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ABSTRACT     

In this paper the point spread function (PSF) for multi-rectangular aperture with no 

aberration were found numerically with a Q-basic computer program and analytically by 

deriving suitable equations. And by comparing the two results they were shown a good 

coincidence which assure the trueness of the computer program. 

The values of PSF of the single rectangular aperture was compared with that of 

single square aperture previously found , and it is found that the PSF for a rectangular 

aperture has become wider by square root of aspect ratio value in one direction and 

narrower by the inverse of the square root of the aspect ratio value in the other direction. 

 The PSF of multi-rectangular aperture were also computed when the focus error were 

found with a values of 0.25 and 0.5, and it found that the value 0f PSF of the peak have 

been decreasd  by 73.6% of its original value with no aberration for the value of the focus 

errorw20=0.25 and by 28% of its original value for w20=0.5.   

 
 

 

 

 

 

 الخلاصة

طٍهت وانخانٍت يٍ انشٌػ انًسخ   فً هذا انبحث حًج دراست دانت الاَخشار انُقطٍت نهفخحت انًُفزدة وانًخعذدة

وححهٍهٍا باسخخذاو انًعادلاث انًُاسبت انخً حى اشخقاقها ،   (Q- basic)عذدٌا وباسخخذاو بزَايج انحاسىب 

 دل عهى صحت انبزَايج انًطبق. انخىافق انشذٌذ نهقٍى انقٍى انًسخخزجت بانطزٌقخٍٍ فإٌ وبًقارَت

انًسخطٍهت قذ حًج يقارَخها بانقٍى انًسخخزجت سابقا نهفخحت  أٌ قٍى دانت الإَخشار انُقطٍت نهفخحت انًُفزدة 

فً أحذ نُسبت ضهعً انًسخطٍم  أنخزبٍعًانًُفزدة انًزبعت وقذ نىحظ اٌ دانت الإَخشار انُقطٍت حقم بًقذار انجذر 

 الاحجاهٍٍ وحشداد بًقذار يعكىص انجذر انخزبٍعً نُسبت ضهعً انًسخطٍم بالاحجاِ اَخز .

 انخطأ انبؤري قذ حى حسابها أٌضا شار انُقطٍت نهفخحت انًُفزدة وانًزكبت انًسخطٍهت وبىجىداٌ دانت الإَخ

% يٍ قًٍخها الأصهٍت بذوٌ سٌىغ عُذ وجىد انخطأ 84.7أٌ قًت دانت الإَخشار انُقطٍت قذ هبطج انى ووجذ 

  W20=0.5% يٍ قًٍخها الأصهٍت عُذ39وهبطج انى  W20=0.25 انبؤري
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1- INTRODUCTION 

 The image formed by an ideal, perfect lens would be a precise point– by– point reproduction 

of the object. The failure of an actual lens to achieve such perfection is due to diffraction by the lens 

aperture, aberrations, and errors in constructions.  

 The image of a point source object formed by a lens is Known as the Point Spread Function 

(PSF) of the lens, which describes the luminance blur associated with the image of a point source. It 

is the graphical or mathematical representation of the image luminance as a function of a lateral 

distance in the image plane from the location of the ideal image of a point source. 

 There were many researchers studied the (PSF) for different apertures, the first one who 

studied the intensity distribution for the image of a point source with no aberration by using a 

circular aperture  was Airy in 1834 [1]. While the study of the influence of aberration on the image 

of a point source were studied by Strehl [2]. The PSF for apertures other than circular were also 

studied like square, rectangular, and also annular were studied by Ali H. alhamdani[3]. Also the PSf 

for a multi- apertures were studied, like the multi circular apertures which studied by Adnan F.[4] 

and multi square apertures which studied by Sundus Y[5].And in this paper the PSF for multi 

rectangular apertures were studied. 

 

2-THEORY 

 The PSF intensity can be expressed as[6,7]: 
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where A is the normalization constant, u and v are the image coordinates, x and y are the 

coordinates of the interance pupil, and f(x,y) is the exit pupil function and is given by: 

),(),(),( yxikWeyxyxf                                                    (2) 

where the term (x,y) is the transmission function and W(x,y) is the aberration function. 

 

2.1- POINT SPREAD FUNCTION FOR A RECTANGULAR APERTURE 

 

 For  a rectangular aperture of an area equal to  the limits of integration will be from -1 to 1 

for y and from – /4 to  /4 for x, so equation (1) will be[1]:  
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Fig.(1) A rectangular aperture of an area equal to . 
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and the normalization function can be easily found by putting F(u,v)=1 when u and v equal to zero 

and with no aberration, hence A will be equal to 1/,then the normalized intensity point spread 

function is equal to: 
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The solution of the above equation when there is no aberration is[8] 

 

F(u,v)=sinc
2
(ku/4) sinc

2
(kv)                                                (5) 

 

If there is a sub-division of small rectangular apertures each with an area equal to /N(fig.2 

for example), where N is the number of apertures, equation (4) becomes[9]: 
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where Xn, Yn are the coordinates of the origin of the sub-apertures  with respect to the origin of the 

aperture and now x and y refers to the coordinates of a point in the sub-aperture with respect to its 

origin. 

  The above equation can be simplified to be: 

         F(u,v)=(c
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2.2- POINT SPREAD FUNCTION FOR A SQUARE APERTURE 

 

 The PSF for a square aperture of an area equal to  were studied before [5] using             

equation (6) with the limis of integration from -
1/2

/2 to 
1/2

/2 for both x and y coordinates: 
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2.3- ABERRATION 

 

 For a perfect lens and monochromatic point source, the wave aberration W measures the 

optical path difference of each ray compared to that of the principal ray and it depends on the lens 

aperture radius , azimuth angle  , and the object field size h. The wave aberration polynomial in  

polar coordinates is[10]: 
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where r and  are the fractional values : r=/max and =h/hmax  with max represents the radius of the 

exit pupil and hmax represents the off axis image height at the edge of the field of view while l, m, 

and j represent a power of , r, and cosrespectively. 

 The first five aberrations of the polynomial are called Seidel aberration[11] or primary 

aberration, which are spherical aberration, Comma, Astigmatism, Field curvature and distortion.  

 

2.3.1- SPHERICAL ABERRATION 

 

 This aberration is an on-axis and symmetrical aberration which causes a change in the focal 

length by changing the height of a non-paraxial ray, this aberration is given by the equation[12]: 
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where the term W20r
2
 is not appeared in the above equation because it represents the focus error 

aberration which is not considered with the spherical aberration, and when a system has a focus 

error it is not a reason to have a spherical error, but when it has a spherical aberration, the focus 

error always found with it. The focus error can be represented by [12] 

 

W=W20r
2
=W20(x

2
+y

2
)                                                       (12) 

 The above equation was used in this research for the aberration function in equations (4)  

and (6). 
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3- PRESENT WORK 

 In this research the point spread function for a single and multi-rectangular aperture of an 

area equal to  with no aberration and with focus error equal to 0.25 and 0.5 were found as follows: 

 

3.1-PSF for a single rectangular aperture with no aberration  

 The values of PSF for a single rectangular aperture system with no aberration is            

found i)numerically by programming Equation (4) with a Q-basic program by using Gaussian 

method, which depends on the irregular distribution of points which have unequal weights in the 

integration range, to solve the integrands in this equation and  ii) analytically using equation (5). 

These results were compared and showed a complete coincidence as it is shown in figure(2) which 

is drown for v=0, i.e. in one-dimension..  

 To make a comparison between these values and that for a single square aperture with a 

same area figure(3) is drown in u-direction ( v=0), and figure (4) is drown in v-direction ( u=0), and 

it can be noticed that the PSF for a rectangular aperture is wider than that for a square aperture in    

v-direction and it is thinner in u-direction.  

In three dimensions, the diffraction pattern is drown with a mathcad program as in figure(5) 

which shows the diffraction pattern for a) a rectangular aperture and b)a square aperture and    

figure (6) was drown to show the two patterns together with the dotted lines represent the values of 

PSF for a square aperture and the solid lines for the rectangular aperture. 

 

3.2- PSF for multi-rectangular aperture with no aberration 

The  PSF for different multi aperture systems were studied numerically by  programming 

equation(6) and analytically using equation(7) which consists of two parts, the solution of the first 

part, which is (c
2
+s
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and                                              Xn=Rsin(2n/N)        Yn =Rsin(2n/N)                                      (13) 

where R is the distance from the centre of the sub-aperture to the centre of the system. 
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Figure(2) : represents the numerical and analytical PSF values in 1-D for a single rectangular 

aperture of an area equal to 
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Figure(3) : represents a comparison of the PSF values in u-direction for a single rectangular 

aperture and a single square aperture  of an area equal to 
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Figure(4) : represents a comparison of the PSF values in v-direction for a single rectangular 

aperture and a single square aperture  of an area equal to 
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a)                                                                      b) 

 

Figure(5) : represents a comparison of the PSF values in 3-dimention for a) a single rectangular 

aperture and b)a single square aperture  of an area equal to 
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Figure(6) : represents the two previous patterns together with dottet lines represent the values of 

PSF for a single square aperture and the solid lines represent the values for a single 

rectangular aperture
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For the number of apertures (N)=4 

  

  

 

 

 

 

 

 

Figure (7): four rectangular aperture 
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Figure (8): six rectangular aperture 
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For N=8 

 

 

 

 

 

 

 

 

 

 

 

                                                          X1=Rcos(2/N) 

                                                          Y1=Rsin(2/N) 

 

 
 

   X2=Rcos(4/N)                                                X4=Rcos(8/N)  

   Y2=Rsin(4/N)                                                 Y4=Rsin(8/N)  
                                              

 

 

                                                           X3=Rcos(6/N)   

                                                           Y3=Rsin(6/N) 

 

           X2=Rcos(4/N)                              X1=Rcos(2/N) 

           Y2=Rsin(4/N)                              Y1=Rsin(2/N) 
 

 

 

 X3=Rcos(6/N)                                                    X6=Rcos(12/N)    

 Y3=Rsin(6/N)                                                    Y6=Rsin(12/N)     

                                           
 

 

       X4=Rcos(8/N)                                   X5=Rcos(10/N)       

       Y4=Rsin(8/N)                                    Y5=Rsin(10/N) 

 

                                        X2=Rcos(4/N)                               

                                        Y2=Rsin(4/N)                               

 

 X3=Rcos(6/N)                                              X1=Rcos(2/N) 

Y3=Rsin(6/N)                                               Y1=Rsin(2/N) 

                                                                                                             

                                               

                                                                                X8=Rcos(16/N) 

                                                                               Y8=Rsin(16/N) 

  X4=Rcos(8/N)                                         

  Y4=Rsin(8/N)                                     

 

       X5=Rcos(10/N)                                     X7=Rcos(14/N) 

      Y5=Rsin(10/N)                                      Y7=Rsin(14/N) 

 

                                      X6=Rcos(12/N)  

                                      Y6=Rsin(12/N)   
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Figure (9): Eight rectangular aperture 

 

c’=2cos(2Rv/N
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1/2R(u+v)/N

1/2
)   s’=0 

where s’ for all the above configuration (figures 7-9) is equal to zero because the function of  sine 

cancels each other due to the symmetrical configuration of the apertures. 

 

Figures (10-12) shows the coincidence of the analytical values of PSF calculated by the 

above equations and the numerical one for multi-rectangular apertures (N=4,6,8 ), while figure(13) 

represents the values of PSF for the different sub-apertures together and it is obvious that the full 

width half maximum is smaller for N=4, and this result is similar to that obtained before for a 

square aperture of the same area[5].  

 

3.3-PSF FOR SINGLE  AND MULTI-RECTANGULAR APERTURES WITH PRESENCE  

OF FOCUS ERROR 

 

  When a focus error presents the equations of PSF become difficult to solve analytically, so 

these values were computed numerically with two values of focus error W20, and figures 

(14)and(15) represent the PSF for different N with focus error W20 equal to 0.25 and 0.5 

respectively, and its shown that the value of the peak became less by 0.736  for W20=0.25  and by 

0.28 for W20=0.5. 

 The percent of lowering of the peak of PSF with the two values of W20 were compared with 

those of the square aperture of the same area in figures (16) and (17) and found that the peak for the 

rectangular aperture is lower than that for the square aperture which means that the effect aberration 

on the square aperture is less than that on the rectangular aperture.  
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Figure(10) : represents the analytical and numerical values of PSF for  N=4 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure(11) : represents the analytical and numerical values of PSF for  N=6 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure(12) : represents the analytical and numerical values of PSF for  N=8 
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Figure(13) : represents the values of PSF for  different rectangular sub-apertures. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure(14) : represents the values of PSF for  different  rectangular sub-apertures with W20=0.25. 
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Figure(15) : represents the values of PSF for  the rectangular aperture  with W20=0.5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure(16) : represents the values of PSF for  the rectangular and square apertures with W20=0.25 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure(17) : represents the values of PSF for  the rectangular and square apertures with W20=0.5 
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4- DISCUSSION 

The PSF of a rectangular aperture with an area equal to  is similar to that of a square 

aperture but the width of the central peak being wider for a rectangular aperture than that of a 

square aperture in u-direction and it is thinner in v- direction, and the amount of increase and 

decrease can be known as follows  

For the rectangular aperture  

F(u,v)=sinc
2
(2ua) sinc

2
(2vb)      where         a=/4    and b=1 

and for the square aperture  

F(u,v)=sinc
2
(2ud) sinc

2
(2vd)        where  d= 

1/2
/2 

so for v=0  

F(u,v)=0 when the angle equal to 

hence sinc
2
(2ua)=sin

2
(2ua)/ 2ua=0    (2ua)=   u=1/2a =2/

i.e. the width of the central peak of PSF for a rectangular aperture with an area equal to                 

in u-direction  = 4/  

and sinc
2
(2ud)=sin

2
(2ud)/ 2ud=0    (2ud)=   u=1/2d =1/




i.e. the width of the central peak of PSF for a square aperture with an area equal to  in                     

u-direction  = 2/



so the width of the rectangular aperture is wider by the amount 




/2

/4
=



2
= r  

where r is the aspect ratio a/b  

and in the same way in v direction i.e. when u=0 then F(u.v)=0 when v=1/2  

i.e. the width of the central peak of PSF for a rectangular aperture with an area equal to                 

in v-direction  = 1 

so the width of the rectangular aperture is thinner by the amount 
/2

1
=

2


=1/ r  

From the above discussion it can be concluded that the resolution for the rectangular 

aperture is better than that for a square aperture with the same area in one-direction and it is better 

for the square aperture in the other direction. 

 

CONCLUSIONS 

I. The resolution for the rectangular aperture is better than that for a square aperture with the 

same area in one-direction and it is better for the square aperture in the other direction. 

II. The resolution of the aperture is better when it consists of sub-apertures and the best 

resolution is obtained when the number of sub-apertures equal to 4, and this is the same result 

for the square sub- apertures. 

III. The central peak of the PSF  becomes lower when afocus error exist and as the value of the 

focus error increases the peak decreases. 
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IV. The central peak of the PSF  when there exist a focus error for a rectangular aperture is lower 

than that for a square aperture with the same area and the same amount of focus error. Which 

means that the effect of the aberration on the square aperture is less than that on the 

rectangular aperture. 
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