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Abstract

Let S= {Si:t>0} is an adapted sequence of random variables defined on filtered
probability space (Q, F,{ F: },P).

In this paper provides a detailed proof of that result as well as the following:-

No free arbitrage is necessary and sufficient condition to the existence of new measure Q
equivalent to measure P such that S is martingale with respect to Q, but this measure not
unique, also we give example to explain this condition not sufficient to get unique

measure, but no free arbitrage as well as extension property we have uniqueness



1. Introduction

A stochastic process S=(St)i>0 is a family of random variables defined on probability
space (Q2, F,P) .
We say that S is adapted if S(t) e F: (i.e. S(t) is Fr — measurable for each t).

A stochastic process S=(S(t))o<t<» IS martingale to (F,P) if :-

1- Sis adapted and E|[S(t)| <o, VO<t<oo.

2- E[S(t)| Fs]=S(s)  (0<s<t).

A probability measure Q on (Q,F) equivalent to P is called a martingale measure

for S if the process S follows a Q-martingale with respect to the filtration F.

We denoted by M¢(S) the class of equivalent martingale measures.

2. Definitions and notations

We denote by ® the set of all element H ,where H=(H(t)) is R%-valued
stochastic process with company Hi(t) for i=1,2,3 ..,d and satisfies:-
1-Ht is an adapted to { Fi}te1 Vi=1,2,3..,d
2-E(Hi(t) Si(t))’<0  VO0<t<oo Vi=1,2,3..,d
3-There exists a finite integral k and sequence 0=to<...<t,=T such that t,el and H(t,w)
Is constant over the interval [t,.1,tn]for every w, (n=1,2,....k)
4-v n=12, ..k ,we have
<H(tn-1),S(tn)>=<H(tn),S(tn)>
where <, > denoted the Euclidean inner product.
Remark (2.1):

It is clear that © is a subspace of the space of valued stochastic process.

We associate with H.

VH= (VH(O)oscor by VH()= VH(O)+ jH(u) ds(u).



Now, if we take X the space of all random variable defined on (€2,F,p) equipped
with norm topology.
Let M, be subset of X defined by:
Ma={xeX: a.VH(T) <x, forsome He®,acR} .
ie.  Mo={xeX: V"(0)+V"(T) < x, for some He®}
where a=VH(0)
Define n: Mo—R by =(x)=V"(0)

Proposition (2.2) :

1-M, is convex set .

2-m is linear function .

proof :
1-let X, y eM, and 0<A<1

X eM, then I HieH 3 a;+ v (t)<x
y €M, then 3 HaeH 5 ax+ v (t)<y
M ar+ VH(t)= & ar+ V(1)< Ax
(1-2)( a2+ V()= ((1-A)az Vi (1))<(1-1)y
Since Aat (1-A)azeR

S VML) + VR, ()= j/l H.(t)ds(u) + j L-A)H ,tdS(u)

A(H O +@-2) H ,)dS (u) =vH+ D)

[ S——

o AXH(1-A)y=>(hag+(1-A)ax+vHIH MR )
S AX+H(1-L)yeM,

2-let X, y eMp, let A, Be R

X eMp then FH; e ® > x > VH(0)+ VH(1).



yeMo then JH, € ® >y > VH(0)+ VHy(t).
AX+BY> V M FBH(0)+ V AH *BHY (1)
mt (AX+By)= V M+ BHy(0)= "V *H,(0)+V PH,(0)
= V H1(0)+ BVH(0)
=An(X)+ Br(y).

.7 is linear functional.

3.Free — arbitrage .

We started this section by the following definition:-

Definition (3.1) :
Let X.={xeX: P{VH(t) > 0}=1 and P{ V"(t) > 0}>0}.
A free —arbitrage is an element He ® such that

P(VH(0)=0)=1 and V"(t)eX. .

We denote M?(S) the set of all (not necessarily equivalent) martingale probability
measures. The letter a stands for "absolutely continuous with respect to P .
And let Co={xeX:3 He ®> V"(t) > x}.

Lemma (3-2) :

For a probability Q on (€2,F) the following are equivalent:-
1-Q eM?(s).
2-Eq(X) =0 VxeMy,
3- Eq(y) <0 vyeC,.

Proof: (1) - (2)
let Q be absolutely continuous of P such that S is martingale with respect to Q .

let xe Mp then 3He@> X=VH(1)



< E(AS F)=0= (d (aSy)| F)=0

. [Hu E(d(aSy)] Fy)=0
+ E [Hu (d(aSy)| F)=0

E [Hu @3y F)=0

- Eo(VH(t)=0

- Eq (VH(t))=0 for some H e ®

. Eq (X)=0.
Proof: (2) — (3)
let yeCo then 3 H e®3 VH(e)2y
Eo(V"(1)) = Eq (y)
We can choose H € ® such that V"(t)eMo
- Eq(y)<0.

Proof: (3) —(1)

Let Q be a probability on (Q,F) .

Let AcF and p(A)=0 to prove Q(A)=0 and S is martingale with respect to Q
LetyeCo then Ey(y)=[y dP(A)

Let x=VH(t)eMy for some He® then Eq(VH(t))<0.

Since VH(t) is positive random variable. Define Q:F—R by Q(A)= jy dp, since yeCo
then y is Borel measurable, Q(A)=jy(w) dp(w) =0 then Q Equivalent to p.
On the other hand, E(\VH(t))=0 for some He® and VH(t)> VH(t)=y

Eo(AVH(1) IFt):E(jHu (d(aSy) ] Fu)= [H,E@S, IF)=0.



Assumption (3.3):

The set M¢(S) is not-empty.
Theorem (3.4),[3 ]:

If H is bounded non-negative process and S is martingale, then VH(t) is martingale.
Theorem (3.5):

Let (QQ,F,P) be a probability space. The following statements are equivalent:
(1) If there is no Free-arbitrage.
(2) M5(S)#¢.

Proof: (1)—(2)

Suppose G=Mg and H=X,/{0}, G and H are convex sets.
Let xeMy then VH(t)<x for some He®.

Since (1) is true then E(VH(T))=0 for some He®.
P(VH(T)=0)=0 then P(V"(T)>0)=0

-~ VA(M) X, and VH(T)20 = xgH.

GNH=¢
N N
Let P={> u,8, :un>0 A D u, =1} where {8:}.<(0,1) is the indicater function.
n=1 n=1

To prove P is convex

Let 120, Br>0, 3y, =1, 3B, =1. Let 0<p<L, then:
BZEMHSK +(1'[3)ZEB“5x :an;,(B“n +(@1-B)B,)S, = Punt+(1-B)Br>0 and

> Bu, + @~ BB, =BL+(1-p).1=L

Thus P is convex compact subset of X..
Hence we may by strictly separate [1] we can separate the sets P and Mg by linear

functional f such that:



Ei(X)<a Vv XeMo.

E«y)<p Vv yeP.
Find a<p, replace o by 0 then >0
- E#(X)<0, E«(y)>p>0.
Since E#(5,)>0, we may normalize f such that Ef(5,)=1. Since f is strictly positive, we
therefore found a probability measure Q on (Q,F) equivalent to P such that the lemma
(3.2) hold: On other words, we founds an equivalent martingale measure Q for the

process S.

Proof: (2) —»(1)

If M2

let He® such that P(VH(0)=0)=1 and P{VH(T)>0}=0
by lemma (3.2), Eq(y)=0 , V¥V yeCo

. 3 He® such that VH(t)=y

- E(VH(t))<0.

Let GH(t)= VH(t)+ [H ds, .

Since S is Q-martingale

. G is Q-martingale (by use Theorem (3.4))
-~ E(GH(T))= E(G"(0))
Since P(E(V"(0)=0)=0

- E(GH(T))=0.
Since P(V"(T)>0)=0 and Q~P

. Q(GH(T) =0)=0 and Q(G"(0)=0)=0

-~ Q(GH(T) >0)=0, this contradiction

. GH(M)eX: V Heo.



4. Main result:

We start this section by the following Proposition.

Proposition (4.1):

Let (QQ,F ,P) be a probability space and Q be an equivalent martingale measure and
let xe X then:
(1) VH(0), VH(t) are uniquely determined by x= V"(0)+ VH(t).
(2) VH(t) is Q-martingale with respect to filtrations F.
(3) VH(0)=Eq(x).

Proof:
(1) Suppose x=V"™ (0) + V"™ (T), x=V" (0) + V" (T)
then V™ (0) — V"*(0)=V"™ (T) — V"™ (T) for some Hy,H,€®.
We assume V"™ (0)=V"™ (0) and V™™ (0)>0
then V™" (T)>0
Since Q is equivalent martingale measure to P, then S is non-free arbitrage .
If P{w: V"™ (0)=0}=1
- P{w: VMO (0)=03=1 and P{w: V"™ (T)>03>0.
Hence V™™™ (T)eX.
.. Sis free-arbitrage . This is contradiction.
To prove VH(t) is unique.
Let G™(t)=V™(0)+V™(t) and G™ (t)=V"™ (0)+ V"™ (t).
If Hi#H,then V™ (T)=V"™ (T), 3 t<T such that V™ (t)=V"™ (t), take:
A={weQ: V"™ (t)>V"" (t)} then AeF and P(A)>0.



Define Y=V" (T)-V"(T),

Ha(u)-Hz(u) ; u<t,
let m(u)=

IA%- (H1(u)-Ha(u))+1AYB(u) ; t<u<T.

where B:X—R, [B(u)ds, =1.
0

[ m(u)ds(u) = [ (H, (u) - H, )ds, =V"™ (t)-V"™ (1).
If t=u, then:

[m(u +Dds(u)=[ 1. (H,(u+1) — H, (u-+D)ds, + [1,YB(u)ds,

=1 [(H,(u+)—H,(u+1)ds, +1,[YBds, , t<u<T.

=1 (V" () = V™ (1) + 1, YB(T)B™(T) where S(T)=B™(T).
=Y=V" (T)-V" (T)
m(0)=H1(0)-H2(0)=0.

Hence m is self financing with zero initial.
VM(T)= |1 . (H,(u) - H,(u)ds, +1,YB(T)ds,

=IYB(T)B(T)>=0
and
P{V™(T)>0}=P{A}
Thus V™(T)eX:; . This contradiction.
(2) Suppose QeME®(S),
Suppose GH(t)=VH(0)+V"(t).
GH(t+1)- GH(t)=VH(t+1)-VH(t)

= TH(u)ds, - [ H(u)ds,



=(H-S)t+1-(H-S)
GH(t) is Q-martingale by theorem (3.4).
(3) Since GM(t) is Q-martingale.
If Eq(X)=Eq(V"(0)+V"(T))=Eq(G"(1))
+ Eq(G(1)= Eo(G"(0))= V(0)
. Eq(X)= VH(0).

Example (4.2):

Let Q={wi,w,} and F=P{w} and P{wl}zé : P{Wz}:% :

1S,0)| T a |11 1180
Let S(0)= {52 ( 0)} = Lmb} , So(T)= u Si(T)= { 90 }
s [SM s(M][1 1
C[S,(T) S,(T) {180 90}
We try to find vector w=(y1,y2), vi>0, i=1,2, such that:

LEle;o 910} {H |

we find yit+yo=a

2y1+yo=h
By solving this equations, we find yi=b-a, y,=2a-b.
Define Q {w1} =y1=b-a

Q {Wz} =\|/2=2a-b.

1 21
Caseone: Ifa=landb== =0Q={— -}
2 Q {3 3}

10



1 11
Case two: Ifa=1, b== = 0={=,= L.
5 Q {2 2}

Hence we have some of cases of Q.

M&(S) have at least one element.

Theorem (4.3):

Let (QQ,F,P) be a probability space. If there is no-free arbitrage .The following

statements are equivalent:

(1) M&(S) has a single element.

(2) There is a linear functional y such that v, =T
Proof:(1)—(2)

Suppose M?(S) has a single element, then there is unique measure Q equivalent to P.
Define y:X—R by y(X)=Eq(x), for all xeX.

xeX then 3 a positive element He®, such that x= V7(0)+VH(T)

Since VM(0) is unique, then E,(x)= VH(0)

then y(x)= VH(0).

Hence w is well define.

Also,  Is positive.

t
Since VH(t)= IH(u)dsu is continuous V 0<t<oo. Thus w is continuous.
0

11



Now, to prove w is linear.
Let x,yeX, A,BeR.

xeX then 3 H;e® such that x=V"™ (0) + V"™ (T).

yeX then 3 H,e® such that y=V" (0) + V" (T).
Ax=V*(0) + V™ (T)

By=V"(0) + V™" (T)

AxHBy= VI (0) 4 VI (T)

Y(x+By)= V™ (0)= VT (0) + VT (0)=A V™ (0) +B V™ (0) =Ay (X)+By(X).
It means, that y is linear.

Finally, to prove vl ,, =n.

Let xeMy then 3 He® such that VH(0)+VH(T)<x

y(X)= Ey(X)

since M®(S)={wy} and V"(0), V"(T) are unique.

Thus y(x)= V"(0).

Since n(x)=VH(0) , V xeMy, then y(X)=n(x) , V xeMo.
Proof :(2)—(1)

Suppose MS(S) has at least one element, we assume Q1,Q2e M(S) and Q1#Q2.

12



o Eo,(X)2Ey, (X) ¥V xeX.

Since there is no free arbitrage
-.the measures Qi,Q» are equivalent to P
~... 3 He® (which is positive) such that x= V"(0)+VH(T).

Define y:X—R by y(x)= VH(0) V xeX, then  is positive, linear functional (integral

are linear) and if we take meMoy, y(m)= V"(0)=n(m) Vv meM,.
Since V"(0) is unique and V"(0)=Ey(x) and y(x)=E, (x) and y(x)= E, (X).
Thus E, (x)=E, (x) this contradiction.

Hence M¢(S) has at most one element.

13



Sl Jai e uld Aian g Jsa
S (e pdla diay
Cpd g (5 i 2

rgua ) el /g S50 /gty )

PRICR
(Q, F, { Fe }, P).dwiadl sliadll e & el 400 piel) )yl (e 2aide Aaiie S= {Scit > 0} 0S8
P bl (S Q uan Gl asay e QS5 )5 na byl s 5 adl 5 Hkalaall alaadl la o Sl I (&
Jlie lighae Ty, Al gl e Jgeaall GIS e Japill 138 (815, Q el ) Amilly Jai Jle S Cusy
S bl Aan 5 e Jemnd g il Al s 5l 5, lball alanil Jo y ()5 | o 5

References

[1] Boushra Youssif Hussein.,” On equivalent martingale measures”, Thesis Ph.D, AL-
Mustasiriya university, 2006.

[2] Miehad Harrison,” A stochastic calculus model of continuous trading: Complete

Markets", Stochastic process and applications,Vol.11,pp. 313-316, 1983.
[3] Rudiger Kiesel, "Financial Markets I", Lectures Note, university Ulm, 2004.

[4] Walter Schachermayer,"Portpolio optimization in incomplete financial Markets",

Vienna University, 2004.

14



15



