+h5) and (x-h7, y-h7), or (x-h6, y+h6) 

and (x+h8, y-h8) are in S. If (x+h1, y)  and  (x-h3, y) are 
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so that 
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  Similarly in the other cases it holds if any two 

different points lies on S.  

   Next, let us consider the case where only one of the 

points, say (x+h1, y) is not in S. Evidently  
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In similar discussion for three or more up to seven 

points do not lies on S. 

   Finally, if all eight points (x+h1, y), …, etc are on S 

we have 
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Therefore, (14) holds in all cases. 

   We now let  
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. Evidently, from (2.4.14) and the first part of the 

theorem we have 
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Implementation 

   In the following different examples that have curved 

boundary boundaries and the results are presented as 

shown in the following tables. 

Example 1 

   The Poisson equation fu   in the first quadrant 

bounded by the circle 122  yX , where the exact 

solution and boundary conditions are given by 

)sin()sin(),( yxyxu  . 

Step 

Length h 

Maximum error 

in H  
Maximum error in K  

0.5 1.0390e-01 3.24366e-02 

0.25 3.1358e-02 2.36209e-02 

0.125 8.9441e-03 3.72839e-03 

0.0625 2.3840e-03 5.45875e-04 

003125 6.0972e-04 7.02413e-05 

0.015625 1.5111e-04 9.75254e-06 

Example 2 
   Quarter moon with the exact solution and the boundary 

conditions given by )sin()sin(),( yxyxu  . 

Method of Solution Maximum absolute error 

H  1.20457e-03 

K  2.787202e-04 

PLTMG package (Using Finite 

Element Method ) 
7.54e-03 

Example 3 

Step 

Length h 

Maximum error in 

H  

Maximum error in 

K  

0.25 2.309123e-03 8.961037e-04 

0.125 6.51036e-04 6.16542e-05 

0.0625 1.34793e-04 6.107614e-06 

003125 4.413789e-05 7.0241315e-06 

0.015625 1.015908e-05 2.2342435e-07 

   Laplace equation 0u  in the first quadrant 

bounded by the circle 122  yX , where the exact 

solution and the boundary conditions are given by the 

equation )2cos()2exp(),( yxyxu  . 

 

Conclusion 

   In this work the finite difference of the operator K  

be proved of order )( 2hO . This operator used in 

Laplace and Poisson equations with curved boundary 

condition, the results are very satisfactory as shown 

above tables. 
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 الخلاصة
 الأم لدد قدد مب ثتدد  ، مدد  اح مثدد  اح   يدد  ثأ دد  م ددم ي يعددمتمع معددت    دد  غيدد  مددر   لاثددي  طدد    دد   ا  ف هدد ا احث دد  هددن ث هدد   هدد 

  .كمنضيح حه ه اح  ي  
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