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This paper presents the semi-discrete scheme of the solution to the two-dimensional nonlinear
convection diffusion problem by using a weak Galerkin finite element methods. We introduce and analyze
the stability, error estimate, and an optimal order of (L? and H*)-norm are proved. We confirm the

theoretical results with some numerical examples.
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1 Introduction

The examination of the convection-diffusion problem has piqued the interest of a growing number
of mathematicians, specialists, and engineers. Due to challenges with proper resolution of the so-called
boundary layers, special emphasis is dedicated to problems with convection dominating diffusion.
Upwinding or artificial viscosity are commonly used in the efficient finite difference method or finite
element method.

We are considered the following the Dirichlet problem for non-linear convection-diffusion
equations, which seeks an unknown function u = u(x, t) satisfying [12]:

-V (@) Vu) +b(w) - Vutcu=f; Qx(0,T], b

u(x,t)=g; I'x(0,T] (1.2)
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u(x, 0) =u(x); xEN, (1.3)

in a domain 02 = R? with boundary T, where x = (x4,%2) and f = f(x,t) € 1 x(0,T], and the diffusion
coefficient and nonlinear function are denoted by a(u), and the convection coefficient and nonlinear
function are denoted by b(w), and ¢ = c¢(x) is the scalar function on f1. Suppose that the matrix a(u)
satisfies the following property: There is a constant & = 0 that ensures

the diffusion tensor @ € R%*2 and the convection tensor b € RZ
alT{ = {Ta(u){,v{ € R2.

where T is the transpose of vector {. Numerical simulations and analysis for the problem (1.1 - 1.3) were
investigated extensively in the last decades,

Liu and Liu [13] introduced the numerical identification of diffusion parameters in non-linear
convection-diffusion equations. Chan et al [14] presented a dual Petrov-Galerkin finite element method for
convection-diffusion problems of a higher order. Gao and Yuan [15] adopted an upwind finite volume
element method to non-linear convection-diffusion problems. Fatehi et al [16] introduced a modified finite-
volume Eulerian-Lagrangian localized adjoint method extended for non-linear convection-diffusion
problems. Havle et al [17] applied the analysis of the discontinuous Galerkin finite element methods to a
space semidiscretization of the non-linear nonstationary convection-diffusion problems. Dolejsi et al [18]
applied the analysis of a discontinuous Galerkin finite element method to a non-linear convection-diffusion
problem. Cockburn and Shu [19] studied the local discontinuous Galerkin methods for non-linear time-
dependent convection-diffusion system. Xikui and Wenhua [20] presented the finite element procedure for
the solution of a transient, multidimensional convection-diffusion problem. Salhi et al [21] presented the
Galerkin characteristic finite element methods for the numerical solution of the time-dependent convection-
diffusion problems.

In 2013, Wang and Ye [1] introduced the first weak Galerkin finite element method to the solution
of general elliptic equations. Since then, there has been an active application of weak Galerkin methods for
linear and non-linear convection-diffusion problems. Li and Wang [2] proposed a newly developed weak
Galerkin method for the solution of a parabolic problem. Gao et al [3] presented numerical schemes for one
class of Sobolev problems based on the weak Galerkin finite element method. Zhang and Lin[4] presented
and analyzed the weak Galerkin finite element method for stationary Navier-Stokes equations. Kashkool et al
(I51, 61, [7]) applied the weak Galerkin finite element method for the solution of one-dimensional and two-
dimensional nonlinear convection-diffusion equations and two-dimensional linear convection-diffusion
problems, respectively. Kashkool and Hussein in ([8], [9], [10]) applied the weak Galerkin method for the
solution of coupled Burger’s equations (one-dimensional and two-dimensional). Over-penalized weak
Galerkin finite element methods for elliptic interface problems with non-homogeneous boundary conditions
and discontinuous coefficients were developed by Song et al [11]. In this paper, we present a detailed study
of a weak Galerkin method for solving non-linear convection-diffusion problems.

The residue of the article is organized as follows: In Section 2, we will present the variational form
for non-linear convection-diffusion equations using the weak Galerkin method. In Section 3, prove the
stability of the method. In Section 4, we will give a convergence for optimal rates in H* — norm and L? —
norm in view of nonlinear assumptions for the convection-diffusion equations. In Section 5, we have
reported numerical results to validate our theoretical results.
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2 Preliminary

In this article, we used notations and a standard definitions for the Sobolev space. We are
concentrated on the preliminaries, including definitions of a weak function, a weak gradient, weak divergent,
and approximation spaces.

The space of weak functions associated with K [1]

W(K) = {v = (v, vy} € L2(K), vy € Hi{ﬂf(}}J

Assume T be the shaped regular and body-fitted partition for {1 (see [11]). P, (T) denote by the set
of polynomials on T with a degree greater than k, and Py (e} denotes the set of polynomials on & with a
degree less than k, where £ is represented, in particular, by a set of all edges in tai,.

The weak gradient [1] is defined of the weak function w = {w®, w®} on a polygon K with boundary

8K satisfying w® € L2(K),w? € Hz(aK), denote by Ve in the dual space of H(div, K) and weak divergent
[22] denote by V; - w in the dual space of H(K), respectively

(Vaw,q): = —(wV - q)g +(w®q - n)ax, Vg € H{div,K)
(vd * W, 1:!‘]:} = _(ml}: WJ};: + {mb - h, w}a;ff“"!’ £ HI'UC'

where 7 is the normal outward direction to @K. Basing of a weak function. Define the weak Galerkin finite
element spaces by

Vii=f{w ={w? w?l:w® € P(T),w® € P,(e),V edge eV 8T, T €1},
furthermore

FPED = {{mqub} = I"Fh.lmbla‘l"naﬂ = ‘::I_.1':l"l TE Th}'

Assume that u € H**1(01);k = 1 be the exact solution of (1.1)-(1.3), and the following L?
projections are introduced

Qp:L*(T) = P (T); VT € 1y
Rp:[L2(T))? = [Py (T)]% YT E 1y

3 A Weak Galerkin Finite Element Scheme

¢4



3.1 The Weak Variational Formulation

The weak variational formulation for equations (1.1- 1.3). Find u = {u®u?} € ¥, such that
ul, v?) + (a(u)Vau, Vav) — (wOb(u®), Vav) — (ulVab(u),v®) + (cu®,v®) = (f,v);v E
W(K)

(®(x,0),v) = u®v*);v € W(K)
3.2 The Semi-Discrete Weak Galerkin Method

The weak Galerkin finite element methods. Find w;, = {u},u2} € 5, (j, 1) such that

(uﬁ}r, v®) + (a(ud IV 4 o, Vi, v) — (Bud )l V. v) — {ug?w- bluy), f:-'“'} +

(clup),v® = (f,v%); v={"%v*}eS(.D), (3.1)

ul(x,00,v) = W, v?); v=LvPlesii .
h R R

3.3 Stability

A basic stability inequality for the continuous time weak Galerkin finite element method is shown
by the following lemma:

Lemma 3.1 Let u, be the solution of the problem (3.1) satisfies the stability estimate.

1 ul () 12+ By [, exp(B(t —s)) Il up(s) I ds < exp(Be) I u(0) ||2+Eim,r[,r exp(B(t —

s F(s) 12 ds. (3-2)

Proof. Put v = u,, = {ul,u?] the equation (3.1), we have
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(“ me (), up (t}) + (’1 (up)V g (£, Vg u, ‘:t}) - (-’3 (up Juf (), Va,un ‘:ﬂ) — (up D)V, -
bluy (), up () + (cup (), up () = (F (1), up (D).

We using Young’s inequality and Cauchy-Schwarz inequality the terms of the equation, we get

(Wl (0, ul (8) =3

d ] 2
" Iy, (£) 114,

(a(up)Varun(t), Varun (£) Sl a(ud) I 11 Va,up(t) 12 € 1wy () 12

1

2y

1 5(u®) 1 Vg pran (£ 124 2a 1ul(0) 122 Cy 1 un () 12+

((u (), Ve (0)) =
2ay 11 ul(2) 12,

(un (OVar - Blun)up (8) I Var - blug) N ug @ 1P C 1 ug (0 12,

(cul(£),ul(®)) = ¢ Il ud () 12

1

(FD,ul () = — Il F(£) 174+ 2a, I u(£) I2,

EEE

The above equation yields the following

1d a7 - a a7 a7
S U@ P+C Nup(®) 124Gy Ny (O 12+ 2 Iug () 12+ C 1ug(@) 12 +1 ¢ ol
- 1 - b
ul (1) 1?2 = — I f(®) 1P+ 2a; | ub (£) 112
g

then,

d o 3 o 3 g .1 7

= I up(8) 15+ I ug () 15+ 8 I ugp(t) II‘EE— I £t 114,

z

where § = 4(oy —a;) +2(C+l c ll;=)and By = C+ Cy.

Multiply both sides of the above inequality by the integral factor exp(—/£s) and then integrate from
0 to t, we have

o)



Y oY e JORI 0uIS ¢ oSy uband] el g o0 bl | bl et il el

1 ul () 12+ B, [ exp(B(t — 5)) I ux(s) I? ds < exp(Bt) | ul(0) ||2+i [y exp(B(t—
s I F(s)11? ds.

4 Optimal Order Error Estimates of the Semi-Discrete Weak Galerkin Finite Element
Schemes

In this section, we are derived error estimate for a weak Galerkin finite element method (3.1). Let us
begin with a derivation of the error equations for the weak Galerkin approximation w; and the L? projection

of the exact solution u in a weak finite element space I, will prove optimal order error estimate for L* norm
and H* norm.

Lemma 4.1 [23] Suppose that u € L=(0,T; H™*{(2)) with0 =m =< j + 1 and [T,u € 5,(j) are
the solution of the problem (1) and (37), respectively. Let @, u = {Q,u® Q;u?]be the L? projection of u in
the corresponding finite element space. Then there exists a positive constant € independent of & such that

I ?d,r(Qhu — Myu) ||L-x'(u,r:H-""+‘—(n}}5 Ch™ |l u ||L-x'-:u,r:ﬂm+‘—(n}}:

I @Qnu — Mput lpee o mm2payy= CA™F 1w llpoggrymm+2(ay)

provided that the mesh-size h is sufficiently small.

Lemma 4.2 [23] Under the assumption of Lemma 4.1, if u, € L= (0,T; H™*1(12)) with
0 =m = j + 1, then there exists a positive constant ' independent of & such that

+1
I Qprt— it oo mm+apap= CA™ (I oo mmeepmyy Il U, ||L.=='.:c-,r:Hm+‘—(n}}}:

provided that the mesh-size h is sufficiently small.
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4.1 Optimal Order Error Estimates in the L* — Norm

In this subsection, we are derive the optimal order error estimate in L*-norm for a discrete-time
weak Galerkin methods. Assume w € Hy () H2() and I, u™** represents an elliptic projection of u
onto the finite element space Sy (j, ).

Theorem 4.1 Assume that an exact solution of equation (3.1) is so regular that u € H¥*1(2) and
5 is a constant. Then

12

& l= Clhm+1{|| u "E-x'l:D,I':Hm""'I:ﬂ}} +ll U ||E-x'l:D,I':Hm+"I:ﬂ]}) . (41)

Proof. Choose 1y, = I and uy = @, u in equation (3.1)(see[23]), respectively.

(R)ev®) + (@(Mpu) 1 Vap1t, Vg pv) — (B(Tu) 150, Vg,pv) (4.2)
—(MpuVg, - b(Mxw), v°) + (cM,u’,v%) = (f,v°),

and,
((up)e,v®) + (@(Qru®)V s, Qntt, Vg pv) — (B(Qru®)Qpu’, Vv (4.3)
—(Qru®Vayr - b(Qpu), v°) + (eQru’,v°) = (f,v7),

subtracting equation (4.2) from (4.3), we get

{ﬂ(nhuu}nh Varity ?d,:—'t’} - {Q(Qhuﬂ}?d,rQhui ?d,r‘v} + {b{Qhuﬁ}QhuD: ?d,rf"} -

(b(Mpu)Mul, Ve ,v) — (MpulVe, - b(au),v°) — (QnuVg, - b(Qru),v°) +

(eTpu®,v°) = (Quu®,v) = 0, (4.4)

rewrite equation (??), and choose v = & = II;,u — @, u, we have
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(a(l15u®)V4,6,7,,6) + ((2(ll5u®) — a(Qru®)) Vo Qntt V8 ) — ((B(IT,u®) -
b(Qru®) )0, T’rd,r&) — (b(Qu®)8°,V,,.8) — (8°Vy,. - b(IT,u),8°) — (QrulVy, -

(b(Iw) — b(Qru)),8%) + (c8°,8°) = 0. (4.5)

Suppose the above equation as the following
j=1 R =0. (4.6)

Using Cauchy-Schwarz inequality and Young’s inequality in equation (4.6), we get

IR =l a(Mpu®) Il Vo, 8 12=C 18 12

lle{ Mpu®)I®
4

IR

= |ﬂ(HhuD}?d,rQh% ?d,ral + |Q(Qhuﬂ}?d,rQhuJ ?d,r€| = I

- 5 la(opu®)® - - -
VarQrullc +Il Vy,.0 II‘+T I Vi Quu ll* +Il Vg, 8 115 = 2C | Vgup 15+ (g +
a;) 1l 812

X (TT22s2 12 .
|RG)| = |b(IT,u®)M,u®,V,,.6] + |b(Qyu),u0, V4,8 = M I Tl 12+

2, IB(gnu®)i® 2 2 2 2
Vg0 ||*+-'9+3' I Tl 12 41 Vg, 8 12 < 2€ Nud 12+2C 11 6 12,

¢ { i z - - b -
IR < M 16 12 +1 Vg, 812 C 1 8° 12+ C 1l 8 112

IR =1 Vg, - b(I,u) I 1180 12=C 11 89112
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|R':6}| = |Qhuuvd,r' b(Hhu},B”I + |Qhuuvd,r" b(Qnu), '5"E'| =

IV g B QnullI®
4

IV gr-B (M) I 2
u‘f I @ru® 112+

I Qrul 12 +18°% 1% +16° 12 < (az+ ag) Hul 12+218° 12,

IR = a |l 8° 12,

Then equation (4.6) becomes

ClIlEIP+2C 1 Vauy 1P+ (g +a) 1 6 12+ 2C T ud 1P+ 2C 16 12+C 168°12+C
B12+C 1 8% 12+ (as+ o) Hul 12421 6° 12+ 11 8° 2= 0.

Since Il uy I7= 0and Il Vg,-up 122 0, we get

(4C+a +ax) 16 17P= —(2C+a+2) 1 8% 13,

By using Lemma 4.1 and Lemma 4.2, we get

1:4{.' + oy + I‘Ig} " g "25 (—ZC — & — 2}Ch2m+2 [" u "E-x'(I},I':Hm""-(ﬂ}} +"

Uy I E:x:I DTE™HE ﬂ:ljl]’

then

1,2

m+1 2 2
16 1= Ch™* (11w o g rme gy +ll 2t W0 mrsay) )

4.2 Optimal Order Error Estimates in The H' — Norm
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In this subsection, we are derive an optimal order error estimate in the H*-norm for the discrete-

time weak Galerkin methods. Assume wu & Hui(ﬂ} M H2() and IT,u¥*?* represents an elliptic projection of
1 onto the finite element space 5,?(3] 0.

Theorem 4.2 Assume @3 and T, are projections, and let & difference between IT; 1 and Q31 with €y
is a positive constant. Then

1/2

| VetrB 1l +1 6 1= Coh™ (1w Vo g ppgmes gy +1 e g rpmesiayy ) (4.7)

Proof. By a similar way of Theorem (4.1), we get the following equation:

Cll VB 124 2C | Vgpuip 12421 Vg 124+ 2C 1wl 12421 Vg8 12+ C 18° 124 C
B2+ C 1 8° 124 (ay +az) 1 ul 12421 6% 124+a | 82 12= 0,

SO,

CIBIP+H(C+4) N1V, 81°=—(2C+2+a) 18° 12

By using Lemma 4.1 and Lemma 4.2, we get

Cll Varb 124 (C+ 4 18122 (=2€ — 2 = ) {CR7™2 (Il Wy g gymes gy +1

Uy I Lo T H™ L)) } }

This completes the proof

5 Numerical Experiment

We present a numerical example in order to demonstrate the effectiveness and reliability for the

weak Galerkin scheme for solving non-linear convection-diffusion problems. We used MATLAB as the
software development environment.
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Here, we rewriter nonlineaer convection-diffusion problem (1.1-1.3) [24]

%—"E’-(E?u}+u-?u+cu=f;ﬂx(ﬂ,?] (5.1)
ulx, t) =0;T % (0,T] (5.2)
u(x,0) =ul(x);x €0 (5.3)

The uniform triangle partition is used in this example. Where h = 1/N; such that (N = 2,4,8,16,32,64)
denote the spatial mesh size. Let 2 = [0,1] % [0,1], f and g are determined by setting an exact solution

ulx,vt) =xv(1l —x)(1 —v)e "

We take t = 1, At = 0.001 and & = 0.1, we calculated the error value in a table 1 and drew a diagram of
the exact solution and the approximate solution by the weak Galerkin method in fig. (1) and fig. (2) at ¥ = &
and N = 16, respectively.

ho| lu—uy g Order I — 1y gz Order Il w— g lgee Order
1/2 | 5.0074e-03 0 2.5040e-03 0 2.5069e-03 0

1/4 | 2.5968e-03 | 9.4732e-01 | 6.2976e-04 | 1.9914e+00 | 6.3740e-04 | 1.9756e+00
1/8 | 1.3124e-03 | 9.8455e-01 | 1.5670e-04 | 2.0068e+00 | 1.5743e-04 | 2.0175e+00
1/16| 6.4655e-04 | 1.0213e+00 | 3.9119e-05 | 2.0021e+00 | 3.9208e-05 | 2.0055e+00
1/32| 3.2390e-04 | 9.9721e-01 | 9.7795e-06 | 2.0000e+00 | 9.7993e-06 | 2.0004e+00
1/64| 1.6655e-04 | 9.5957e-01 | 2.4450e-06 | 1.9999e+00 | 2.4498e-06 | 2.0000e+00

Table 1: Errors of weak Galerkin method with fixed t = 1, At = 0.001 and £ = 0.001 .

6 Conclusion.

In this article, we introduce a weak Galerkin method, including a stabilizer of the weak functions
and a semi-discrete scheme of the solution for the non-linear convection-diffusion problems. We have
analyzed the stability for semi-discrete weak Galerkin method and assured a convergence rates optimal in H*

and L? norms for weak Galerkin finite element method. The convergence and flexibility of the weak
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Galerkin method result in good approximations of the problem (see fig. 1 and fig. 2 ), whereas a numerical

example has been used to validate the theory.

Exact solution Numerical solution

0.025 0.035

0025

40015

0.015

0015

0.005

0005

0005

Figure a: h=1/8

Exact solution Numerical solution

0025

0.025 0.03

0.015
0015

0.005

Figure b: h=1/16

Figure 1: Weak Galerkin solutions and Exact solutions for non-linear convection-diffusion
problem with h = (1/8,1/16), At = 0.001,¢ =1 and = = 0.001 .
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