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Abstract
Suppose that (Xo):.: is an adapted sequence of d-dimensional random variable defined on some filtered probability space (Q,F,{Fi}:i,,P).

In this paper we obtain conditions which are necessary and sufficient for the existence of a probability measure Q to P (which we call an equivalent t-measure) such that each of the d component sequence of (X)..i has a prescribed martingale
property with respect to Q.This problem have been solved in L°space with respect to A-norm topology

Introduction

In recent years the mathematical theory of stochastic integration (stochastic process) has become of interest because of its several areas of mathematical stochastic integrals with respect to martingales which were first discussed by Winer
(1923). The extension of this definition is due of square martingale. ~ The relation between the theorem of price asset and arbitrage were introduced from (Arrow-Debreu)(1959) model, formula of Black and Scholes (1973), linear price model of Cox and Ross
(1976).

In their fundamental paper, Harrison and Kreps (1979), discussed the fundamental theorem and introduced the concepts of equivalent martingale measure. Absence of arbitrage alone was not sufficient to obtain an equivalent martingale
measure for the stochastic process. . Different solutions have been introduced to relate the topological conditions of arbitrage [see Back and pliska (1991), Dalank, Morton
The triple (,F,P) is called probability space, where  be a non —empty set ,F is a o-field on ©, and P is a probability measure. i.e P(Q2)=1 where P be a measure on (Q,F ) the process X, Sometimes denoted (X.):i is supposed to be ‘-
valued,
ie The function X:Q—%R is called random variable if X is measurable function. This mean the function
X:Q— is random variable if and only if {X<a} eF for all ac®.This paper contains three sections. In section one we introduce some definitions and concepts about martingale and equivalent measure. Section two we proved L -space is topological space
with respect to A-norm topology. In section three we proved main result about existence equivalent measure which the process is martingale.

1-Basic definitions and concepts:
In this section we state some definitions which are related to main result.
We start by the following definition:-

Definition (1.1), [6]:

Let X be a random variable defined on probability space (Q,F, P). We define the expectation (or expected value or mean) of X, denoted E(X), as:

o~ | X dP
Q

Provided the integral exists. Thus E(X) is the of the Borel measurable
Let (Q,F, P) be a probability space, | be any subset of R. and (E,B) be a measurable space. We begin with some notation, definitions and theorems from martingales.

Definition (1.2), [4]:

A mapping X: IxQ—E is called E-valued stochastic process if for each tel, the map o—X (t,) is an E-valued random variable.

ie
{o: X (tw) eA}e F for every Acf.
The mapping o—X (t,0) from Q into E is called the random function of the process, this mapping is often denoted by X (sometimes is called the state at time t), and the process itself by:
X= (Xe)ar OF X={X: tel}.
The probability space (©,F, P) is called the base of the E-valued stochastic process X, and the space € is often called sample space of X, the point weQ is called sample point. The measurable space (E,p) is called the state space of the
E-valued stochastic process X. [i.e. the initial value 2€E if Ol and Xo(t.A)=X (0,1) =7, if E=R, B= B(R%)= X is called $R-valued stochastic process.

In particular if d=1, (i.e. E=%, = B(R)), then X is called R-valued stochastic process (or more briefly, X is called stochastic process).
i.e. A stochastic process is a collection of random variables.
X={X; tel}, on (,F).

Definition (1.3), [4]:

A filtration {F: tel} is an increasing family of sub o-fields Fi.c F, increasing means that if s <t, then F.c F.. When F is not specified, it is assumed that F equals the o-fields generated by U F. which denoted \/ F,ie F

tel tel
:\/ Fo=o( U F)

tel tel

When I=3., we say F;v Fe=o( U F)
t20 >0

A filtration { F.: tel} is said to satisfy the usual conditions if it is
(1) Right continuous, i.e. Fi = ﬂ Fs

$>1
(2) Complete, i.e. Fo contains all the null set in F.
[V AcF with P (A) =0 = AcF].
Given stochastic process X= {X tel}; the simplest choice of a filtration is that generated by the process itself:

X

ie. F1 =o(X:0ss<t)

X

The smallest o-fields with respect to which X; is measurable for every 0<s <t, (F t is called the natural filtration of X).

Definition (1.4), [6]:

A stochastic process X= {X:: F; tel} is said to be adopted (to the filtration { F}.;) if for each t>0; X; is Fi-measurable random variable;
ie. Xie R
Every stochastic process X is an adopted to { Fici.

Definition (1.5), [7]:
A stochastic process X= {X; : tel} is said to be martingale with respect to the filtration { F}«i if,
(1) X is integrable, i.e. E (| X,|) <eo for all tel.
(2 E (X| F) =X, ae. for all st with s<t.
Definition (1.6), [7]:
An equivalent martingale measure for stochastic process X is probability measure Q on (€2,F) which has the following properties:
(1)P~Q,ie.P(A)=0< Q(A)=0,¥ AcF.
(2) X is a martingale with respect to the filtration { F}..; and the probability measure Q.

249



2008 4iud 1 232l 13 Alaal) 48 puall 2 ghall ducaldl) Alaa

2008 4iud )31 27-26 A Saiall a glal 43S Jg¥) alal) paigall

In this section we proved L-space is metric space.
We start by the following definition:-

Definition (2.1), [6]:

Let X be a vector space over F. A function ||.|: X—%® is called a A-normon Xif:
(1) x>0 ¥ %20, XeX.
(2) [[Ax1[<]IX]] V xeX, 0<u<1.

) le [MX|=0 ¥V xeX.
L—>0

(4) [[x+yll<c.max{[IX|Llyll} ¥ x,yeX where c>0 is some constant independent of x,y.

Lemma (2.2), [3]:

Let X be a vector space. If ||| isaA-normon X, then it induces on X a vector topology t which is metrizable.
Definition (2.3), [3]:

A sequence {x,} in X converges to xeX if and only if |[x-X,]—0 as n—oo.

Example (2.4), [3]:

Suppose t is a topology with a countable local basis B of 0 in X, in the form B={U,:neN} such that n U,={0}, each U, is balanced and Up:1+Un.acU, for every n. Then we can define a A-norm on X by [x||=Sup {2":x¢U,} and the
A-norm induces the origin topology where c=2.
Definition (2.5):

A A-norm ||.|| on a vector space X is called an F-norm if it satisfies :
[x+yl<lxl+iyl - vxyeX.

Theorem (2.6):

If ||.|| is any F-norm then d(x,y)=|[x-y|| is a (translation) invariant metric on X.

Proof:
Define d:XxX—® by d(f,g)=|x-y|| forall x,yeX.
1) Let x,yeX, if x2y = x-y#0 = ||x-y|[>0 (by (1) of definition (4.1.1))
= d(x,y)>0.

I Xy=0 = [x-y{}=[0]}= le A.0]1=0 (by (3) of Definition (4.1.1))
A—0

= d(x,y)=0.
(2) Let x,yeX.

it ey = =0 = festior= LM 010
A—0
= d(xy)=0 = xy]=0.

If x#y = x-y#0 = ||x-y|[>0 (by (1) of Definition.(4.1.1))
= 0<|jx-y||=d(x,y) = d(x,y)>0 this contradiction.
= X=y.

(3) dxy)=llx-yI[=-Cy-)l[<lly-x[[=d(y.x) -
Ay x)=lly-X[=[|-(x-Y)||<][x-Y[[=d(x.y) - ¢
from (1) and (2), we have d(x,y)=d(y,x) forall x,yeX.

(4) Since X is F-norm
= d(xy)=|[x-yl[=lx-z+z-y|[<|[x-2||+||z- ylI=d(x,2)+d(z.y)-
= X is metric space.

Corollary (2.7), [3]:
Let X be a Hausdorff topological vector space with a countable local basis of 0, then X is metrizable and the topology may be given by on invariant.

Definition (2.8), [7]:
Let (Q,F,P) be a probability space. Define L°=L°(Q,F,u) to the space of all F-measurable functions on Q with the usual convention about identifying functions equal almost every where.

Define |.o:L">% by: (X)‘
o= P(X) e
e

Proposition (2.10):

[I/lo is an F-norm on L°.
Proof:

In order to prove ||y is an F-norm on L°, we proof the following :
(1) Let fe L° such that 20

=f(x)20 VxeQ.
= [f()[>0 and 1+[f(x)}>0

BN

1+ ‘f (X)‘

f f(x) dp
1+ ff(x)

(X) -

= |fle>0

(2) Let fel® and [A<1.
Since [A|<1
= M1 [fO9]
= (MO [f(x)]

11
)] M)

11
) M)
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FO| +1 1+ f(x)

T )

[Af (X)) < ()|
L) [FOQ)+1

A (%) N (X)) d
LA Fe 41

= [Mfllo<][fll.

)

(3) Let fel.

Lim - Lim I ‘xf(X)‘ up(x):.[ im Mdm)m
=0 =0 1+f(x) x>0 1+ f(x)

(4) Let fgel’
[fO)+g()[<IfO+a(x)l

1 1

F) + 90| [FO)| +[g(x)
1 1

) + 909 FOX) + lg(x)
1+ f() + 909 1+ f(X) + a(x)

FO)+90)| ) + o)
)+  FO)+ o(x) F(x) 9(x)

1+ f(X) + 9(x)| 1+ F () + o) 1+ O + (%) 1+ IF Q)| + [9(x)
[F(x) + 9(x) < F(x) 9(x)
L+ () + 90| 1+ [F(X) + o(x)| 1+ IF Q)| + [9(x)
F(x) + 9(x) < () 9(x)
1O +90) 1+ FO)+lg0) L+ + o0

[If+glo<lIfllo*llgllo
fgel’

(5) Let
[Iflo if [Iflle=1lgllo
max{|[fllo,/[gll} = )
ligllo if [ifilo<llgllo

I |(fllo<lgllo )

= max{|[fllo.[9l}=llgllo and [{fils*{lgllo<![gllo*/lgllo=2lIgll4=2 max{[fllo|gllo}. Since [[F+gllo<][fllo*liglo

= [f+gllo< 2 max{]ifilo./gllo}- o

ition (2.11):
° is metric space.

Proof:

By Theorem (4.3.6).

5 5]
L° have trivial dual when P is non-atomic.

0

Let (€2,F,P) be a probability space, and let L + (€, F,P) be the positive part of L(Q,F,P).

0
ie Ly (QFP) ={fel’(@FP)E0}.

Definition (3.1), [6]:
Let BcL®, we say that B is bounded in probability in L° if there exists k>0 such that [f(x)|<k a.e. for all feB.

Theorem (3.2):

Let K be a convex subset of L°(Q,F,P) such that 0K then the following statements are equivalent:

(1) v feL + (Q,F,P), 32>0 such that Afe K - B where :

K-B ={feL’: 3 geK such that f<g}
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(2) V AeF such that P(A)>0, 3 >0 such that Alag K - B .

(3) 3zeB such that S u p E(yz)<eo.
yeK

(4) There exists probability measure Q equivalent to P such that K is bounded

0

in Ly (FP).

Proof:
(1) >(2): Let AcF be such that P(A)>0

0

= a0 Since IAEL+

.. by condition (1) there exists 2>0 such that Alag K - B .

(2) —(3): Suppose ¥ AeF, such that P(A)>0, 3 2>0 such that Alag K - B .

Let H= K - B ,G={Ia}
0

Since K is convex and B is convex in L + (QF,P)

= K-Bis convex = K B is convex.

i.e. His convex, and is closed with respect to topology convergence in probability.
Since G has one element.

= G is convex and compact subset of L +- also, since | is bounded function.
= by (2) choose A=1

- K=B-.K-B.

= GNH=¢.

0 O

= by a version separation theorem, there exists a linear functional g=0 on (L + ) =L + such that g| K _ B <a and glx>B when a<p.
If a0 = g is zero or negative function.

= p>0.
= E[gla]>0.

0

LetT:{geL+ : E[gla]<ec}.

o0 o0

Let £ be the family of subset of Q formed by the support of the element geT. Note that £ is closed under countable union, as for a sequence (gn) n =l €T, we can fined strictly positive scalar (c) n =l such

o0
that Z Otngn eT.
n=1

= there exists goeT such that Ac={weQ:go(w)#0}
= AeF

= P(A)=Sup{P(A):AcE}

to prove go is bounded.

i.e. P(A)=1

Suppose P(Ag)<1

s | 9(0) | A(@)dP()
=’i\g((o)dP(co) "

Take Aw=Q| A 0

= An={0eQ:g(®)=0}.

0
|AOOEL+.

—E[gl AOO = J g((O)dP((D)
Q‘Ao
[ K - B (by (1))

Since |

Q‘ Ag
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:E[<g+ga)lA00 ]=E[QIAOO T+Elgo ! AOO 1

= P{oeQ: (g+go)(w)=0}>0 this contradiction.
= geB and Sup E[gla]<e.

0

(3) >(4): LetgeL +

L
= lgle= I —1 N ‘g(x)‘ (X) ,

Let w(w)=max{||g|| 0 )

L+
0

Let Q be the measure on g with Randon-Nikodym derivative dQ/dP=c.g(w)/w(w) where the normalize factor ce®. is chosen such that Q(Q2)=1. Then Q isa probability measure equivalentto P and for each gelL + (Q,F,P), the

function f=Eq(g(Si(»)-Ss(®)la) where s<t.
=f 0.
Suppose that f#0, since geT.

= Eq(gla)<ce.

= 0< Eq(g(Si(w)-Ss(w)1a)<o.

= feT.

= E[f Ia]<o0.

Also, 0<-f= Eq(-g(S(®)-Sx(®) a))<c0.

= -feT

Since —f >0

=f 20 and f<0 = f=0.

=> there exists equivalent martingale measure Q~P.

0

(4) —>(1): Suppose feL + (Q,F,P) and f£0.

=V >0, Afe K - B

= I x.eK, yaeB such that Af=x,-ys-5,

where 0<[5,|| O <l

L+
0

Since by (4), there exists equivalent martingale measure Q~P. Suppose the density function of Q is g=dQ/dPeL + -

Agf =gXs-gyn-gSn.

= E(gx)=1E(fg)+E(gyn)+E(g5:)-
Since E[fg]<c.

= E(gx)>1E(fg)+1

= S U p E(gy)=o, this contradiction.
yeK
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