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Abstract:In the present paper and by making use the generalized S˘al˘agean derivatives we have 
introduce and study a class of analytic function and prove the coefficient conditions, distortion bound, 
fractional integral operator, convex combination, and radius of convexity for the analytic part of the 
harmonic starlike functions of order α. 
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Introduction 
Let H denote the family of all complex-valued, 
harmonic orientation - preserving, univalent 
function f in the open unit disk U = {z : |z| < 1} 
for which f(0) = fz(0)−1 = 0.Each f ∈  H can 
be expressed as f = h + g, where h and g are 
the analytic and the co-analytic part of f, 
respectively. Then for f = h + g ∈  H we can 
write the analytic 

functions h and g as h(z) = z +
∑
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=2n

n
n za

 , g(z)= 

z+ 
n

n
n zb∑
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        (1) 

Firstly, Clunie and Sheil-Small [2] studied the 
class H together with some geometric 
subclasses and obtained some coefficient 
bounds. Since then, there has been 
severalarticles related to H and it is 
subclasses.The differential operator Dk was 
introduced by [6],and generalized by [1]. 
Jahangiri 
and et. al. [5] defined the modified S˘al˘agean 
operator of f as 
Dkf(z) = Dkh(z) + (−1)kDkg(z),                                    
(2)         
 where  
                Dkh(z)= z+ ∑
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Here, we define the modified generalized 
S˘al˘agean operator of f as 

             )()1()()( zgDzhDzfD kkkk
λλλ −+= ,                                  

(3) 

where 

           )(zhD k
λ )= z+ 

∑
∞

=

−+
2

))1(1(
n

n
n

k zan λ
 and  

)(zgD k
λ =

n

n
n

k zbn∑
∞

=

−+
1

))1(1( λ
. 

Also, Jahangiri [4] defined the class RAH (α) 
consisting of functions f = h + g such that 
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which satisfy the condition 
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and  he proved in [4] that if ghf += is given 
by (1) and if                    
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then f is harmonic, univalent, and starlike of 
order α in U. This condition is proved to be 
also necessary if f ∈RAH(α). Now, for λ ≥ 0, 

α ≥ 0, k ,...}3,2,01{0=∈N  and γ ∈  C, we 
let RAH(k, λ, γ, α) denote class of harmonic 
functions f, if the analytic functions h 
and g satisfy the condition 
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Note that the class RAH (0; 0, γ, α) was 
studied by B. A. Frasin [3]. 
Coefficient Conditions 
First we state and prove a sufficient coefficient 
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condition for the class RAH(k, λ, γ, α). 

Theorem 1 : Let f = h + g  with h and g are 
given by (4). If f ∈  RAH(k, λ, γ, α), then 
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where 011 == ba , 0 ≤ α < 3
1

, λ ≥ 0, 
,....}.2,1,0{0 =∈ Nk and γ ∈  C. The result 

is sharp. 
Proof : Let f(z) ∈  RAH (k, λ, γ, α), then by (6) 
we have 
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By choosing z to be real and let z → 1−, we 
get 
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Since f(z) ∈  RAH (α), we have 
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This completes the proof. 

Corollary 1 : Let f = h + g  with h and g 
given by (4). If f ∈  RAH (k, λ, γ, α), then 
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The result is sharp for the functions 
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Theorem 2 : Let f = h + g  with h and g 
given by (4). If |γ1| ≤ |γ2|, then RAH(k, λ, γ1, 

α)  ⊂  RAH(k, λ, γ2, α), where 0 ≤ α ≤ 
3
1

, λ ≥ 

0 and k 0N∈ . 
Proof : Let f(z)∈  RAH(k; λ, γ1, α). Then 
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This completes the proof. 

Theorem 3 : Let f = h + g  with h and g 
given by (4). If f ∈  RAH (k, λ, γ, α), then for 
|z|  = r <  1, we have 
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The results are sharp. 
Proof : Let f(z) ∈  RAH (k, λ, γ, α), then 
from (8), we have 
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Therefore we conclude that 
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 Furthermore, we have from (8)        
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For sharpness we consider the functions h(z) 
and g(z) given by 

−= zzh )(
2

)1)(2(2
)1)(31()2(

zk

k

λαα

λααγ

++

+−++

                                                 
(15) 
and 

 
.

2
)1)(31()( 2zzzg

k

+
+−

+=
α

λα

             (16) 
Fractional Integral Operator 
Definition [7] : For real number β > 0, μ 

and δ, the fractional integral operator 
δµβ ,,

,0 zI
is 

defined by 
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where the function h(z) is analytic in a simply 
connected region of the z-plane containing the 

origin with the order h(z) = 
)( εzO

, (z → 0) 
with _ > max{0, μ − δ} − 1, and F(a, b; c; z) is 
the Gauss hypergeometric function defined by 

 F(a, b; c; z)=
,

)1()(
)()(

0

n

n nn

nn z
c

ba∑
∞

=  where ( )nν is the 
Pochhammer symbol defined by 

         
( )

)(
)(

ν
ν

ν
Γ

+Γ
=

n
n {1

)1........().........1( −++ nννν
0=

∈
n

Nn  
and the multiplicity of (z − t)β−1 is removed 
by requiring log(z − t) to be real when 
z-t>0. 
We shall need the following result due to 
Srivastava et. al. [7] to prove our result. 
Lemma : If β > 0 and n > μ − δ − 1, then 
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Theorem 4 : Let β > 0, μ > 2, β + δ > −2, μ 
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 f = h + g  with h and g are given by (4). If f(z) 
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Proof : Putting 
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It is clear that ψ(n) is non-increasing for n ≥ 2, 
and we have 
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Some Properties of the Class RAH(k, 
λ, γ, α) 
Theorem 5 : The class RAH (k, λ, γ, α) is 
closed under convex combination. 
Proof : For i = 1, 2, · · ·, let fi(z) ∈  RAH (k, λ, 
γ, α), where fi is given by 
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then by Theorem 1 we have 

.31)1())1(1(
2

. γ
α
α

αλ ≤





+
−

−−−+∑
∞

=n
in

k

n
annn

 
The convex combination of fi for 0 ≤ ti ≤ 1 and 
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Theorem 6 : Let f = h + g  with h and g are 
given by (4). If f ∈  RAH (k, λ, γ, α), then 
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The result is sharp for h(z) given by (15). 
Proof : Suppose f ∈  RAH (k, λ, γ, α). We 
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Now by using (14), the last inequality will be 
true if 
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Corollary 2 : Let f = h + g  with h and 
g are given by (4). If f ∈  RAH (k, λ, γ, α), 
then h(z) is convex of order σ(0 ≤ σ < 
1) in |z| < r2, where 
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The result is sharp for h(z) given by (15). 
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