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1. Introduction

g*-closed sets were first introduced to bi-topological spaces in 2004 ([13]) by Sheik and Sundaram.
Al- Zoubi in 2005, studied the concept of generalized w-closed sets([1]). Introducing regular star
generalized closed sets in bitopological spaces was done by Kannan in 2006 ([5]). Mahdi first
discussed semi-open and semi-closed sets in bitopological spaces in 2007 ([8]). R. K., Chandrasekhara
and D., Narasemhan, in 2009, defined semi Star Generalized w-closed sets in Bitopological
spaces([4]). w-locally closed sets in bitopological spaces were first introduced by Benchalli, Patil, and
Rayanagoudar in 2010 ([3]). In 2010 ([12]), Sheik and Maragathavalli first discussed the idea of

strongly ag *— closed sets in bitopological spaces. The concepts of GRW-closed sets and GRW-
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continuity in bitopological spaces were presented by Nagaveni and Rajarubi in 2012 ([11]). Askandar
and Mohammed, A subset W of a topological space ( X ,7 )is referred to as an i-open set ([9]) if there
is an open set O#¢@, X st. W < CI(W NO). They could be combined with many other ideas of

generalized open sets. The i-closed set is the complement of an i-open set, also they introduced the i-
open sets in bi-topological spaces. Molodtsov established the idea of soft sets and their characteristics
in 1999([10]). Askandar Mohammed In 2020 defined a soft i-open set (in shortsz -openset)( [2]) in a

single soft topological space as follows: a soft set (W, E) is a soft i-open(SIOS) in(X,7,E), whether a
soft open set(O,E) # ¢, X is existent where (W,E)E CI(W,E)N(O,E)). In 1963([7]),Kelly, J.C.,
defined the concept of bi-topological Spaces. In 2014, Ittanagi, B. M., defined the concept of soft bi-
topological spaces([6]) (in short S.BI.T.S.)as follows: if (X,z,,E)and (X,z,, E) are two different soft
topologies on X, then (X,t,,7,,E)is called a soft bi-topological space(S.BI.T.S). In this study, the
idea of soft i-open sets in soft bi-topological spaces (X, z,,7,, E) is introduced. This set class might be
introduced together with other soft set classes, objects have been listed above for comparison in order

to identify common characteristics and qualities. st' is a family of all soft i-open sets of X. There are
two components to this work. In the first, soft i-open sets in soft bi-topological spaces are defined, and
numerous instances are provided. We create soft i-star generalized w-closed sets and soft i-star
generalized w-open sets in the second part and look at their fundamental features in soft bi-topological

spaces. (X,t,,7,,E) denotes a soft bi-topological space, where(X,t,,E)and(X,t,,E) are soft-
topological-spaces. For(W,E)E X, sz, -Int(M,E) and st, -CI(M,E) denote the soft interior, soft
closure of a soft set (M,E) with respect to the soft topology z,. A point X & X is called a
condensation point of (M,E) if for each (U,E)e t with x€ (U,E), the set (U,E)N\(M,E) is
uncountable. (M,E) is called soft w—closed if it contains all its condensation points. soft w—openset
is the complement of soft w—closed set. The soft w—closure and soft w—interior of (M,E)
designated by st,-Cl,(M,E) andst, -int,,(M,E) , respectively. (M,E)° Denote the soft

complement of (M,E) in X . S.BL.T.S denotes soft bi-topological space, sTs denotes soft topological

space.

1. Soft i-Open Sets in Soft Bi-Topological Spaces.

With using numerous related instances, we define soft i-open sets and many other concepts of soft
generalized open sets in soft bi-topological spaces in this part. We also examine the sets'
characteristics.
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Definition1.1. Let (X,7,,7,,E) be S.BIL.T.S, a subset (M,E) of X is called "(st,7,-i-open set)"
assuming there is st,-openset (U,E)#¢,X st (W,E)Sst,-CI((W,E)N\(UE)). The
complement of (st 7, -i-open set) is calledst,t, -i-closed set) .

Definition1.2. AS.BL.T.S (X,t,,7,,E) is called "soft Bi-Topologically Extended" for SIOS in short (
S.BIi.T.ES.L) if (X,st,T,-i-opensets)is sTs. On the other hand, if (X,st,t, -i-opensets) is not
sTs, then, (X,t,,7,,E) is called "not soft Bi-Topologically Extended" for SIOS (notS.Bi.T.E.S.I. ).
Where, (X,st,t, -i-opensets) denote the family of all SIOS in the S.BI.T.S (X,t,,7,,E).

Examplel.3.Let X ={r,z,w} , 7, ={¢p,(M,,E) X}, ©,={¢@,(M,,E),(M,,E) X} E={e,e}.
Where, (M, E) ={(e,{r}). (&, . {r})}. (M, E) ={(e,.{r.2}).(e,.{r.Z})}.

st, -open setsare: ¢,(M,,E ), X .st, - closed setsare:

¢, (M, E)° ={(e,.{z,W}), (e, {z.WH}.(M,, E)* ={(e;,{w}).(e,,{w}H}, X .

(My,E) = (sz, -CI((M,,E) N (M, E)) = X),
(M,,E) = (s7, —CI((M5, E)N(M,, E)) = X)
{(e,.{r.w}), (e, {r. wh} = (s7, - CI({(e,.{r, w}), (e, {r, W} }N (M, E)) = X).

Then, (M,,E),(M,,E) {(e,.{a.c}), (e,.{a,c})}, are sz;z, — i —opensets..But,
{(e.{z}). (e, {zH)} {01, {}), (&, {}) }{(e,,{z, W}), (e, . {z, W}) }are  notst,T, - i—opensets, because
there is no exist st, - openset Us.t. {(e,,{z}),(e,{z})} = (s7, —CI({(e,.{2}), (e, . {z}) }U)).

{(e.{z,W}). (e, {z. wh} = (s7, —CI({(e, {z, W}). (e, {z, W})}V)).

{(e.{w}). (e, {nH)} = (s7, - Cl({(e,.{W}), (e, {W})} V).

Therefore, sz,7, -i-opensets={¢,(M,, E),(M,, E) {(e,,{r,w}). (e,.{r,w})}, X}.
s7,7, -i-closed sets=g, (M,, E)°, (M, E)* ,{(&,{z}).(e, {Z})},

Where, (X,st,T, -i-opensets) is sTs. Then, (X,7,,7,,E) isa S.BiT.ES.I.
Examplel.4. Let X ={r,u,z,w} ,z, ={$,(M,,E),(M,,E), X},

7, ={4,(My, E),(M;, E),(M,, E), X}, E ={e,, &,} Where, (M, E) ={(e,,{r}), (&,,{r})} ,
(My, E) ={(&,{u,z,W}), (&,,{u,z,wh}. (M3, E) ={(e,{z}). (e, {zD)}, (M, E) ={(e,.{r. 2}). (e, {1, Z})}

st, -open setsare: ¢,(M,E),(M,, E), X .st, -closed setsare:
¢.(My, E)° ={(e,.{u,z,w}), (&,.{u, z,wh},(My, E)° ={(e{r.u.wh), (& {r.uwh},
(M4, E)E ={(er.{u,n}), (e, {u,wh)}X
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By the same way, in Example 1.3, we have: ,sz,z, — i—opensetsareg, (M,, E), {(e,,{u}),(e,.{u})},

{(&.{z}). (&, {zh} {(&,,{w}), (&, {wh)}, {(&,,{u,z}). (&, {u,ZH} . {(&,{u,}), (&, {u, wWh},
1(&.{z,wW}), (&, {z.Wh}, (My, E), {(&, AT, u}). (&, {r,up }. {(&, AT, W}), (&, {r,w}H)},
(e, {r,u,w}),(&,,{r,u,wh} X .

st,7, -1-closed sets=¢, {(e, ,{u,z,w}), (e, {u,z,wh}, {(e, .{r,z,w}), (e, {r, z,w})},
{(e.{r.u,w}). (e, {r,u,wh} {(e,{r,u, z}).(e, {r.u,zH}, {(e,.{r,w}).(e,.{r,w})},

{(e,, {r.z}). (e, .{r. ZH}. {(e,.{r.u}). (e, {r. up }.{(e. {r}). (e, {r1)} . {(e,.{z. W}). (e, {z, W})}.
{(e,.{u,z}). (e, {u, 21}, {(e,.{z}). (e, {zZH}. X .

Where, (X,st,t,-i-opensets) isnotsTs, Then, (X,t,,7,,E) isnota S.Bi.T.ES.I.

Definition1.5. Let (X, 7,E) be sTs and let (W,E) be a soft subset of X . Recall that the term "soft i-

closure of(W,E)" is the intersection of all soft i-closed sets(SICS) that contain (W,E), designated by

sCli(W,E): sCli(W,E)=N(F,,E).W,E)c (F, ,E) Vi where, (F,E) is SICS Vi in (X, 7,E).
i€ A

SCIli(W,E) is the smallest SICS containing (W,E).

Definition1.6. Let (X, 7' ,E)be sTs and let (W,E) be a soft subset of X. Recall that the union of all SIOS
contained in (W,E) is named soft i-interior of (W,E), denoted by sInti(W,E). sInt(W,E)=yy;; k)

(i, B)(W,E) vi . Where, (I;E) is SIOS V| in (X 7 E). sInt{(W,E) is the largest SIOS contained in
(W,E).

Theoreml.7. Each st, -open set is si -opensetin (X,t,,T,,E) or (st, C (sT,T, - | —o0pen sets)).
Proof: Assume that X is a finite nonempty set.

Letr, ={¢,W,,E),(W,,E)......(W,,E), X}, 7, ={¢,(Z,,E),(Z,,E),......, (Z,,E), X} .

Where, W,,E)c X ,(Z;,E)c X Vi.st, -open setsare: $,\W,,E),(\W,,E),..... (W ,E), X .

sT, - closed setsare: ¢,(Z,,E)°,(Z,,E)°,......, (Z,,E)*, X .

st, -CI((W.,E)N (W, ,E))= N(F ,E),where (F,E)is st, -closedset .
(W, E)N(W, ) (F.E )
At least, X is a st, -closed set contains(\W,,E)N(W,,E) Vi. Hence, st, -CI((W,,E)N\(W,,E))=
N(F ,E) = X . Therefore, W.,,E)c(sz, -CI(W,,E)N(W,,E)) = N(F ,E)=X,Vi

(W, ,E)N(W; ,E)c(F,E) (W;, E)N(W; ,E)c(F,E)

.Then, (st, C (st,T, - i —0pen sets)).

Theorem 1.7's converse is untrue. In fact, Example 1.4, {(e.,{u,z}),(e,,{u,z})} is

ST,T, -1-openset, but itis not st, -open set.gg

Definition1.8. Recall that extension st' is the family of all SIOS subsets of space X.
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Remark 1.9. (X, 7',E) need not to be sTs.

Definition1.10. A sTs (X, t,E) is called soft topologically extended for SIOS (shortly S.T.E.S.L.) if
and only if (X, 7',E) is sTs. If not, it's referred to as not S.T.E.S.1.

Theorem1.11. Let X # ¢ be a finite set, with t={¢,(W,E ), X} where, (W,E) is a soft single subset
of X (containing only one element). Then, (X, ¢,E) is S.T.E.S.I. (i.e. (X, 7',E) is sTs).

Corollary1.12. Let (X,t,,7,,E) be a S.BLT.S and let (X,7,,E) be a (ST.E.S.I.). Similar to
Theorem 1.11, let st, =st; where, st; the largest family of all SIOS in (X,t,,E), then, st,T, -
i —opensets =st, .

Proof: Assume that X={j1,j2, ... ......,jn} and 7, ={a,{(e,.{i.}). (&, .{i.D} X}.

st, -open setsare: ¢ {(e,{i.}).(e,.{i,.})} . X. By definition of soft i-open sets, we have:

U CR TR RN R (CR T N CR T ) R CR SRR RCR SN ) S

ORI NCR TN ) R (CR O AN NCR N AN ) X (CR N8 S ) N O S MU A 13 )}
{CRENNPAS N O § 70 P ) 200 (R 70 B9 PR S R R S PP PP 1)) 3

{(e, {0y §p» J3rer 3o D) €0 {bs» Jos v 3, DF=X}.  Since, sz, =sz;, Then, sr,—closed setsare:
CRUTNEN AN N N P PR 03 S (T S PR [N R PR PRy 1y )

{Ce iz s I 9N CC 1 PR PRRSOOONN 1 ) USROS { (9% f PRS [ Y § POV My ))

{(en{isrs TSN § PR 14 ) 35 {95 § P P 1SN (R U S EI 1 ) I

HCTR YR R N CR § Sy A )} S {CR §PHACR §7)) X7

Since, {(e,,{j.}).(e,.{j,})} is the alone ssz,—openset=g¢, X and the intersection between
{E&{i}.E {1} and the soft sets  {(e,{j,}). (e, {P. D} {(e.{is}).(e..{i:D}. ...
{CBIFHECR I SR {CR I ACR SP AL R (CR P RN CR PN ) ¢

CR PR AR CR P S 1)) SRR (T § PPN S IS Y R R S PRI FS 18 ) oo

{(e{ls: Jar 31 (€2 {Uss o 3D} A0 Uss Ja 3o 1) (€20 dn20 Joas Ju 1)} which  does  not  contain

{(e,,{J.}).(e,,{J,}H)}, equal to ¢, similarly, in Theorem 1.11, we have:
st,z, — i—opensets = sz, where, sz, =s7, .
Examplel.13. Let X ={r,z,w} ,E ={e,,e,} sz, ={g.{(e. {r}).(e,.{rP} X},

s, = sz, ={¢{(e. {r}). (&, I} (e, {r. ). (e, {r. 21 1A (e, {r, W), (e, {r. WhH }, X3
sz, —closed setsare ¢,{(e,{z,W}),(&,,{z,Wh },{(e..{w}), (€, {wWH }.{(e,.{z}).(e,,{z}) }. X

S7,7, — | —0pensets = sz,.

Definition 1.14. A subset (M,E) of S.BI.T.S (X, 7,,7,, E) is called:
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1.sz,z, —generalizel closed set (sz,z, — g —closedset) ifsz, —CI(M,E) < (U, E) where
(M,E)c(U,E) and (U,E) < X is sz, —openset.

2. st,r,— g —opensetif (M,E)¢ is sz,r, —g—closed.
3. st,r, —gi—openset if (F,E)c sz, —Int;(M,E) where (F,E) <= (M,E) < X is sz, —closed set.
4. st,r,—gi—closedset if (M,E)° is sz,z, —gi—open.

5. sz, —i—stargenralzedclosedset (sz,z, —i*g—closedset) if sz, —CI(M,E) < (U,E) where,
(M,E)c (U,E) and (U,E) c X is sz, — i—openset.

6. st,r, —i —stargenralzedopenset (sz,z, —i* g —openset) if (M,E) issz,z, —i*g —closed.

7.s7,7, —genralzedw—closedset (sz,z, —gw—closedset)ifsz, — Cl ,(A) < (U, E) where
(M,E)c(U,E)and (U,E)c X is sz, —openset.

8. st,7, —genralzedw—openset(sz,z, — gw—openset) if (M, E)° is sz,7, — gw—closed.

Example 1.15. Let X ={q,r,z} (Finite), 7, ={¢,{(e,.{a}).(e,.{aH)}. X} 7, ={d.{(e,.{a}).(e,.{a})}. X}
E :{el’ez}

sz, —opensets={¢,{(e,{q}).(e,{qh}, X} s, —closedsets={¢,{(e,{r.z}).(e, {r.z})}, X}

sz, -w-closed sets={¢, {(&,,{q}), (€, {qH)}, {(e,.{r}), (&, {rH}, {(e,.{z}). (e, {zD},
{(e.{a.m}). (e, {a. P} {(&.{a.2}).(e,{a. 2H)} {(e,.{r. 2}).(e,.{r, 2}, X} = s7, - W- Opensets

sz, -1-opensets={¢, {(e,,{a}), (&,,{a}, {(&. a0, r}). (&, {a, T}, {(&,{9,2}).(&,,{a, Z1)} X}
S, -1-closedsets={¢, {(&,1r,2}),(&,.{r,. 2D}, {(&.A2}). (&, {zh}, {(e.Ar}). (&, {rD} X}
sz, —opensets ={¢,{(e,{a}).(&,,{a}}, X , sz, —closedsets: 4,{(e,,{r,z}),(e,{r, ZH}, X

sz, -w-closed sets= ¢, {(e,,{a}).(&,,{a)}, {(&.{r}). (e, {rH}. {(&.{z}).(e,,{zH},
1(&.{a.1}).(&,.{a,rH}, {(&.19.2}).(&,:{a, ZH} {8, AT, 23). (6, A, ZH} X}

=S7, - W-0pensets
sz, -1-opensets={¢, {(e,,{a}). (&, {aH}, {(&.{a.1}).(&,,{a, YD} {(&{9,2}).(e,{q, ZH}. X}
Sz, -1-closedsets={, {(&,,{r, z}), (&, Ar, ZH}, {(&,,{z}).(&, {zH}, {(&,ArD). (&, D)}, X}

s7y7, - g -closedsets ={¢, {(&,{r}). (&, {rH},, {(&.{z}). (e, {zH }, {(e.{a. }). (&, {a, TH },
{(e.{0,7}). (e, {0, ZH (e {r. 2}). (6,.{r. 2D}, X},
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{(e;.{a}),(e,,{a})}, is not sz,z, — g —closed set because

sz, —Cl({(&,{q}).(&,,{gH}) = X = X
but sz, —CI({(e,{a}). (&,,{a}}) = X «{(e,,{a}). (e, {a}) }(definitior(1.14)(1)) .

S7,7, - g -opensets={¢, {(¢,,{0,2}).(&,.{0, ZH} {(e,.{a.1}).(&,.{a. 7P}, {(&,{z}).(e,.{zh)},
e Ard). (A (e, {ah).(e,.{ah}, X} But, {(e,Ar.z}),(€,.{r,zh)}.is notszz, — g —openset

because, {(e,.{a}). (e, {ah)}" ={(e..{r, z}).(e,.{r, z1)} and{(e,. {a}). (e, {aD)},
Is not sz,z, — g —closed set(difinitionl.14(2))

st,7, —gi—opensets ={¢, X}, sz,z, — gi —closedsets={¢, X}
st,7, -1* g -closedsets={¢, {(e,,{r, z}),(e, {r,z}H)}, X}
s7,7, -1* g -opensets={¢, {(e,.{a}).(e,.{aH)}. X}

s7,7, -gw- closed sets={¢, {(e,.{a}). (&,,{a1)}, {(e.{r}). (e, {rH}, {(&.{z}).(e,.{zHh}.
{(e.{a.1}).(e,.{a.rH}, {(&.{a.2}).(&,{a. 2D} {(&, AT 2}). (e, {1, Z})}, X} = 5737, - gw - Open sets

Example 1.16. Let X = R(" infinite"), sz, ={#,R—Q,R} sz, ={#,Q,R}. Where, R is the set of real
numbers, Q is the set of rational numbers and R —Q is the set of irrational numbers.

From definitions mentioned above, we have:

st, —opensets: ¢, R—-Q,R .sz, —w—closedsets={¢, R—Q,Q, R} = sz, —w—opensets,
sz, —i—opensets: 9, R—Q,R, sz, —opensets: 4,Q,R, sz, —w—closedsets{g, R —Q,Q, R}

sz, —i —opensets: ¢,Q,R, sz,7, — g —closedsets={¢,R—Q,Q,R} sz,z, —gi—opensets: 4,Q,R,
st,7, —1* g —closedsets={¢,R—Q,Q,R}, s7r,;z, —gw—closedsets={¢,R—Q,Q,R}

2. Soft i-Star Generalized w-Closed and Soft i-Star Generalized w-Open Sets in Soft Bi-
Topological Spaces.

Definition 2.1. A set (M, E) of S.BI.T.S (X,7,,7,,E) is said to be
softz,z, —i —stargenralizedw—closedset (sz,7, — 1* g W — closed set ) if
sz,-Cl,(M,E)c U,E), (M,E)c (U,E)and (U,E)c X isa sz, — i—openset.

Example 115 shows us: sz;7,-i*gw-closed sets=¢, {(e,,{a}),(e,.{a}P)} {(e,.{r}).(e,.{rP},
{(e.{z}).(e;{zh)}. {(e.{a. 1}). (e, {a. D)} {(e.{a. 2}). (e, {a. )} {(e.{r. 2}). (e, {r. ZH) ]} X.

Example 1.16, shows us: sz;z, —i * gw—closedsets: ¢,R—Q,Q,R,

Remark 2.2. [2] Each soft open setin (X,7,E) is SIOS .

Theorem 2.3. Let (X,7,,7,,E) be S.BL.T.Sand (M,E) c X . The following statements are correct:
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1. 1f (M,E);q sz, —w—closed then, (M,E) g szy7, —i*gw—closed

2. If (M,E) is sr,—i—open and sz,z, —i*gw—closedthen, (M,E)is sz, —w-—closed.

3. If (M,E)is sz,z, —i*gw—closedthen, (M,E)is sz,z, —gw—closed.
Proof:
1. Let(M,E)be sz, —-w-closed, (M,E)c (U,E)and (U,E)c X are sz,—i—-open then
sz, —Cl,(M,E)=(M,E) c (U,E).Therefore, (M,E)issz,z, —i*gw—closed .

2. Assume that (M,E) is sz, —i—open and sz,z, —i*gw—closed. Let (M,E)c(M,E) and
(M,E) is sz, —i—open. Then, sz, —-Cl,(M,E)c (M,E). Therefore, sz, -CI,(M,E)=(M,E).
Then, (M,E) is sz, —w—closed.

3. Suppose that (M, E) is sz,z, —i*gw—closed. Let(M,E) < (U,E)and (U,E) < X is sz, —open.
Since, (U,E)issz, —i—open in X "Remark 2.2", we get, sz, —Cl,(M,E) < (U,E). Then, (M,E)
is s7,7, —gw—closed . g

Theorem 2.4. Let (X,z,7,,E) be S.BLT.S, then every sz,z,—i*g—closedset inX is
st,7, —1*gw—closed.

Proof: Let(M,E) be sr,z,—-i*g-closedset, we have, "sz,—CI(M,E)c(U,E)", where "
(M,E)c (U,E)"and (U,E)c X are sz, —i—openset.

Since, sz, -Cl,(M,E)csz,-CI(M,E), we get sz,-Cl,(M,E)csz,-CI(M,E)c (U,E).
Therefore, (M,E) is sz;7, —i*gw—closed .pg

Remark 25. The inverse of Theorem 2.4 is untrue. In fact, "Example 1.15", (M,E)=
{(er{a,r}).(e2,{a,r})} is sz,z, —i* gw—closed set, but is not sz,z, —i*g—closed.

stT,T, —i* g —closed set II sT,T, —i* gw—closed

Theorem 2.6. If (M,E) is sz,z, —i*gw—closedset in X and (M,E) < (B,E) cs7, —-Cl,(M,E),
then (B,E) is s7,z, —i*gw—closedset.

Proof:  Suppose that (M,E) is st,7, —1* gw—closed set in X and
(M,E)c(B,E)cs7,-Cl,(M,E). Let (B,E)c (U,E)and (U,E) is sz, —i—openset. Then,
(M,E) < (U,E) Since, (M,E) is sr,z, —i*gw—closedset,we have sz,-Cl, (M,E)c (U,E).
Since, (B,E)c<srz,-ClI,(M,E),sz,-Cl, (B,E)csr,-Cl,(M,E)c (U,E). Hence, (B,E) s
st,7, —i*gw—closed .gg
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Theorem 2.7. If (M,E) and (B,E)are sz,z, —i*gw—closedsetsthen, so is(M,E)U (B, E).

Proof: Suppose that(M,E) and (B,E)are sr;z, —i*gw—closedsets. Let (U,E)c X be
sz, —i—opensetand (M,E)c (U,E). Then, (M,E)U(B,E)c (U,E)and (B,E)< (U,E). Since,
(M,E)and (B,E) are sz;z, —i*gw—closedsets, we have, sz, —Cl,(M,E) < (U,E)and
sz, —Cl,(B,E) c (U,E). Then, sz, -Cl ((M,E)U(B,E)) < (U,E). Therefore, (M,E)U(B,E) is
st,7, —1*gw—closedset. g

Theorem 2.8. Let(M,E) < X, then:

1. If (M,E) is sz, —closed then, (M,E) is sz, —w—closed.

2. If (M,E)is" sr,z, —i*g—closed" then, (M,E) is sz,z, —g—closed.

3. If (M,E) is"sr;z, —g—closed"then, (M,E) is sz,z, —gw—closed .
Proof:

1.Let(M,E)besz, —closed.Thensz, —Cl (M,E)=(M,E).

Since, sz, -Cl (M,E)c sz, -Cl (M,E)=(M,E), we havesz, —Cl,(M,E) =(M,E). Therefore,
(M,E) issz, —w—closed.

2. Let (M,E)be srz;z,—i*g—closed. Let "(M,E)c(U,E)" and (U,E)c X is sz, —open.
Therefore, sz, —Cl (M,E) < (U,E). Then, (M,E) is sz,7, —g—closed.

3. Let (M,E) be srz;z,—-g—closed. Let "(M,E)c (U,E)" and (U,E)c X are sz, —open.
Therefore, sz, —Cl (M,E) < (U,E).

Since sz, -Cl,(M,E)csz,—Cl (M,E)c (U,E), we have, sz,-CI,(M,E)c(U,E). Then,
(M,E) is sz;7, —gw—closed. g

Remark 2.9. Theorem 2.8's converse is untrue. In fact, Example 1.15, (M,E) = {(e1{q, z}), (e2,{q,z})}
is sz, —w—closedset, but it is not sz, —closed, (M,E) is sz,z, —g—closedset, but it is not

st,7, —i*g—closedset. Also (Mz,E) = {(er{a}), (e2{a})} is sz,z, —gw—closed set but, it is not
st,7, —g—closed.

sTy —closed set sTy —w—closed

sTy7, —i* g—closed set sT,T, — g —closed

sT,T, — g — closed set

HH H

§T,T, — gw—closed
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Definition 2.10. A soft set (M, E) of S.BL.T.S (X,7,7,, E) is said to be
st,r, —i —stargenralzed w—openset (shortly(sz,z, —i * gw—openset)), if (M,E) is
st,7, —1* gw—closedset.

Example 1.15, shows us:szz,-i*gw-opensets=g,{(e ,{a}).(e,.{aP}, {(e.{r}).(e, {rP},
{2}, (e, {zh}. {(e.{a,r}).(e,.{a,rH}, {(e.{a.2}).(e,.{a,2H} . {(e, {r, 2}). (e, {r, 2D}, X.

Example 1.16, shows us: sz,z, —i* gw—opensets: ¢,R —Q,Q, R,

Theorem 2.11. (M,E) is sz, —i*gw—opensetif and only if (F,E)csz,—Int,(A), where
(F,E)c(M,E) and (F,E) c X is sz, — i—closedset.

Proof: Assume that (M,E) is szz,—i*gw—openset, (F,E)c X is sz, —i—closedsetand
(F,E)c(M,E). Then (F,E)“is sz,—i-open and (M,E)° c(F,E)°. Since, (M,E)“is
st,7, —i *gw—closedset, we have sz, —Cl,,((M,E)*) = (M, F)°. Since,

sz, —Cl,((M,E)®) =[sz, — Int,(M,E)]|°, we have, (F,E) c sz, — Int, (M, E).

Conversely, suppose that (F,E) < sz, — Int,(M,E) where (F,E)c(M,E) and (F,E)c X is sz, —
i—closedset. Then, (M,E)°c(F,E)° and (F,E)Cis st,—i—open. Since,
(F,E)c sz, — Int (M,E) andsz, —Cl,((M,E)¢) =[sz, — Int,(M,E)[, we have,
sz, —Cl,((M,E)®) = (F,E)°. Then, (M,E)“issz,z, —i*gw—closedset. Therefore, (M,E) is
S7,7, — I *gw—openset g

Theorem 2.12. If (S,,E) and (S,,E) are separated sz,7, —i*gw—opensets, then so is

(S..E)U(S, E).

Proof: Suppose that (S,,E) and (S,,E) are srz;z,—i*gw—opensets. Let (F,E)c X be
st, —i—closedsetand (F,E)<(S,,E)U(S,,E). Since(S,,E) and (S,,E) are separated soft sets,
we have, sz, —CI(S,,E)N(S,,E)=(S,;,E)Nsz, —CI(S,,E)=¢.

Also, sz, —CI(S;,E)N(S,,E)=(S;,E)Nsz, —CI(S,,E)=¢.

Then,(F,E)Nsz, —CI(S,;,E)<((S,,E)U(S,,E))Nsz, —CI(S,,E)=(S,,E). By the same way,
we have, (F,E)Nsz,-CI(S,,E)<(S,,E). Since, (F,E)c X is sz, —i—closedset, we have,
(F,E)Nsz, —CI(S,,E) and(F,E)N sz, —CI(S, ,E) are sz, —i—closedsets. Since, (S,,E) and
(S,,E) are sz;z, —i*gw—opensets, we have, (F,E)Nsz,-CI(S,,E)c sz, —Int,(S,,E)and
(F,E)Nsz, -CI(S,,E)csr, —Int,(S,,E).

Now(F,E)=(F,E)N((S,,E)U(S,,E)) = ((F,E)Nsz,—CI(S,,E)) U ((F,E)Nsz, —-CI(S,,E))
c sz, —Int,((S;,E)U(S,,E)). Therefore, (S,,E)U(S,,E) is sz,z, —i* gw—openset. g
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Theorem 2.13. If (S,,E) and (S, ,E) are sz;z, —i * gw—opensetsthen so is(S,,E)N(S,,E)

Proof: Suppose that(S,,E) and (S,,E) are szz,—i*gw—opensets. Let (F,E)c X be
st, —i—closedsetand (F,E)<(S,,E)N(S,,E), we have(F,E)c(S,,E) and (F,E)<(S,,E).
Since, (S,,E) and (S,,E) are sz;z, —i*gw—opensets, we have(F,E)c sz, —Int,(S,,E) and
(F,E)c sz, —Int,(S,,E).Then(F,E)c sz, —Int,((S;,E)N(S,,E)). Therefore, (S,,E)N(S,.E)
Is s7,7, —i* gw—openset. g

Theorem 2.14. If (M,E) is st,7, —i * gw—openset in X and
sz, —Int,(M,,E) c (M,,E)c (M_,E), then (M,,E) is sz,z, —i*gw—openset .

Proof: Suppose that (M, E) is st,z, —1* gw—openset in X and
st,—Int,(M,,E)c (M,,E)c (M,E). Let (F,E)c X be sz, —i—closedsetand(F,E) = (M,,E).
Since, (F,E)c(M,,E) and (M,,E)c(M,,E), we have (F,E)c(M,E). Since, (M,E) is
st,7, —i* gw—openset, we have, (F,E)c sz, —Int,(M,,E) and Since,
sz, —Int,(M;,E)c(M,,E), we have, sz, —Int,(M,,E) c sz, —Int,(M,,E). Then,
(F,E)c s, —Int,(M,,E). Therefore, (M,,E) is sz;z, —i* gw—openset .gg

Theorem 2.15. Let (X,7,7,,E) be S.BL.T.Sand (M ,E) c X then the followings are true:

If (M ,E)is sz, —w—open, thenitis sz,z, —i*gw—open

If (M ,E) is sz, —i—closed and sz,z, —i*gw—open, then itis sz, —w—open.
If (M ,E) is sz;z, —i*gw—open, thenitis Sz,z, —gw—open .

If (M ,E) is sz;z, —i*g—openthenitis sz;z, —i*gw—open.

o M DNk

If (M ,E)is sz;z, —i*g—open thenitis sz,z, —g—open.
6. If (M ,E) is sz;z, —g—open thenitis sz,z, —gw—open .
Proof:

1. Suppose that (M ,E) issz, —w—open. We have(M ,E)“issz, —w—closed. Then, (M ,E)“is

st,r, —i*gw—closed (Theorem2.3(1)) .Therefore, (M ,E) issz,z, —i*gw—open.

2. Suppose that (M ,E) is sz, —i—closed and sz,z, —i*gw—open. Then, (M ,E)“is sz, — i—open
and sz,z, —i*gw—closed.

Then, (M ,E)%is sz, —w closed (Theorem2.3(2)). Therefore , (M ,E) is sz, —w—open.

3. Suppose that (M ,E) is sz,z, —i*gw—open. Then, (M ,E)®is sz, —i*gw—closed, hence
(M ,E)® isszz, — gw—closed (Theorem2.3(3)). Therefore, (M ,E) is sz,z, — gw—open .



135 Sabih W. Askandar, Beyda S. Abdullah and Luma Ahmed Khaleel, , Al-Qadisiyah Journal of Pure Science 27, 1(2022) PP. 124-136

4. Suppose that (M ,E) isszz,—i*g—open. Then, (M ,E)®is sz, —i*g—closed, hence
(M ,E)%is sz;z, —i*gw-closed (Theorem 2.4). Therefore, (M ,E) issz,z, —i*gw—open.

5. Suppose that (M ,E) is srz,z,—i*g—open. Then, (M ,E)“is sz, —i*g—closed, hence
(M ,E)®is st,z, —g—closed (Theorem 2.8(2))Therefore, (M ,E) is sz,z, —g—open.

6. Suppose that (M ,E) issz,z, —g—open. Then, (M ,E)¢ is sz,z, —g—closed, hence (M ,E)“is
st,7, —gw—closed (Theorem 2.8(3)). Therefore, (M ,E) is sz,7, —gw—o0pen. gy

Remark 2.16. The converses of Theorem 2.15(4)(5)(6) are not true. Indeed, In Example 1.15 ,
(M ,E)={(e,,{b}),(e,,{b})}is sz;z,—i*gw—open, but it is not szz,—i*g—open and
(M ,E)={(e,,{b}),(e,,{b})}is sz,—w—openset, but it is not sz,—open. Also,
(M E) ={(e,,{b}), (e,,{b})} is sz,z, —g—openset, but it is not sz,z, —i* g —openset.

(M ,E)={(e,,{b,c}),(e,,{b,c})}is sz,z, — gw—open set but it is not sz,z, —g—open.

ST, T, —i* g —open set ST T, —i¥ gw —open
5T, —openser ST, —W—open
ST, T, —i* g —openset

ST T, — g —open

ST, T, — g —openset ST T, — 2W— open

HHHH

Conclusions: From above we concluded that(X, 7 E) is not necessary to be sTs and (X, 7,E) is
ST.ES. (i.e. (X, 7\E) is sTs if t={¢,(W,E), X} where, (W,E) is a soft single subset of X
(containing only one element). Eachsrz,—i*g—openset issz,z, —i*gw—open, each
sz, —openset is  sz,—w-open, each sz,7,—i*g—openset issz,z,—g—open and each
st,7, —g—openset issz,z, — gw—open set, but the converses are not true.
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