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Introduction :
Almost Hermitian manifold (AH-manifold) one of the most important subjects of

the differential geometrical structure. Conclusions behind the study of almost Hermitian
manifold were found in many mathematical and theoretical physics aspects, such as Kahler
manifold which is highly involved in the teaching of differential geometry, algebraic
geometry, theory of Lie groups and topology. For that importance the problem of
classification of different kinds of AH-manifold according to its manipulations came to the
roof. First attempts were done by Koto [6] in 1960, who found a relationship which was
considered as an entry to manifold, and it was almost similar to Kahler manifold. The other
studies concentrated on the properties of some classes of almost Hermitian manifold of
constant type, which ensured the important facts of these studies, which were the class
NK-manifold of zero constant type coincide with the class of Kahler manifold, then
the class NK-manifold of non-zero constant type coincided with the 6-dimensional
NK-manifold [4]. A. Gray [3] defined three special classes of AH-manifold, which are
defined by the following:
1) class R, if <R(X,Y)Z,W >=<R(X,Y)JZ,IW >

2) class R, if <R(X,Y)Z,W >=<R(IX,JY)Z,IW >+
<R(IX,Y)IZW >+<R(IX,Y)Z,IW >

3)class R, if <R(X,Y)Z,W >=<R(JX,JY)JIZ,IW >
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A. Gray [3] proved that for random AH-manifold, the relation between them is

R, R, R;. The class R, is called parakahler manifold [7]. The manifold of class R,

has been study under the name RK-manifold [9] or J-invariant curvature tensor almost

Hermitian manifold.

1- Almost Hermitian manifold
Let M be an 2n-dimintional smooth manifold, C*”(M) be a Lie algebra of

C™ vector fields on M, T,(M) be atangent space on smooth manifold Mat pe M . Let

V denotes to the operator of the covariant derivative with respect to the Levi- Civita

connection ( Riemannian connection).

Definition 1.1 [5]

The pair of tensors {J,g=<-,->}, where J is an almost complex structure and
g=<-> Is a Riemannian metric on M is called almost Hermitian structure
(AH- structure) such that satisfies the condition: g(JX,JY )=g(X,Y).

Definition 1.2 [5]
Almost Hermitian manifold denoted by { M,J,g =<-,->} is a smooth manifold
with (AH- structure).

From [1] we have that given an almost Hermitian structure on smooth manifold equivalent
to the given Hermitian metric

<< XY >>=g(X,Y)+v—-1Q(X,Y) where Q(X,Y)=g(X,JY ) isa 2-form which is called
fundamental (Kahlerian) form of almost Hermitian manifold.

Definition 1.3 [5]
The Riemannian curvature tensor of M, is covariant tensor field of order 4, whose
value at any point pe M is determined as:
R(X,Y,ZW)=<R(Z,W)Y, X >
where R(ZW)Y =[V, ,Vy IY =V )Y and XY, ZW €T, (M).

The Riemannian curvature tensor R( X,Y,Z W) is algebraic curvature tensor i.e satisfies
the following conditions:

R(X,Y,Z,W)=-R(Y,X,Z,W)=-R(X,Y,W,Z)
R(X,Y,Z,W)=R(Z,W,X,Y)
R(X,Y,Z,W)+R(X,Z,W,Y)+R(X,W,Y,Z)=0
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Remark:
The specification of an almost Hermitian structure on manifold is equivalent to the
setting of a G-structure, where G is the unitary group U(n). Its elements are the frames

adapted to the structure (A- frames). The looks as( p,&1,+,&n,&1,+,&5 ) Where peM , g,

are eigenvector corresponding to the eigenvalue i= J=1 , and g4 are eigenvector
correspond to the eigenvalue —i. Here a=1,...,n, a=n+a. Therefor, the matrices of the
operators of the almost complex structure J , Riemannian metric g and fundamental form
written in an A-frame looks as follows respectively:

(1 0, (0, I, 0 J-11,
(Jj)_[on —iln] (g”)_(ln OnJ (Qij):[—\/——lln 0 ] -

where |n is the identity matrix i,j=1,....2n [2].

Definition 1.4 [1]
The Kahler manifold is an almost Hermitian manifold satisfying the condition
V3 =0.

The condition VJ =0 implies
R(X,Y,JZ,IW)=R(X,Y,Z,W) (1.2)
The relation (1.2) is the Kahler identity

An almost Hermitian manifold is said to be of J-invariant curvature tensor if
<R(X,Y)Z,W >=<R(JIX,JY)IZ,IW > (1.3)
such manifolds, called also RK-manifold [9]. The relation
<R(X,Y)Z,W >=<R(X,Y)JZ,IW > (1.4)
is said to be of Kahler identity, an almost Hermitian manifold satisfy (1.4) is said to be
paraKahler manifold[7].
To define the constant type of almost Hermitian manifold, we first consider the tensor
AXY,ZW)=<R(X,Y)ZW >—<R(X,Y)IZ,IW >
So A measures the defect from the Kéhler identity. Now, we put
AXY)=AX Y)Y, X)
and say that an almost Hermitian manifold { M,J,g =<-,->} is of constant type at
peM provided that for all X eT,(M) ((where T,(M )is the tangent space at the point
peM)), wehave: A(X,Y)=AX,Z) (1.5)
Whenever the planes { X,Y }{ X,Z } are antiholomorphic and
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g(X,Y)=9(X,Z2)=0, 9(Z,Z2)=9g(,Y), Y,ZeT,(M). If (1.5) hold for all peM,

then {M,J,g=<-,->} has pointwise constant type. {M,J,g=<-,->} has global
constant type if (1.5) is the constant function.

Now, let us put

L(X,Y.ZW) =<R(X,)ZW) > - B[g(X,W)g(Y,Z)—-g(X,Z)g(Y.W)]  (1.6)

by theorem [8]. The tensor (1.6) satisfies the Kahler identity.
L(X,Y,ZW)=L(X,Y,JZ,JW), if and only if the tensor R satisfies the following
conditions:

a) R(JIX,JY,JZ,IW)=R(X,Y,ZW).

b) R has constant type.

Thus, if the curvature tensor is J-invariant curvature tensor and has constant type S where
B C”(M), then
R(X,Y,Z,W) - R(X’Y ) JZv‘]W) = ﬂ[ g(x 1W)g(Y ) Z) - g(x ) Z)g(Y’W)

—Q(X,W)QY, Z) + Q(X, Z)Q(Y,W)]. (L.7)
With respect to the local coordinates, (1.7) can be expressed as follows:
Riji — Riead = BLOa 9k — 9 — Qi Qi + 24251
Riji _Rijkl‘]lg‘]ld = Bl9igjk — 9y —QuQj +Qu Q5] (1.8)

Theorem

The necessary and sufficient condition for which an almost Hermitian manifold is a

constant type and j-invariant are the following:
1) Rabed = Rabed = Rabea =0
b
2) Rygeq = B O

Proof:
In the adjoint G-structure space we get the following components:

1) put i=a, j=b,k=c,l=d then (1.8) becomes
Rabcd - Rab.]ch = ﬂ[ 9ad9bc — Yac9nd _-Qad -ch + -Qac-de ]

d
Rabcd - Rabcd‘J((::Jd = ﬂ[ Oad9bc —9acYnd _-Qadec +-Qac-de ]
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According to the (1.1) and (1.2) we have:

Rabcd + Rabcd =0
= Rabcd =0

2) put i=4, j=b,k=c,I=d then (1.8) becomes
Rabcd — RabodJ6 34 = BT Yad Ube — GacIbd — 2ad Zoc + 24c 2 ]
According to the (1.1) and we have:
Rabed *+ Rasca = B¢ (0) =3¢ (0) — (15 (0)) + (i5¢ (0))]

Rabcd + Rapbed =0
= Rabcd =0

3) put i=a4a,j =b,k=c,l=d then (1.8) becomes
d
Raed ~ RageaJeJd = Bl 9ad 9 —9acIpg —aa e + PacZiq 1
According to the (1.1) and we have
Rasea + Ragog = BLOGST — 6267 —(H88 (50 )+ (63 (-i58)]

2 Réﬁcd

= BL 5300 — 5864 +6550 6358 ]
2Ry = BL 25557 20253 ]

ab
Rbea = F de

Where 630 = 5350 - 5258

4) put i=4a, j=b,k=¢,I=d then (1.8) becomes

d
Rabcd — Rabed J69d = B 9ad Ibc — JacIbd —2ad e + 2424 ]
According to the (1.1) and we have
Ranea +0= B4, — (-4 (idy))]
= Rapeg =0

References

232



[1] Aboud H. M. " Holomorphic-Geodesic transformation of almost Hermitian manifold

", Ph.D thesis, Moscow state pedagogical university, Moscow,2002.

[2] Banaru M. " Some theorems on cosympletic hypersurfaces of six-dimensional
Hermitian manifolds of Cayley's algebra ", Mat. Vesnek, Russia 53 (2001), 103-110.

[3] Gray A. " Curvature identities for Hermitian and almost Hermitian manifold ", Tokyo
Math. J. 1976, V.28, No.4, P.601-612.

[4] Kirichenko V. F. " K-spaces of constant type ", Seper. Math. J. V.17, Russia, 1976,
No.3, P. 282-289.

[5] Kobayashi and Nomizu " Foundations of differential geometry *, V2 John Wily and
sons 1969.

[6] Koto S. " Some theorems on almost Kahlerian spaces ", 11 J. Math. Soc. Japan, 12,
1960, P.422-433.

[7] Rizza G. B. " Varities paraK&hlerian ", Ann. Math . Pure and Appl. 1974, V.98, No.36,
p 47-61.

[8] Vanhecke L., and Bouten F., " Constant type for Almost Hermitian Manifolds ", Bull.
Math. de la Soc. Sci. Math. de Roumanie, 20(68), No,3-4, 1976, P. 415-422.

[9] Vanhecke L. " Some almost Hermitian manifold with constant holomorphic sectional
curvature tensor ", J. Differential Geometry, 1977, V.12, No.4, P.461-467.

233



