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ABSTRACT

In this paper, sufficient conditions for controllability of nonlinear boundary value
control system in Banach spaces are established. The results are obtained by using
semigroup theory “compact semigroup”and some techniques of nonlinear functional
analysis, such as, Schauder fixed point theorem. Moreover, example is provided to
illustrate the theory.
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INTRODUCTION
he theory of semigroup of linear operators lends a convenient setting and offers
many advantages for applications. Control theory in infinite-dimensional spaces is
a relatively new field and started blooming only after well-developed semigroup
theory was at hand. Many scientific and engineering problems can be modeled by partial
differential equations, integral equations, or coupled ordinary and partial differential
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equations that can be described as differential equations in infinite—dimensional spaces
using semigroups. Nonlinear equations, with and without delays, serve as an abstract
formulation for many partial equations which arise in problems connected with heat flow
in materials with memory, viscoelasticity, and other physical phenomena. So, the study of
controllability results for such systems in infinite—dimensional spaces is important. For
the motivation of abstract system and controllability of linear system, one can refer to the

[1].

Now, let E and U be a pair of real Banach spaces with norms ||.| and |.],
respectively. Let A be a linear closed and densely defined operator with D(A)cCE,
[|A||<Cy, Cyis apositive constant, and let x be a linear operator with D(x) < E and R(X)
c X, a Banach space.

In this paper we discuss the controllability of mild solution of the following nonlinear
boundary value control problem in arbitrary Banach spaces.

X(t)=Ax(t)+(Bu) (t)+f (t,x () +Q (t,K(t,x(t)) ted =[0,b]
Tx(t)= B, u(t), @)
x(0) = x,

where
B,:U — X is alinear continuous operator, the control function ue L'(J, U), a Banach
space of admissible control functions. The nonlinear operators,

f eC(JXE,E),Q eC(IxE,E), andK eC(J xE,E)

are all uniformly bounded continuous operators. Where the state x (.)

takes values in the Banach space X and the control function u () is given in L>(J,U ),a
Banach space of admissible control functions, with U a Banach space. Here, the linear
operator A generates a compact semigroup T (t), t >0 , on a Banach space X with

norm | . |, and B is a bounded linear operator from U into X.

Controllability of the above system with different conditions has been studied by
several authors. Balakrishnan in [2] showed that the solution of a parabolic boundary
control equation with L? controls can be expressed as a mild solution to an operator
equation. Fattorini in [3] discussed the general theory of boundary control systems. Han
and Park in [4] derived a set of sufficient conditions for the boundary controllability of a
semilinear system with a nonlocal condition. Al-Moosawy in [5] discussed the
controllability of the mild solution for the problem (1) by using Banach fixed point
theorem, where f = 0, A generates a strongly continuous semigroup (Co-semigroup) on X
and the operators K, Q are satisfying Lipschitz condition on the second argument. Al-
Jawari in [6] extended the work in [5] by studying the controllability in quasi-Banach
spaces of kind L”, 0 < p < 1, using a quasi-Banach contraction principle theorem. From
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all the above we find a reasonable justification to accomplish the study of this paper. The
aim of this paper is to study the controllability of nonlinear problem (1) in Banach spaces
by using the Schauder fixed point theorem.
Definitions and Theorems

Before proceeding to main result, we shall set in this section some definitions and
theorems that will be used in our subsequent discussion.

Definition 2.1 [7]: A familyT (t), 0<t <o of bounded linear operators on

a Banach space X is called a (one - parameter) semigroup on X if it satisfies
the following conditions:
T@E+s)=T )T (s),vt,s=>0and T (0)=1 (I istheidentity operator on X ).

Definition 2.2[7]: The infinitesimal generator A of the semigroup T(t) on Banach
space X is defined by Ax = lim,,+(1/t)(T(t)x — x),where the limit exists and the
domain of 4 is

D(A) = {x € X:lim_,o+(1/t)(T(t)x — x) exists}.

Definition 2.3[7]: A semigroup T'(t), 0< t < oo of bounded linear operators on
Banach space X is said to be strongly continuous semigroup (or C,-semigroup) if,
IT(®)x — x|, > 0ast— 0" forall x € X.

Definition 2.4 [2]: A semigroup T (t), 0 <t < o is called compact if T (t) is a compact
operator for each t > 0.

Definition 2.5 [8]: Let X be a Banach space, a subset E of X is said to be totally bounded
(or precompact ) iff for every € > 0, E may be covered by a finite collection of open balls
of radius e.

Definition 2.6 [8]: A subset E of C [a, b] is said to be equicontinuous, if for each € > 0
there isa 0 > 0, depending only on ¢, such that for all f € E and all x, y e [a,b] satisfying
|x —y| < & we have |f(x) — f(y)| < €. Note that & does not depend on f.

Lemma 2.1 [8]: Let Xand Y be normed spaces. Then;
(a) Every compact linear operator 7: X—Y is bounded, hence continuous.
(b) If dim X = oo, the identity operator I: X—.X (which is continuous) is not compact.

Remark 2.1 [7]: A semigroup T(t), 0< t <00 on Xis called continuous in the
uniform operator topology if:-

1. [Tt + o)x — T®)x]|| L  —0,as 6—0,Vx € X.

2. [ITx—T(t— o)x|l L x) —0,as §—0,Vx € X.
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Theorem 2.1 [9]. (Banach Theorem): Every contraction mapping of a Banach space
into itself has a unique fixed point.

Theorem 2.2 [9]. (Schauder Theorem): Every continuous operator that maps a closed
convex subset of a Banach space into a compact subset of itself has at least one fixed
point.

Theorem 2.3 [10]. (Arzela-Ascoli’s Theorem) Suppose X is a Banach space and E is
compact metric space. In order that a subset M of the Banach space C (E, X) be relatively

compact, iff M be equicontinuous and that for x € E, the set M(x) = {f x)=feM }be
relatively compact in X.

Controllability of Nonlinear System (1)

In this section the controllability of the mild solution to the problem (1) in Banach
spaces will be studied by using semigroup theory “compact semigroup”, and Schauder
fixed point theorem.

Preliminaries
Let o : E —> E be the linear operator, defined by,
o X =Ax,Vx eD(c), whereD(c)={x eD(A); r (x)=0}
Now, we shall make the following hypotheses:
1. D(A) < D(r) and the restriction of X' to D(A) is continuous relative to graph norm
of D (o).
2. The operator o is the infinitesimal generator of a C, compact semigroup T(.) such
that max;~||T(t)||<M, where M > 0 is a constant.
3. There exists a linear continuous operator B, :U—F, such that AB, e L(U,E),
X(B,u)=Biu YueU. Also B,u(t) is continuously differentiable, and
||Boul|l < L||Byul|Vu € U, where L is a constant.
4. Forallt e (0,b]and ue U, T (t)B,u e D(o). Moreover, there exists a positive function
v e LY(0,b) such that || 6T (£)B, || < v(t),a.e.,te (0,b).
5. B: U—E is a bounded linear operator, ||B|| < C, where C is a positive constant.
6. The nonlinear operators f (t,x(t)), Q(t,K (t,x (t)))for te J = [0}],

satisfy; ||f(t, x()|| < Ly, ||Q (t,K(t,x(t)))” < L,, whereL;>0 and
L,>0.

Controllability Results for Problem (1).
Let x (t) be the solution of problem (1), then the following function can be defined,
z(t) = x(t) — Byu(d),
and from (1), condition(3), we get that: tz(t) = tx(t) — 1B,u(t) = Byu(t) — Bju(t) =
0. Thus z(t) € D (v).
Hence problem (1) can be written in terms of o-and B, as;
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X(t)=Alz(t)+Bu)]+Bu(t)+f (t,x(t)+Q, Kt x(t)t e =[0b]

Xt)=z(@t)+Buf(), x(0)=x,

Since z(t) € D(o) then o z(t) = A z(t), and;

X({A)= ocz@)+ABu)+Bu(t)+f (t,x(t))+Q(t, K (t,x (1)),
xt)=z(t)+B, u(t), x(0) = x,. (2)

From condition (3), B,u(t) is continuously differentiable, if x is continuously
differentiable on J, then by definition of the mild solution[7], z(t) = x(t)—B,u(t), can be
defined as a mild solution to Cauchy problem:

Z(t)=X(t)—B,u(t).
By equation (2), one gets that,
Zt)=cz(t)+ABut)+But)+f (t,x(t))+Q(t, K(t,x(t)))-B,uf(t),

z(0) =x,-B,u(0). (3)

Then by condition (2), T (t), t >0 is the C, compact semigroup generated by the linear
operator o, and z (t) is a solution of (3), then the function,
H(s) = T (t-s) z(s) is differentiable for 0 <s<t[12], and

“H(s) = T(t — 5) = 2(s) + 2(s) == T(t — 5).
Thus by equation (3) [11],
<L H(s) = T(t-s)[oz(t) +ABu()+Bu(t)+f (tx()+QLK(EX(1))
—Bog-u(s)] + z(s)[-AT(t - 5)]
=T (t—-s) ocz(@t)+T t —s)ABUt)+T (t —s)Bu(t)+
T@E—s)f t,x@®)+T (t—s) Q,K({,x(t)))
T (t —s)Bz(?Su (5)=T (t —s)Az (t),

and since oz(t) = Az(t) , we get that

S—SH S)=T(t—-s)AB,u®)+T (t—s)Bu)+T (t—s) f (t,x({))+

T@E—s)Q,K(,x())-T(t —s)Bzg—Su(s). 4)
On integrating (4) from 0 to t yields;
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H(@t)—H (0) :jT (t —s)AB, u(s) ds +th (t —s)Bu(s) ds +_th (t—s)f (s,x(s))ds

+j.T (t—s)Q(s,K(s,x(s))) ds —j.T (t —s)Bzd—u (s) ds (5)
. . ds

From the definition of H(s) = T (t-s) z(s), we have:

H ((jt) =T(t — 0)z() = T(0)[x() — Bau(®)] = x(t) — Bu(t), (6)

an

H(@©O)=T (t—-s)z(0)=T (t)[x,—B, u(Q)]=T (t)x,—-T (t)B,u(0) @)
Now, by integrating the termetT(t —5)B, %u(s)ds , in equation (5) by
parts, we obtain that:

]T (t _S)BZ::_SU(S) ds =T (t—s)B, u (s)\to +]u(s) oT({t-s)B,ds

=Bu(t)-T (t)B,u(0)+ tIu(s) oT({—-s)B,ds (8)
substituting (6), (7)and (8) in (5) we get
X (t) =T ()X, +jT (t —s)AB,uU(s)ds +J.T (t —s)Bu(s)ds +_|'T (t—s)f (s,x(s))ds

+_|.T t—s)Q(s,K(s,x(s))) ds —ja T (t—s)Bu(s)ds (9)

According to the above derivation, the following definition may be imposed as follows:

Definition 3.1. A function x :[0,b]—E , defined by the equation (8), is called a mild
solution of problem(1) if x is continuous on [0,b], continuously differentiable on (0,b)
and x(t) e E, for 0 <s<t.

Definition 3.2. The boundary value control problem (1) is said to be
controllable on the interval J= [0,b] if for every x, ,X; € E, there exists a control ue
L2(J,U), such that the solution x(.) of (1) satisfies x(b)=x; .

Further considering the following additional conditions:
7. The linear operator W from L?(J, U) into E defined by

b
Wu = [[T (b —s)AB,+T (b —s)B —T (b —s)oB,]u(s) ds
0

induces an invertible operator W defined on L?(J,U)/ ker W and there exists a positive
constant K, such that||l# || < K. The construction of the bounded inverse operator
W1 in general Banach space is outlined in[11,12].
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8. There exists a constant K;> 0, such that fob v(t) dt < K;

9.r = K,(bMAB, +bMC + K)[||x,||[+N1+N,
where N =M |[|x,[[+bM (L, +L),)

Main Result
In this subsection we will prove the theorem that deals with the controllabilityof the

problem (1).

Theorem 3.1. If the boundary value control problem (1)
X =Ax({t)+Bu()+f (t,x(t)+Q(({t,K(t,x(t)), t €J =[0,b]
tx(t) =Bu(t), x(0)=x_,

and the conditions (1)-(9) hold , then the system (1) is controllable on J.
Proof: From equation (9) we have

x, =x(®) =T (b)x, + [T (b —s)ABu(s) ds +[T (b —s)Bu(s) ds
+[T 0 —s)f (s.x(s)) ds +[T (b —s) Q(s, K (s,x(s))) ds

~[oT®-s5)BU(S)ds

Now by using condition (7), for an arbitrary function x (.) the control may be defined by

u)= W [x, T (b)x, —j'T (b—s)f (s, x(s)) ds

— [T (0 —s) Q(s,K (s,x (s))) ds].

Now one will show that when using this control, the operator defined by
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t t

(®X) (£) =T (t) X, +|T (t-5) AB,u(s) ds + [T (t ~5)Bu(s) ds

t 0 t 0

o T(t-s)Bu(s)ds+ [T (t-5)f (s,x(s)) ds + [T (t-5) Q(5,K (5. (s)) ds

0 0 0

has a fixed point , this fixed point is then a solution of problem (9) .
Clearly, (@x )(b) = x, , which means that the control u steers the nonlinear

control problem from the initial state xo to x; in time b, provided one can obtain a fixed
point of the nonlinear operator OD.
LetY =C(J,E) and Y, ={x:x e Y ,x(0)=x,, [x(t)[<r, forte J},
where the positive constant r is given by
r=K,bObMAB, +bMC + K)I|x,||+N1+N,

where N = M ||x,||+bM (L, + L)
Then, Y o Isclearly a bounded, closed, convex subset of Y [8]. Now a
mapping @: Y—Y, is defined by
(D x)()=T (t)x, +fT (t—s)f (s,x(s)) ds +IT (t-s)Q(s,K(s,x(s))ds

-1

jT (t —n)(AB, +B —oB W [x,-T (b)x, —jT (t —s)f (s,x(s)) ds

—jT (b—5) Q(s, K (s,x(s)) ds] ()d

By taking the norm of both sides, it can be seen that
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j-T (t-s)f (s,x(s))ds

0

I@xo | < rex, [+

+ j.T(t—s)Q (s,K(s,x(s))) ds

¥ ]T (t-7) (AB,+B -o B,)W [x,-T (b)x, —jT (t—s)f (s.x(s)) ds

—IT (b —s)Q (s,K(s,x(s))) ds] (17) dr ‘

I @x)t) <] T |

X
0

T e-) It xen las+ [l Te-9]

[ Qe K (s, x (M flas + [T T~ | AB, [+]T ¢t ) [[B]
+r @ =mlllo 8o w i, @, [T @ =) s.x o)) s

+[Ir o -s)[lQ(s. K (s.x (sl d

[(@ x)O <M [x, [+ [M Lds+[M Lds+[[M(AB,)+MC +v ()]

b b
K, % ][+ M [x, ||+ [ M Lds + [ ML ds1]l7||d 7. Then
(0] (0]

[(@x)t)| <M ||x ||+bM (L, + L) +[BMAB, +bMC + K 1K, [||x ||
+ M [lx,[[+bM (L, +L,)]

(ex)®)|| = K,(bMAB, +bMC + K)[||x,|[+ N1+ N . Thus
(Dx)H®)|| <r.

Since f and Q are continuous and ||(d>x )(t )|| < r, it follows that D s also
continuous and maps Y, into itself.
Now to prove that D maps Y, into a precompact subset of Y, first it shows that
for every fixed t € J, theset; Y ,(t) = {(d)x )t):x €Y 0} is precompact in E.
This is clear for t = 0, since Y ,(0) = {XO} :
Lett> 0 is fixed and for 0 < €< t, define;
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(DX )(A) =T )Xy +T (e) j T t—s—e)f (s,x(s)) ds

+T (e) j T (t—s —e) Q(s,K(s,x(s))) ds

+T (e)jT t—7—€) (AB,+B —o B,)W [xl—T (b)x,

b b
~[T®-s) f(s,xE)ds—[T(b-5)Q (5,K(s,x(s)) ds] () d7

(D x)() =T (t)x, +TT (t —s)f (s,x(s)) ds +TT (t—s)Q(s,K(s,x(s)))ds

+J.T(t—77)(AB +B-oB )W_[x ~T (b)x, —J.T (b —s)f (s,x(s)) ds

b 0

[T (0 -5) Q(s,K (s,x(s))) dsn) dry

Since T(t) is compact (hypothesis(2)) for t > 0, also the operators A, B, By, B, W *1' f

Q are all bounded ,then
(D x) (t) is totally bounded for every e, 0 <e <t, i.e., the set
Y. ()= {(@x)(t): x € Y}
is precompact in E foreverye, O<e<t.

Furthermore, for xe Y, , one has

| (@x) ) (Dx) () |< j|[r t-s)f(s.,x(s)) |d +j||T (t—s) Q(s,K (s,x(s))) | ds

+I

T (t-n)(AB,+B -5 B,) W [x,~T (b) X, -ij $) f (s,% (5))ds

T (b-s) Q(s,K(s,x(s))) ds1(n)| d7

ot—.c”‘*

@x) @)= (@x) O < [ TE=s)[[f x| ds+ [T t-s)|Qes.K (s, x () ds
+ [T e -nlla. |+ ¢ -]+ ¢ -mle BzIIINN~

HT O]+ I @ =) (5. x D]ds + [T & -]

| Qs K (s.x (s))|ds|l7d 7. And then
[(@x)(@t) - (@.x) t)|<eM (L, +L,)+[e K,(MAB, + MC) + K K,][[|x,[[+ N ]
which implies that Y,(t) is totally bounded, that is precompact in E .[8]

-1
[ |

10
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Now, we want to show that
DY ,) ={DPx :x €Y 4} isanequicontinuous family of functions.
For that, let t,>t;>0, then one has

[(@ x)t,) — (@ x)E,)]| < T @) =T @)k, ]+ I[T(tl—ﬂ)—T (t,-m] (AB,+B -0 B))

w 1[ T (b)x, —jT(b $)f (5,x(s)) ds

‘IT (b—5s) Q(s, K (s,x(s))) ds](m)dn|

0
t,

+ J.T (t,—n)(AB, +B —oB,) W [x, T (b)x,

t,

—jT (b-s)f (s,x(s)) ds - jT (b-5) Q(s,K (5,X(s))) ds](r)d7

+ IU (t, =) =T (t, =s)IIf (s, x(s))+Q (s, K (s,x(s))] ds

[T @, -9)IF (5.x () +Q (s, K (5, x ()]s |

+

(a1 )l

006)-© )6 [< [F6)-T &k [ €,-9)-T &, -s)fjag, - 8] w

[T =)t (5. x(6))] ds+ [T 0 -3) Q(s,K (5. x ()] dsl [

t

+ITt-9)-T,-5) || o 8, W

e

Ul T @)l

b

+Ire- Hds JIT0-5)Q (s.K (s x(sM] dslly |d

tzo 0 b
W {0 HHXOH+I me- \ds
0

e, -mijee, <8
i

tlb t,

[T ©-5) Qs K (s.x ] 1l [dn+ [T €, -] o B W

0 t

11
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b

HHX0H+.[HT (s,x(s))] ds +'ﬂﬂ' (b-s) Q(s,K(s,x(s)))] ds]

0

I Hdrﬁﬂﬂ' (t,=s)-T (t,—s) [ f (s.x(s))+ Q(s,K (s, x(s)))]|ds

+NF (t,—s)|| f (5.x(s))+Q(s,K (s,x(s)))] ds. Thus
(@ x)t,) - (@ x)t,)| <[ @) -T @&,)|l[x, ]+ Ilrr t,-n)-T t, —n)|(AB, +C)K, [,
M x|+ jM L, ds+j|v| L, ds]||n||dq+j|rr(t —n)-Tt,-n ||o B,
K, [, ||+M %, ||+bM (L, +L)1[n ||d;7+j|rr t, -1 |(AB, + C)K,[|x,|

M [+b M L +b M L[ ||0'77+I|rr (t, =) [llo B, [0,

M xJ+b M L+b M L [dy

+j|rr t,—s)-T (t,-s) (L, +L,) ds +j|rr t, -s)[(L, +L,) ds.
And hence

J+ [T €-5)-T €. -5)|(AB, +C K,

t,
[x.[+M [x,|+bM (L, +L,)] ds +Nr t,—-s)-T t,-s) |
0
|oB. K, Ix .|+ M [x,|+bM (L, +L,)] ds

tZ
+ [T (t,—s)|(AB, +C)K,[|x [+ M [x,[+bM (L, +L,)] ds

+ j [T (€, =s)| |oB,| K, [X4|+M x| +bM (L, +L,)] ds

+J.H'I'(t —8)-T (t,-s) | (L, +L )ds+ﬂﬂ' (t,-s)|(L,+L,) ds  (10)

Since T(t), t > 0 is a compact , then T(t) is continuous in the uniform operator
topology for t > 0. Thus the right —hand side of (10), which is independent of x &Y,
tends to zero as t,—t; — 0, so @(Y,) is an equicontinuous family of functions.

Also, @&(Y,) is precompact, then by Schauder fixed point theorem,® has a fixed point
inYo[7].

Any fixed point of @ is a mild solution of (1) on J, satisfying
(Dx)(t) =x (t) € E.

12
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Thus, the system (1) is controllable on J.

Remark Assuming that the nonlinear operators f, K, and Q in the problem (1) satisfying
Lipschitz condition on the second argument, one can prove that the system (1)
controllable on J by using Banach fixed point theorem. The results are obtained by
showing that the operator @ in section 3.3, is a contraction mapping, i.e., for

X, (), X, () € Yo, [@x,(t) —Dx, )| <ax, () —x, (), 0<q <1.

Example: Let ¢ be a bounded and open subset of Y", and let C be boundary control
integrodifferential system

% — Ny(t,x) =0y (t,y(t, x), fot o, (t,5,5(s, x))ds) in Y=(0,b) x¢
y(t,0)= u(t,0) , on M=(0,b) x C , te[0,b]
y(0,X)=yo(x), forx € ¢ ...(11)

where
uel’(M), yoeL*(¢), o, € LYY ) and o, €Y.

The above problem can be formulated as a boundary control problem of the form (1) by
suitably taking the spaces, E, X, U and the operators B,, o, and x as follows:

1
Let E = LX@),Xx = H 2(77) , U=L*C) , B;= | (the identity operator) and
D(0)={y € L2(®); Ny eL?>(®)}, o = N. The operator X is the “trace” operator

1

such that xy = y|c¢ is well defined and belongsto H 2(/”) for each yeD(o) (see [11])
and the operator A is given by A = N, D(A) = H} (@)UH? (0)
(Here H* (@), H*( " ) and H}(®) are usual Sobolev Spaceson @, /).

Define the linear operator B: L%C) — L*@) by Bu=W, where W, is the unique
solution to the Dirichlet boundary value problem,

DW,=0in @
W,=uin C
In other words (see [12])

IWUAde :J' u MW, forall W e Hs UH ?(¢) (12)
¢ T on

W . L. .
where aa—denotes the outward normal derivative of W which is well-defined as an
n
1

element of H 2(77). From (12) it follows that,

1
| W, forallueH 2()

=C, | ull,

NP

L% (#) )’
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and
1
[ Willyi, =Czllull, 3, forallueH 2(),

where C;, i=1,2 are positive constants independent of u.
From the above estimates it follows by an interpolation argument [14] that
3

Alw

AT @)B| <Ct 4, forallt >0 withv (t) =Ct

L (L?(I),L2(I))

Further assume that the bounded invertible operator W exists.
Choose b and other constants, such that satisfying the last condition (9).

Hence, one can see that all the conditions stated in the theorem 3.1, are satisfied and
so the system (11) is controllable on [0,b].

Conclusions

1. Generalize nonlinear control problem with boundary condition by taking f, K, and Q in
system (1) any nonlinear operators, and study the controllability of the problem (1) by
using semigroup theory(compact semigroup) and Schauder fixed point theorem .

2. The idea of studying the controllability of problem (1) by using Banach fixed point
theorem is introduced.

Future work
The observability and optimality for the problem (1) may be considered.
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