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Abstract

This work consists of three sections. In section one we will study the properties of
P-connected spaces [3] and we will show that the product of two P-connected spaces is P-
connected. In section two we recall the definition of I- space [2] and we will introduce
similar definition Pl-space using pre open sets and also we will study some properties of

this definition. In [8],[2] T-space and MI- space are studied respectively. In section
three we introduce similar definition T - space using pre open sets. In particular we will
prove that in MI-space the T, - space and T -space are equivalent.

Introduction

The concept of pre open set in topological spaces was introduced in 1982[7]. This
set was also considered in [6] and [4]. We recall the definition of connected spaces [5]. In
section one we study similar definition using pre open sets which is called P-connected
space [3] and we give several properties of this definition. Recall that a space is an I-
space if each open subset is connected [2]. In section two of this paper we study similar
definition Pl-space using pre open sets and we study some properties of this definition.

Also we recall that a space is T -space iff the set of limit points of any singleton is

closed [8]. In section three we study similar definition T - space using pre open sets and
we show that T -space and Ty, - space are equivalent if the space is MI- space.

Section 1 _: P-connected Spaces

Definition 1.1 [7]
Let X be a topological space and A< X . A is called pre open (P-open) in X

0

iff Ac A. A s called p — closed iff A° is P-open and it is easy to see that A is P-

closed set iff A° < A. Itis clear that every open set is P-open and every closed set is P-
closed , but the converse is not true in general. The intersection of two P-open sets is not
in general P-open , but the intersection of P-open set with open set is P-open. Also the
union of any P-open sets is P-open.
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Definition 1.2 [3, Definition 1.1.21]

Let X be a topological space and A< X . The P-closure of A is defined as the
—P
intersection of all P-closed sets in X containing A, and is denoted by A . It is clear

—p
that A is P-closed set for any subset A of X .

Proposition 1.3 [3, Proposition 1.1.23]
Let X be atopological spaceand Ac Bc X.

Then:
M A B’
(i) Ac A"

(i) A isP-closed iff A= A

Definition 1.4
Let X be a topological space and Xxe X, Ac X . The Point Xis called a P-

limit point of A if each P-open set containing X, contains a point of Adistinct from X.
We shall call the set of all P-limit points of A the P-derived set of A and denoted it by

A" Therefore x € A'Tiff for every P-open set Gin X such that x e G implies that

GAA) {34

Proposition 1.5
Let X be atopological spaceand Ac Bc X.
Then:

M)A =AUAP
(i) A is P-closed setiff A" < A
(iiiy AP =B'®
(iv) AP c A
(v) KP - A
Proof

—p
(i) If x¢ A , then there exists a P-closed set F in X such that Ac F and
X¢ F . Hence G=X —Fis a P-open set such that Xe G and G A=¢.

—p
Therefore X2 A and X A" then xg AUA"  Thus AUAP A .0On

the other hand , X & AU A'" implies that there exists a P-open set G in X
such that Xe G and G " A=¢. Hence F = X —G is a P-closed set in X
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—p —p
such that AcF and xg¢F. Hence xgA . Thus A c AUA",

Therefore Z\P cAUAP,
For (ii), (iii), (iv) and (v) the proof is easy.
Definition 1.6

Let X be a topological space. Two non- empty subsets A and B of X are
—p —p
called P-separated iff A "B=ANB =¢.

Definition 1.7 [3]
Let X be atopological space. Then X is called P-connected space iff X can
not be expressed as the union of two disjoint, P-open, non- empty subsets of X .

Remark 1.8 [3]
A set A is called P-clopen iff it is P-open and P-closed.

Theorem 1.9 [3]
Let X be a topological space, then the following statements are equivalent :
(i) X isaP-connected space.
(ii) X can not be expressed as the union of two disjoint, non- empty and P-closed sets.
(iii) The only P-clopen sets in the space are X and ¢ .

Theorem 1.10
Let X be a topological space, then the following statements are equivalent :
(i) X isaP-connected space.
(ii) X is not the union of any two P-separated sets.

Proof
(—)
Let A and B are two P-separated sets such that X = A\ B. Therefore
—P —P —P —P
A "nB=AnB =¢.Since AcA and Bc B ,then AMB=¢.Now
—pP —pP
A X —-B=A.Hence A = A.Then A isP-closed set. By the same way we can
show that B is P-closed set which is a contradicts with Theorem 1.9 (ii).
(<)
Let A and B are two disjoint non-empty and P-closed sets such that

—P —P
X=AUB.Then A "nB=AnB = An B=¢ which is a contradicts with the
hypothesis.

Remark 1.11 [3]
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Every P-connected space is a connected space. But the converse is not true in
general. For the example see[3].

Remark 1.12
If g Ac (X,T), wecall A aP-connected setin X whenever (A, T,) isa
P-connected space.

Example 1.13
In this example we show that P-connectivity is not a hereditary property. Let

X ={a,b,c,d} and T, ={{a},{a,b}.{a,c}.{a,b,c} #, X3} be a topology on X .
The P-open sets are: {a},{a,b},{a,c},{a,b,c}{a,d} {a,b,d}{a,c,d},¢ X. Itis
clear that X is P-connected space since the only P-clopen sets are X and ¢. Let
Y ={b,c}, then T, ={{b},{c},Y,¢#}. It is clear that Y is not P-connected space since

{b}= ¢ ,{b}=Y and {b} is P-clopen set inY . Thus a P-connectivity is not a hereditary
property.
Proposition 1.14

Let A be aP-connected setand H, K are P-separated sets. If Ac H W K then
either Ac Hor Ac K.

Proof
Suppose A is P-connected set and H, K are P-separated sets such that

AcHUK . Let A Hand AZ K. Suppose A =H m A# ¢ and
A, =KnNA#¢.Then A=A UA,.Since A = H, hence EP gﬁP.Since

—P

ﬁPmK:gé,then EpmAzng.Since A, < K, hence EPQK :

—P —p
SinceK mH =¢,thenA, NA =¢.But A=A U A,, therefore A is not P-
connected space which is a contradiction. Then either Ac Hor Ac K.

Proposition 1.15

—p
If H is P-connected setand H c E < H then E is P-connected.

Proof
If E is not P-connected, then there exists two sets A,B such that

ﬂPmBzAmEP:gzﬁ and E=AUB. Since HcE, thus either Hc A or
H < B. Suppose H < A, then ﬁpgﬂp, thus ﬁPmBzﬂme:¢. But

—p —p

BcEcH thus H mB=B .Therefore B=¢ which is a contradiction. Thus E
is P-connected set. If H < E, then by the same way we can prove that A= ¢ which is
a contradiction. Then E is P-connected.
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Corollary 1.16

—P
If aspace X contains a P-connected subspace A suchthat A = X, then X
is P-connected.

Proof
—P
Suppose A is a P-connected subspace of X suchthat A = X . Since

—p
Ac X = A , then by proposition 1.15, X is P-connected.

Proposition 1.17

) —P.
If A is P-connected set then A is P-connected.
Proof

—P
Suppose A is P-connected set and A is not. Then there exist two P-separated

— —p
sets H, K such that AP =H  UK.But Ac A ,then Ac H w Kandsince A is
P-connected set then either A H or A< K (by proposition 1.14)

(1) If AcH, then A gﬁp. Bt H AK = ¢, hence A AK =¢. Since

—p
K< A | then K =¢ which is a contradiction.
(2) If Ac K, then the same way we can prove that H = ¢ which is a contradiction.

_P-
Therefore A is P-connected set.

Proposition 1.18

Let X be a topological space such that any two elements aand b of X are
contained in some P-connected subspace of X . Then X is P-connected.
Proof

Suppose X is not P-connected space. Then X is the union of two P-separated
sets A,B. Since A, B are non-empty sets , thus there exist a,b such that a € A,

beB.Let H beaP-connected subspace of X which contains aand b. Therefore by
proposition 1.14 either H < A or H < B which is a contradiction since ANB=¢.

Then X is P-connected space.

Proposition 1.19

If A and B are P-connected subspace of a space X suchthat A B # ¢, then
AU B is P-connected subspace.
Proof

Suppose that AU B is not P-connected. Then there exist two P-separated sets
H and K suchthat AuUB=H UK. Since AcAuB=H UK and A isP-
connected , then either Ac H or Ac K.Since Bc AuB=H UK and B isP-
connected, then either B H or B K.
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(1) If AcH and Bc H,then AUBc H.Hence K =¢ whichisa
contradiction.
@ If AcH and Bc K,then ANBc H K =¢. Therefore ANB=¢
which is a contradiction.
By the same way we can get a contradiction if Ac K and Bc H orif Ac K
and B < K. Therefore AW B is P-connected subspace of a space X .
Theorem 1.20
If X and Y are P-connected spaces, then X xY is P-connected space.
Proof
For any points (X;, ;) and (X,,Y,) of the space X xY , the subspace

X x{y, }u{X,}xY contains the two points and this subspace is P-connected since it

is the union of two P-connected subspaces with a point in common (by proposition 1.19).
Thus X xY is P-connected (by proposition 1.18).

Section 2 : PI- spaces

Definition 2.1 [2]
A topological space (X,T) is called I- space iff each open subset of X is

connected.

Proposition 2. 2 [2]
The following statements are equivalent in any topological space (X,T):

(i) (X,T) isan I- space.
(i) Every pair of non- empty open subsets of X has non- empty intersection.

Definition 2.3
A topological space (X,T) is called PI- space iff each P-open subset of X is

P-

connected.

It is clear that every PI- space is |- space, but the converse is not true in general. In
example 2.7 we will show that not every I-space is Pl-space.

Theorem 2.4 [ 1, Theorem 1.8]
Let (Y,y) be asubspace of aspace (X,T).If AcY and Ae PO(X,T),

then Ae PO(Y,y).

Theorem 2.5 [1, Theorem 1.9]
Let (Y,T,) isasubspace of (X,T), yePO(X,T) and Ae PO(y,T,), then

AePO(X,T).

208



Theorem 2.6
The following statements are equivalent in any topological space (X,T):

(i) (X,T) is PI- space.
(ii) Every pair of non-empty P-open subsets of X has a non-empty intersection.
Proof

(i) —>(ii)

Let A, B be a non-empty P-open subsets of X such that AN B =¢. Itis clear
that A B is P-open subsetin X and A, B are P-open subset in A B (by Theorem
2.4). Then AU Bis not P-connected set . Therefore AN B # ¢.

(i) ——> (i)

Let A be a P-open subset of X suchthat A=U WUV where U,V are non-
empty P-open subsets in A and U NV =¢. Then U,V are P-open subsetin X (by
Theorem 2.5) which contradicts with the hypothesis. Thus A is P-connected set.

Example 2.7
Let X ={1,2,3}, T ={¢, X ,{L,2}}. The P-open sets are :

o, X {3,{2} {12} {13} {2,3} Itis clear that (X, T) is I- space, but it is not Pl-space,
since {1},{2} are non-empty P-open subsets of X with an empty intersection.

Proposition 2. 8
Let (X,T) be aPI- space. If a non-empty subset A of X isP-open, then

—P
A =X.
Proof

_P B i
Let A be aP-open setsuchthat A # X . Then there exist a point

—P
xe A =AU A" Hence there exist a P-open set G contain X such that G N A= ¢
which is a contradicts with Theorem 2.6.

Theorem 2.9
Let (X,T) be aPI- space . Then the P-closure of the intersection of all non-

empty P-open subsets of X isequalto X .
Proof
Let C={U :U isP-openin X and U # ¢}. If C is non-empty, then C has

—P
a non-empty intersection with each non-empty P-open setin X . Therefore C = X .
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Section 3 : T,- spaces

Definition 3.1 [8]
A topological space (X,T) is called Ty -space iff the set of limit points of any

singleton is closed.
In a similar way we introduce the following:

Definition 3.2

A topological space (X,T) is called Tp - space iff the set of P-limit points of any
singleton is P-closed.
We shall prove later that T, -space and T, -space are equivalent if the space is MI-space

. The following example shows that the T -space the T -space are not equivalent in
general.

Example 3.3
Let X ={a,b,c,d,e} and T ={{a}{c,d}{a,c,d}{a,b,d,e}{d}{a d},¢ X}

be a topology on X . The P-open sets are: {a},{c,d},{a,c,d}{a,b,d,e},{d}{a d},
{a,b,d} {a,d,e} {a,b,c,d},{a,c,d,e}, @, X . Itisclearthat X is T, - space. But
X is not T - space since{b} ={e} and {e}is not closed.

Definition 3.4

Let (X, T) be a topological space, then (X,T) is called PT,(resp.,PT,) iff
for every X,y € X such that X # Y, there exists a P-open set containing X but not y or
(resp., and) a P-open set containing Yy but not X.

Proposition 3. 5

Let (X,T) be atopological space. If for every x e X,{x}'" is P-closed set
then (X,T) isa PT, - space.
Proof

—p
Let X,y € X suchthat X Y. Then either y ¢{X} , in which case

c

—p —p
N, ={x} isaP-open setcontain y which does not contain X. Ory e{x} , then

c

P P
ye{x} .Hence N, ={Xx} isaP-open setwhich does not contain y.If X¢& N,,

then X e{x}'". Hence for each G, P-open set contain X, (G, N{X}) —{x}# ¢
which is a contradiction. Then N, contain X . Therefore (X,T) is PT, —space.
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Proposition 3. 6

Every Tp-spaceis PT,- space.

Proof
This follows immediately from proposition 3.5.

Proposition 3. 7

A topological space (X,T) is PT,- space iff {X}=@P foreach xe X .
Proof
Let (X,T) bea PT,-spaceand xe X . If ye X —{x}, then there exist P-open

—p —pP

setV suchthat yeV and Xxe X —V . Hence y ¢{x} and {X} ={x}. Conversely,
—p

suppose that {X} ={x}, for each Xe X. Let y,ze X with y#2z. Then

c
mp ={y} implies that {T}P is P-open set contain Z but not Y. Also , {7}P ={z}
C

—p
implies that {z} is P-open set contain y butnot z. Thus(X,T) is PT,-space.

Proposition 3. 8
Every PT,-spaceisa Tp-space.

Proof
Ina PT,-space X , {7}P ={x} forall xe X ; hence {x}'* ={x}. Therefore

P
3P <{x3P. Then {x} P is P-closed. Hence the space is T, -space.

Definition 3.9 [2]

An |- space (X,T)is called a maximal I- space if for any topology U on X
suchthat T —U , then (X,U) is not an I- space. We will denote a maximal I- space
briefly by MI- Space.

Proposition 3. 10 [2]
Let (X,T) beaMl-space. If (X,T) isnot T,-space then :

(X, T)={A:x, € A, forsome X, € X}U{g}=(X,X,) for some X, € X .

Proposition 3. 11
Let (X,T) bea T,-space. Then (X,T) is Tp- space iff it is T, -space.

Proof
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Let (X,T) be a T,- space. Then {x} ={x}'" =¢ for each x e X . Then for

each xe X, {x} and {x}'"are closed and hence they are P-closed sets. Therefore
(X,T) is Tp- space iff it is T -space.

Proposition 3. 12

Let (X,T) be aMI-space, and is not T, - space. Then (X,T) is Tp - space iff it
is T-space.
Proof

Let (X,T) be a MI- space which is not T, - space. Then (X,T) :<X,XO> for
some X, € X (by Proposition 3.10). Thus{x}=¢ for each X=X, and
{Xo} = X —{X,}. Therefore {X}' is closed for each X € X . Since in this space the P-

open sets are the same as the open sets, then {x}' is closed iff {x} " is P- closed for
eachX € X . Therefore (X,T) is Tp-space iff it is T -space.

Theorem 3. 13
Let (X,T) be aMI-space. Then (X,T) is T, - space iff it is T -space.

Proof
The Theorem follows immediately from Propositions 3.11 and 3.12.
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