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Abstract 

Let R be a 2-torsion free  -prime ring in the present paper it is shown that if R is non-

commutative, then any Right derivation of R which commutes with   is zero. Moreover, if d is an a 

addative mapping of R into it self commuting with   and satisfying uudud )(2)( 2   for all u in a non 

zero  -square closed Lie ideal U of R, Then )(RZU   or 0)( Ud . 

 

 

 

 

:الخلاصة  
حلقوة ليتو   اث اليوه  Rا ا ك نو   ثينّو  ثننوه فو  ذو ا الثحول المقو    2طليفوة اللتووام مون الونمط  حلقة اوليه من نوو  Rلتكن 

 Rطثيق جمع  مون تأي  Dا ا ك ن  الى  لك يكون صفري ث لأض فه وال ي يتث  ل مع  Rعلى من اليمين ف ن أي اشتق ق 
Uuمثوو ل  لوو  صيوور صووفري تحقووق العة ووه   Uو  Uuلكوول 2d(u)u2d(u=(ويحقووق العة ووة  مووع  يتثوو  ل Rالووى  2 لكوول 

Uu  0ف ن)( Ud  او)(RZU .   
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1-Introduction  
Throughout this paper, R will represent an associative ring with center Z(R). R is said to 

be 2-torsion free if whenever 2x=0, with Rx , then x=0. As usual the commutator xy-yx will 

be denoted by  yx, . We shall use basic commutator identities       ,,,, zyxzxyyzx    

      .,,, yzxzyxzxy   If R has an involution  , we set rRSa {:)(   in R such that  (r)= r}. 

Recall that R is  -prime if aRb= (a) Rb =0 implies that a=0 or b=0. 

One  can easily see that every prime ring having an involution   is a  -prime ring but the 

converse is in general not true. A Lie ideal of R is an additive subgroup U of R such that 

  ., URU   A Lie ideal U of R is called a  -square closed Lie ideal if Uu 2  for all Uu  and U 

invariant under .An additive mapping d:R→R is called right derivation if  yxdxydxyd )()()(   

and called Jordan right derivation if xxdxd )(2)( 2  , every right derivation is Jordan right 

derivation but the converse need not be true in general. 

Theorem 1.1: 
Let R be a 2-torsion free  -prime ring and d  be a right derivation which commutes with 

 . Then either 0d  or R is a commutate ring. 

Proof: 
)1.......(..........)()()()()()( yzxdxzydxyzdzxydxyzdxyzd   

on the other hand 
)2.......(..........)()()()()()( yzxdzxydyxzdyzxdxyzdxyzd   

comparing (1) and (2), we conclude  
)3.........(..............................].........,)[(],)[( yxzdxzyd   

)4......(..................................................0],)[(

2.0])[(20]22)[(

])[(

],)[(],)[(

)3(











xzzd

findweRCharSincexzzxZdxzzxzd

zxxzxzzxzd

zxzdxzzd

zyinTake

 

replace x by rx in (4) 

)5.....(........................................0],[)(

0],)[(],[)(





xzRzd

zxrzdxzrzd
 

Hence for )(RSaz   we have either )(RZz  or 0)( zd . Let Ry , the fact that 

)()( RSayy    

assures that )()( RZyy   or 0))((  yyd   

if 0))((  yyd  , then )()( RSayd   and in view of (5) this yields 0)( yd  or )(RZy . Now 

suppose that )()( RZyy   if )()( RZyy  , then )(2 RZy  so that )(RZy  

if 0))((  yyd  , then )()( RSayd   and (5) leads to 0)( yd  or )(RZy . In conclusion, for all 

Ry , we have either )(RZy  or 0)( yd . Thus R is union of two additive subgroups K and L 
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where )(RZK   and }0)(/{  ydRyL  if 0d  then )(RZR   proving that R is commutative 

ring. 

 

 

 

 
Lemma 1.2: 
If )(RZU   is a  -Lie ideal of a 2-torsion free  -prime ring and Rba ,  s.t 0)(  UbaaUb   

Then a=0 or b=0 
Proof: 

M  ideal s.t URM ],[  But ZRM ],[  

if RyandMmUu  ,  then URMymau  ],[],[ . Then  

0],[],[],[  byuamaubymaabymaua  

We get 0],[ ubymaa  since 0 aymaubamyub  
0amayub  

thus 0aMaRUb  since R is  -prime ring  
0)( MaRUba  if 0a  

we obtain 0Ub , so if UuRx  ,  then Uxuux  )( . Hence 0)(  bxuux  and so 

00  uRbuxb , if 0u  obtain 0b . 
 
Lemma 1.3: 

Let R be a 2-torsion free ring and let U be a square closed Lie ideal of R if RRd :  is an 
additive mapping satisfying uudud )(2)( 2   for all Uu  then 

(i) vuduvdvuuvd )(2)(2)(   

(ii) uvudvuuduvduvud )()(3)()( 2   

(iii) wvuduvwdvwudvuwdwuuwvdwvuuvwd )()()(3)(3))(()(   

(iv) uuvuduvuud ],)[(],[)(   

(v) [d(vu)-d(v)u-d(u,v)][v,u]=0 for all u,v,wU. 
 
Lemma 1.4: 

Let R be 2-torsion free ring and let U be asquare closed Lie ideal of R if RRd :  is an 
additive mapping satissfing d(u2)=2d(u)u for all uU .Then  
(i)d[u,v][u,v]=0 (ii)d(v)(u2-2uvu+vu2)=0 
 
Lemma 1.5: 

Let 0U  be a  -Lie ideal of 2-torsion free  -prime ring R. if 0],[ UU , 

Then )(RZU    

Proof: 
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Let Uu , since Urtu ],[  Rtr  ,  it follows that 0]],[,[ rtuu . Therefore urturtuu ],[],[   

so that 
turuuturtruutuur ],[],[],[],[   

Using the fact that ururuu ],[],[   and ],[],[ tuuutu  , we obtain  
turuturuutrutuur ],[],[],[],[   

In such a way that 0],][,[2 turu . As char. 2R , this leads to 0],][,[ turu  for all Rtr , , replace 

r by rz in this equality, where Rz , we find that. 
0],[],[ tuZru  and thus RtrUutuRru  ,,,0],[],[  

for )(RSaUu   we then have RtrtuRrutuRru  ,],,[]),([0],[],[  and the  -prime ness of R 

forces )(RZu  which proves )()( RZRSaU   

Now, let Uu ; since char. 2R  and )()(),( RSaUuuuu   , then )(RZu  so that 

)(RZU  . 

 

 

 

Theorem: (1-6) 
Let R be a 2-torsion free  -prime ring and U a  -square closed Lie ideal of R. 

If RRd :  is an additive mapping commutative with   and satisfying uudud )(2)( 2   for all 

Uu , then either )(RZU   or 0)( Ud . 

Proof: 

Suppose that )(RZU  , by lemma 1.4 (ii) we have 

)6(..........,,0)2)(( 22 Uvuvuuvuvuvd   

Linear zing (6) in u, by )( wu   and use (6) we get 

)7......(..........,,,0)22)((

)222)(( 2222

Uwvuallforvwuvuwwvuuvwwuvuwvvd

vwuvuwvwvuwvwwvuuvwuvuvwwuvuwvvuvd




 

Taking ],[ yxvw   in (7), where Uyx ,  and using lemma 1.4 (i), we conclude that 

0],[],[ 2 yxuyxd  which would force 0],[]),([ 2  yxyxd  for all Uyx ,  

Let )(, RSUyx  , using lemma 1.2 either 0],[ yxd  or 0],[ 2 yx  

Suppose that 0],[ 2 yx , write ],[ yx  instead of v in (7) by lemma 1.4 (i), we 

find that  

0}],[],[],[2],[2]){,([  wuyxuwyxuyxwwyxuyxd  for all )9.....(.........., Uwu   

replace u by ],[2 yxu  in (9) and once again using lemma 1.4 (i), as 0],[ 2 yx , we obtain 

0],[],[]),([2 yxuyxwyxd , as char R 2 , this leads to 

0],[],[],[ yxuyxUyxd  for all Uu . 

The fact that )(, RSayx   together with UU )(  assure that 

0]},[],}[{],[],[],[],[  yxuyxUyxdyxuyxUyxd   for all Uu  
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applying lemma 1.2 we get 0]),([ yxd  or 0],[],[ yxUyx  for all Uu , if 0],[],[ yxUyx , then 

0],[ yx  and therefore 0]),([ yxd  which leads us to conclude that 

)(,,0]),([ RSaUyxallforyxd   

Let Uyx , , since 

)])(),(([0)])(),(([ yyxxdyyxxd    

then 0])),(([  yxxd  , on the other hand. 

)])(),(([0)])(),(([ yyxxdyyxxd   , 

so that 0])),(([  yxxd  , therefore 0]),([ yxd  for all Uyx , . Hence xydyxdxyd )()()(   for 

all Uyx ,  by Lemma (1.3) (i) for Uyx , , we have  

xyxdxydyxdxydyxd )(2)()()()( 2222   

since 222 )()(2)()()()()()( xydyxxdxydyxxdyxxdxyxdyxxdyxd   

it then follows that 0],)[( yxxd  for all Uyx , , because char 2R . 

Replace y by 2vy, where Uu , and once again using char 2R , we find that 0],[)( yxVxd  and 

therefore 0],[)( yxUxd  for all Uyx , as UU )( , by Lemma 1.2 for all )(RSaUx   either 

0],[ ux  or 0)( xd  since )()(),( RSaUxxxx    for all Ux , we easily deduce that 

0],[ Ux  or 0)( xd  for all Ux , because oddo   . Consequently U is union of two additive 

subgroups L and k, where }0],/[{  uxUxL  and }0)(/{  xdUxk  since )(RZU  , by 

lemma 1.5 LU   and therefore kU  , proving 0)( Ud . 
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