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Abstract

Let R be a 2-torsion free o -prime ring in the present paper it is shown that if R is non-
commutative, then any Right derivation of R which commutes with o is zero. Moreover, if d is an a

addative mapping of R into it self commuting with & and satisfying d(u?)=2d(u)u for all u in a non
zero o -square closed Lie ideal U of R, Then U = Z(R) or d(U)=0.
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1-Introduction

Throughout this paper, R will represent an associative ring with center Z(R). R is said to
be 2-torsion free if whenever 2x=0, with xeR, then x=0. As usual the commutator xy-yx will
be denoted by [x,y]. We shall use basic commutator identities [x, yz]=y[x z]+[x y]z,
[xy,z]=x[y,z]+[x,z]y. If R has an involution &, we set Sa_(R):={r in R such that o (r)=+r}.
Recall that R is o -prime if aRb=¢c (a) Rb =0 implies that a=0 or b=0.

One can easily see that every prime ring having an involution o is a o-prime ring but the
converse is in general not true. A Lie ideal of R is an additive subgroup U of R such that
[U,R]cU. A Lie ideal U of R is called a & -square closed Lie ideal if u? cu forall ueu and U
invariant under o .An additive mapping d:R—R is called right derivation if d(xy)=d(y)x+d(x)y
and called Jordan right derivation if d(x*)=2d(x)x, every right derivation is Jordan right
derivation but the converse need not be true in general.

Theorem 1.1:

Let R be a 2-torsion free o-prime ring and d be a right derivation which commutes with
o . Then either d =0 or R is a commutate ring.

Proof:

d(xyz) =d(z)xy +d(xy)z=d(2)xy +d(Y)XZ +d(X)YZ....c0ervrenree. @
on the other hand

d(xyz) =d(yz)x+d(X)yz =d(2)yx +d(y)2X+d(X) YZ.....ccvervenne. (2)
comparing (1) and (2), we conclude

AWz, XI=d(Z)[X, Y]-eeoeeeereereenenieeeseeneesienieeniens (©)]

Takein (3) y=z

d(2)[z,x]=d(2)[x, z]

d(z)[zx— xz — xz + zX]

d(z)[2zx —2xz]=0= 2d(Z)[zx — xz] =0 Since Char. R=2 we find

A(Z)[Z, X] =0 (4)

replace x by rx in (4)

d(z)r[z,x]+d(z)[r,x]z=0

A(Z)R[Z, X] = 0., (5)

Hence for zeSac(R) we have either zezZ(R) or d(z)=0. Let yeR, the fact that

y+o(y) e Sac(R)

assures that y+o(y) e Z(R) or d(y+o(y))=0

if d(y+o(y))=0, then d(y)eSa_(R) and in view of (5) this yields d(y)=0 or yeZz(R). Now

suppose that y+ao(y) e Z(R) if y—o(y) e Z(R), then 2y e Z(R) so that y € Z(R)

if d(y—o(y))=0, then d(y)eSa_(R) and (5) leads to d(y)=0 or yeZ(R). In conclusion, for all

y € R, we have either yeZ(R) or d(y)=0. Thus R is union of two additive subgroups K and L
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where K=Z(R) and L={yeR/d(y)=0} if d=0 then R=2z(R) proving that R is commutative
ring.

Lemma 1.2:

If Uz Z(R) isa o-Lie ideal of a 2-torsion free o -prime ring and a,b e R S.t aUb=o(a)ub=0
Then a=0 or b=0

Proof:

M ideal s.t [M,R]cU But [M,R]zZ

if ueU, meM and yeR then [mau,y]e[M,R]cU . Then

a[mau, y]b = a[ma, yJub + amalu, y]o =0

We get a[ma, yJub =0 since amyub —aymaub=0

amayub =0

thus aMaRUb =0 since R is o -prime ring

o(@MaRUb=0 if a=0

we obtain Ub=0, so if xeRueU then (ux-xu)eU. Hence (ux—xu)b=0 and so
uxb=0=uRb =0, if u=0 obtain b=0.

Lemma 1.3:
Let R be a 2-torsion free ring and let U be a square closed Lie ideal of Rif d:R —> R isan
additive mapping satisfying d(u?®)=2d(u)u for all ucU then
(i) d(uv+vu) =2d(v)u+2d(u)v
(i) d(uvu) = d(v)u® +3d(u)vu—d(u)uv
(i) d(uvw+wvu) = d(v)(uw +wu) + 3d (W)vu + 3d (u)vw—d (w)uv — d (u)wv
(iv) d(u)u[v,u]=d(u)[v,ulu
(V) [d(vu)-d(v)u-d(u,v)][v,u]=0 for all u,vweU.

Lemma 1.4:

Let R be 2-torsion free ring and let U be asquare closed Lie ideal of R if d:R —R is an
additive mapping satissfing d(u?)=2d(u)u for all ueU .Then
(i)d[u,v][u,v]=0 (ii)d(v)(u-2uvu+vu?)=0

Lemma 1.5:

Let U =0 be a o-Lie ideal of 2-torsion free & -prime ring R. if [U,U]=0,
Then U c Z(R)
Proof:
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Let ueU, since [u,rt]eU vr,teR it follows that [u,[u,rt]]=0. Therefore u[u,rt]=[u,rt]u
so that
urfu,t]+ufu, rt = rfu,tju +[u, rltu
Using the fact that u[u,r]=[u,rJu and [u,tJu = u[u,t], we obtain
urfu,t]+[u, rjut = rufu,t] +[u, rJtu
In such a way that 2[u,r][u,t]=0. As char. R = 2, this leads to [u,r][u,t]=0 for all r,t e R, replace
r by rz in this equality, where z e R, we find that.
[u,r]Z[u,t]=0 and thus [u, r]R[u,t]=0,VueU, r,teR
for ueU NSac(R) we then have [u,r]R[u,t] =0 = o([u, r])R[u,t], vr,t e Rand the & -prime ness of R
forces u e Z(R) which proves U N Sac(R) = Z(R)
Now, let ueU; since char. R=2 and u+o(u),u-o(u)eUNSac(R), then uez(R) so that
UcZ(R).

Theorem: (1-6)
Let R be a 2-torsion free o -prime ring and U a o -square closed Lie ideal of R.
If d:R—R is an additive mapping commutative with o and satisfying d(u®)=2d(u)u for all
ueU, then either U c Z(R) or d(U) =0.
Proof:
Suppose that U ¢ Z(R), by lemma 1.4 (ii) we have
d(V)(u’v—-2uvu+vu?) =0,vu,veU........ (6)
Linear zing (6) in u, by (u+w) and use (6) we get
d (V)(U?V + UWV + WUV + W2V — 2UVU — UVW— 2WVU — 2WVW+ VU® + VW + VUW+ VWU)
d(v)(uwv + wuv — 2uvw— 2wvu + vuw+vwu) =0, for all u,v,weU................ (7)

Taking w=v=[x,y] in (7), where x,yeU and using lemma 1.4 (i), we conclude that
d[x, yJu[x, y]* =0 which would force d([x, y]) U[x,y]* =0 for all x,y eU

Let x,yeUNS,_(R), using lemma 1.2 either d[x,y]=0 or [x,y]* =0

Suppose that [x,y]* =0, write [x, y] instead of v in (7) by lemma 1.4 (i), we

find that

d([x, yD{=2u[x, y]w—2w[X, yJu =[x, yJuw+[x, y]wu}=0 for all uweu............... (9)

replace u by 2u[x, y] in (9) and once again using lemma 1.4 (i), as [x, y]* =0, we obtain
2d ([x, YW, yJu[x, y]=0, as char R= 2, this leads to

d[x, yJU[x yJu[x,y]=0 forall ueu.

The fact that x,y e Sa_ (R) together with o(U)=U assure that

d[x, YU, Yu[x, y]=d[x, yJU{c}[x, ylu[x, y]}=0 forall ueu
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applying lemma 1.2 we get d([x,y])=0 or [x, ylU[x,y]=0 for all ueU, if [x yJU[x,y]=0, then
[x,y]=0 and therefore d([x, y]) =0 which leads us to conclude that

d([x,y]) =0, for all x,yeU NSa_(R)

Let x,y eU, since

d([x+o(x),y+o(y)]) =0=d([x+o(x),y —o(y)])

then d([x+o(x),y]) =0, on the other hand.

d([x—o(x),y+o(y)]) =0=d([x—o(X),y —a (V)]

so that d([x—o(x),y]) =0, therefore d([x,y])=0 for all x,yeU . Hence d(xy)=d(x)y+d(y)x for
all x,yeU by Lemma (1.3) (i) for x,y €U, we have

d(x*y) =d(y)x* +d(x*)y =d(y)x* +2d (x)xy

since d(yx?)=d(X)yx +d(yx)x =d(x)yx + d(x)yx + d(y)x* = 2d (x) yx + d (y)x>

it then follows that d(x)[x,y]=0 for all x,y eU , because char R = 2.

Replace y by 2vy, where u €U, and once again using char R = 2, we find that d(x)v[x, y]=0 and
therefore d(x)U[x,y]=0 for all x,yeU as oU)=U, by Lemma 1.2 for all xeU NSa_(R) either
[x,u]=0 or d(x)=0 since x+o(x),x—o(x)eUNSa,(R) for all xeu, we easily deduce that
[x,U]=0 or d(x)=0 for all xeU, because doc =ocod. Consequently U is union of two additive
subgroups L and k, where L={xeU/[xu]l=0} and k={xeU/d(x)=0} since U «zZ(R), by
lemma 1.5 U = L and therefore U =k, proving d(U) =0.
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