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On the analytical part of harmonic univalent functions
defined by generalized SA"LA"GEAN Drivatives
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Abstract:In the present paper and by making use the generalized S'al~agean derivatives we have
introduce and study a class of analytic function and prove the coefficient conditions, distortion bound,
fractional integral operator, convex combination, and radius of convexity for the analytic part of the
harmonic starlike functions of order a.
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I ntroduction

Let H denote the family of all complex-valued,
harmonic orientation - preserving, univalent
function f in theopen unitdisk U={z: |z| < 1}
for which f(0) = fz(0)-1 = 0.Each f | H can
be expressed as f = h + g, where h and g are
the anaytic and the co-analytic part of f,

respectively. Thenfor f =h+g ! H we can
write the analytic
¥
aaz
functionsh and g as h(z) = z +n=2 , 9(2)=
anz <1.
Z+ n=1 , |b1| 1 (1)

Firgly, Clunie and Sheil-Small [2] studied the
class H together with some geometric
subclasses and obtained some coefficient
bounds. Since then, there has been
severalarticles related to H and it is
subclasses.The differential operator Dk was
introduced by [6],and generalized by [1].
Jahangiri

and et. al. [5] defined the modified S al“agean
operator of f as

Dkiz) = Dkh@) + (~1kDKg(),
)
where

DN(2)= 2+ § (n)*a 2~ ad D'(2)=

n=2

g(n)kaZ” kT N, ={012,...}.

H_ere, we define the modified generaized
S al"agean operator of f as

Di'f(2) =D/h(2) +(- 1" Dy'9(2)
3

where

¥
o

D,"h(z)): Jp Alre-Daz

g k n
D,kg(Z):§1(1+(n- Dl )b,z

Also, Jahangiri [4] defined the class RAH (a)
consisting of functions f = h + g such that

¥
h@=z-Qlafz" * g@=App
n=2 n=2

(4)

which satisfy the condition
%(ﬁ“’gf(l’em‘))3 aOfa<llg=r<i

and he proved in [4] that if T =N+ Jisgiven
by (1) and if

o N-

al

Za+
l-a' ™ 1-

Ofa <la =1 (5)

then f is harmonic, univalent, and starlike of
order o in U. This condition is proved to be
also necessary if f | RAH(a). Now, for A > 0,

0> 0 K | N,={0123,...} andy | C we

let RAH(K, X, v, o) denote class of harmonic
functionsf, if the analytic functionsh
and g satisfy the condition

N NE2,
1-a

Re{az(D/h(2)) +D'k‘~;’(z)} >1- g,

(6)

Note that the class RAH (0; O, y, a) was
studied by B. A. Frasin [3].

Coefficient Conditions

First we state and prove a sufficient coefficient
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condition for the class RAH(k, 2, v, ).

Theorem 1:Letf=h+ 9 with hand g are
glven by (4). 1f f | RAH(k L7, ), then

aa+(n-l ySn(n- 1)\an\ - = £\g\
n:2 § (7)
1
whee @=0=0 g 43 350
NO :{O’J"Z""'}'andy | C. Theresult

issharp.
Proof : Let f(z) | RAH (k, A, y, o), then by (6)
we have

Re. a @+(n- Dl )an(n- 1)\an\z"*1+1+a @+ (n- Dl )b, |z" N

T n=2

By choosing z to be real and let z — 1—, we
get

1- ga @+(n- Dl )Y*an(n- Dla,|- a(1+(n D) \b\ 31 ld.

€en=2
or,
¥
a @+ (n- ) @n(n- 1)a,|- |b,) £]gl.
n=2
)
Sincef(z) | RAH (q), we have
g a§1+a ‘b‘ £2
1- 3 ’
£ n3 2),
B £ . o
and therefore,
K «1-3a
@+ - DI )p,|£ @+ (n-DI) a
Then

H é 1-3au
a @+ (-9 gn(n- Yay - <= £

This compl etes the proof.

Corollary 1 : Letf=h+ 9 yith h and g
given by (4). i1 RAH (k, %, 7, a), then
| g/(n+a)+(1- 3a)@+(n- Hl )

" oan(n- D(n+a)d+(n- DI

n3 2,1 2 0kl Ny,0f£a <:—13andgT C.

(10)
Theresult issharp for the functions
I|(n+a)+(1- 3a)@+(n- Dl )*

h(z)=z- <

an(n- H(n+a)@+(n- Dl )
(n3 2 (12)

_ o, @-3)A+(n-11)*

and g(2)=z+ Cra z",
(n3 2). (12)

Theorem 2: Letf=h+ g withhand g
given by (4). If |y1] <|y2|, then RAH(K, 4, 11,

=

a) | RAH(K 4, 72, a), where0<a < —, 1>

w

oandki N,.

Proof Letf(z)l RAH(k; 4, v1, @). Then
& @+ 01 nin- o, - P elaneloz
ThIS compl etes the proof.

Theorem 3:Letf=h+ g withhandg

givenby (4). If f | RAH (k, 4, 7, @), then for
|z =r < 1, we have
. lol(2+a) +(1- )@+ )"

gj(2+a)+(1- )@+ )"

y rZE\D,kh(z)\su
2a(2+a)@+l1)

X

. jgl(2+a) + (- 3a) @+ )"

2a(a +2)(1+1 )"

‘g‘(2+a)

+(1-3a)@+1)

YT rE£|(DFh(2)$EL+

2a(a +2)(L+1)*
The results are sharp.

Proof : Letf(z) | RAH (k, 1, 7, 0), then

from (8), we have

¥ ¥
2(1+1)ad |a.]- @+1)“& |b. £]o
a fal afl el for |z]=r<

1
By assumption we have f(2) | RAH (o), then
we get
3 1- 3
gz\bn\ Eﬁ'

Therefore we conclude that

{ o, <9@r) 0 Ay
& oS @ 2 )
Then

‘th(z‘3 r- 5\a Ir|"2r- rzg\a\

\g\(2+a)+(l R)A+1)
3 2a(2+a)1+1)" and

IDNh(z) £
+\g\(2+a)+(l- 3)L+1)k
2a(2+a)(L+1)k _
Furthermore we have from (8)

- (141 )ka\b

a@+! )ka n\

therefore we obtain

a n| |£ gl(2+a)+(1- 3)a+1)"
2a(2+a)@d+1 )~

(14)
Thus,

¥
(DfN(2))$£ 1+]r|@ na,|£1+
n=2

g/(2+a) +(@- 3a)(1+1 )"
2a(2+a)@1+1)*

’and

2
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(Dfh(2)¢°
. g/(2+a)+(1- 3)@+)"
2a(2+a)(@+ )"
For sharpness we consider the functions h(z)
and g(z) given by
gl2+a)+ (- 3)L+1)"

h(z) =z- 2a(2+a)1+1)"
(15)

and

g(2) = z+ T RA+)T ) e

a+2 ' (16)
Fractional Integral Operator
Definition [7] : For real number >0, n
b,md
and 5, the fractional integral operator %% is
defined by
b-m z
zZ
1o h(2) =
0,z ( ) C':(b
where the function h(z) isanalyticin asimply
connected region of the z-plane containing the

e
origin with the order h(z) = O(|Z' ) ,(z—0)
with _>max{0,u—3} —1,and F(a, b; c; 2) is
the Gauss hypergeometric function defined by
3 @n(0) 0. (n)
F(a b; ¢; 2)== ©:®:  where \ /nisthe
Pochhammer symbol defined by
_Ch+n) g _
0). = Ghn) {n(n+l) ................. (n+n-1) 21,?,
and the multiplicity of (z — t)p—1 isremoved
by requiring log(z — t) to bereal when
z-t>0.
We shall need the following result dueto
Srivastava et. al. [7] to prove our result.

Lemma:If>0andn>p—35— 1, then

C+ICMN- m+d+D) ..,
G(n- m+)G(n+b +d +1)
Theorem 4 : Letp>0,u>2,p+8>-2 1
n(b +d) £3

I b,md z" =
0,z

—-6>2and , and let

f=h+ 9 with hand g are given by (4). If f(2)
| RAH (k, 1, 7, 0), then

G2- m+d)|z"™"
G2- MG2+b +d)}

15 Dfh(2) ®

17)
and

1-m N
o) e S ML,

z- ) 'F(b +m-d;b;1- (Lw(()aﬁy (2 =

i, [era)gl+a-=as
a(@a+2)1+!)2+b+d)’

[2+a)g/+@- @) (1+| ](2 m*d)

Proof : Putting

H(2) = CG(2- m)G(2+d +b) ’“l‘”‘“‘
G(2- m+d)

and from above lemma, we have
C(2- mMCG(2+d+b ,

H(g) = S@- M ) m

G(2- m+d)
¢  G2- m+d) Sem Gn+1)Gn- m+d +1) ,
éG(2- mMG(2+b +d) > G(n- m+)G(n+b +d =1)

ay mfa,lz",
=7+ n=2 where
2- m+d 1
y (n) - ( )n-l( )n ,
(2_ m)n-1(2+b +d)n-1

Itisclear that w(n) isnon-increasing for n> 2,
and we have

h(2),

a,

Qox

2

3

2(2- m+d)
(2- mM(2+b +d)’
Thus by (8) and the last expression, we have
HE@)*[2-y @78 \an\

Ug\(2+a)+(1 3)1+1) J(Z m+d)

e ara)@r @b +d) 7.

and

(o) £ g+ 8@ T2) - B f2- med)
a(2+a)@+1)“@+b +d)

for 201 Yor yhich was defined by (18).

Some Properties of the Class RAH (k,

Ay, @)

Theorem 5 : ThecdlassRAH (k, 1,7, ) is

closed under convex combination.

Proof : Fori=1,2, - letfi(z) | RAH (k, 2,

v, o), wherefi is given by
f(@=2-4

then by Theorem 1 we have

n,i

n51(1+(n-1)| )kgan(n-l)\an_i L- 3""; ol

The convex combination of fi for O <ti<land

At =1 _
can be written as

tf(2=2z- agat\an\z +agat
m+d =2 €i=1 n=2@i=1
igg)m (9), Wehave

i Qjo«

n|' .

¥
o

a_t

+a

n=

G2- MG2+b +d)]
zl U,,

a(@+2)@+1)"

where

_Ju mEL
U, _{U-{O} m>1

for

(18)

\Zi%

t{

I Q_)o«

-3au

a [+ (n- 1 )kgan(n Da|- aH}Eat\g\ gl

-3

u
y
a

U -
n-m%
z lx'Zl U,
a

2
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RAH (k, A, v, o).

Theorem6: Letf =h+ 9 withhand g are
given by (4). 1ff | RAH (k, 1, v, a), then
h(z) isgarlike of order 6(0 <o < 1)in
[z| <rl, where
rl
€ a@+a)l+l)@-s)n ut
inf u ,Nn
_ " d@+a)g+a- 2)a+)n-s)g
(19)
Theresult issharp for h(z) given by (15).
Proof : Suppose f | RAH (K, A, v, a). We

h&2) ; <
h(z) J.‘El s , for |Z| rl’ we

3

must show that
have

zh¢z)
| h(2)

n=2

¥
]~ a (n-daz"

g n-1 ‘
1-ala,|7
n=2

) 1‘£1- s
h(2) if

Therefore,

308D g,

n=2 (l' S)
Now by using (14), the last inequality will be
trueif

qu‘”'l na(2+a)l+1)"
€1-s 5 (2+a)g[+(1- 3)@+1)*’

or equivalently, if
eg an(2+a)@+1)"@-s) ﬂ”i
sl2+a)g+ (- )+ ) fn-s)g

,n3 2.

Corollary 2: Leef=h+ g withhand
garegivenby (4). If f1 RAH (K A, %, @),
then h(z) is convex of order (0 <o <
1) in|z| < rp, where

¢ a(2+a)l+l)@-s) U
" g2+a)g[+@- 3)a+) |n-s)g
Theresult is sharp for h(z) given by (15).
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