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Abstract : -

In this paper , we study and introduce generalization of two classes of analytic
functions of complex order defined by using the Ruscheweyh derivatives in [8] . We
obtain basic properties like , coefficient inequalities and radii of close — to —
convexity , starlikeness and convexity .
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1. Introduction :
Let W denote the class of functions of the form :

f(z):z+ianz", @

which are analytic in the unit disc U ={ z: |z | <1}, let G denote the
subclass of W consisting of analytic and univalent functions f (z) in the unit disc U .
About f(z) belong to W, Salagean [10] has introduced the following operator
called the Salagean operator :
D f(z) = f(2), D' (z) = Df (2) = zf '(2),

D*f(z)=D(D**f(2))(k e IN={1,2,3,......}).

Notethat D*f(z)=z+ > n“az" ke IN, ={0}U IN.

n=2

Now , let A denote subclass of W consisting of functions f(z) of the form:
f(z)=2->a,z",a,>0. (2)
n=2

Let f(z) eW. Then the Ruscheweyh derivative of f(z) , denoted by D*f , is defined
by :
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Z o0
D f=f*—"_—=7+) B (1)a,"
1-2)* =2 (A2,

and B, (1) = (A+1), 4 _ A+D(A+2)...(A+n-1) (A>-1),
(n=1)! (n=1)!
where
f *ﬁisthe Hadamard productof f(z)and
-z
z
—([9D).
)
Let WA (A, 7,m,b) be the class of functions of the form (2 ) , which are analytic in U
and satisfy :
A ' A+l [ A+2 '
Re(t+ L (=MD" @))+mA=)2(D @) +ma(D* 2 E @) vy - o

b (1-m)D*f (z) + m(L— ) D** f (z) + myD***f (2)

for some m(0<m<1), >0 , b complex (Re (b) >0 ) and forall zeU.
Also , let WAL( A,y,m,b ) denote the family of functions of the form (2) , which are
analytic in U and satisfy :

Re{1+%((l— m)(D* f (2))+m(L—»)(D**f (2))+my(D*?f (2))-1)}>0, (4)

for some m(0<m<1), >0,b complex (Re(b) >0)and forall zeU.

WA(0,0,0,b) and WA(0,0,1,b) are the classes of starlike and convex functions of
complex order b. WA1(0,0,0,b) is the class of close — to — convex functions of
complex order b.

When =0 , we get the classes WA(A,0,mb)=P(A,mb) and
WA1 (A4,0,m,b) = R(A, m,b) were studied by [8] .

Aouf and Srivastava investigated the similar class of the class in [8] for some
families of starlike functions with negative coefficients by using Salagean derivatives
instead of Ruscheweyh derivatives in [5] and also , Kamali and Orhan studied the
similar class of the class in [8] for multivalent functions with negative coefficient by
using Salagean derivatives instead of Ruscheweyh derivatives in [ 6 ]. Many
important properties of certain subclasses of analytic functions of complex order were
studied by Atintasetal. [ 2, 3, 4 ] and Murugusundaramoorthy et al. [7 ] .

2. The Coefficient Relations for Classes WA(A,7,m,b) and WAL( A, y,m,b)

In the following theorem , we obtain the coefficient inequality of the class
WA( 4,7,m,b) .

Theorem 1 : Let f(z) € WA( A,7,m,b) . Then we have

c oy MI=)(0-1)  my(n-2)(n-1) _ b’
nZzzl[(l m) + Tl + (112D 1(n+]b| 1)Bn(/1)an£Re(b). (5)

Proof : From ( 3 ), we have

116



AL-Qadisiya Journal for science Vol. 15 No. 2 year 2010

Zw:[(l—m)-i— m(l—}/)(n—l) + my(n_2)(n_1)](n—1)Bn(l)anZ”

145 A+1 (A+2)(1+1)
Re{=( )}>-1
b N ml-y)(n-1) my(n-2)(n-1) "
Z_é[(l_m” A+l (A+2(+D) I8, (1)a2
If we choose z on the real axis and let Z —1 ", we get
o1y . M=) =1  my(n-2)(n-1)
2 ey Y
NI m@l-y)(n-1)  my(n—-2)(n-1) b
L m) ey PR
Whence
N m@-y)(n-1) my(n-2)(n-1)
2 (== m)+ e e 1D Re(b) _,
R ml-»)(n-1) my(n-2)(n-1) b T
L= l-m e T ey PR
and so
(1Y m@A-y)(n-1) my(n-2)(n-1)
nZ:;(n DIA-m)+ P 1120i+]) 1B, (4)a,
b |bP & ml-y)(n-1) my(n—2)(n-1)
“re® R 2™ 1 T epgen B

2 0 _ _ _ _
< |b| —|b|Z[(1—m)+m(1 7)(n 1)+m7(n 2)(n 1)]Bn(ﬂ)an'
Re(b) =~ A+1 (A+2)(1+))
which is equivalentto (5) .
Theorem 2 : If f(z) eWAL(A,y,m,b),then we have

o0

mld-y)(n-1) my(h-2)(n-1) LJ
;n((l_mH 241 (A+D)(A+2) B (A)a, < Re(b)’ ©)

Proof : If f(z) eWAL(A4,y,m,b),then we have from (4)

1 5 mA-y)(n-1) my(n-2)(n-1) n-1
Re{B(—nZ:;n((l—m)+ P 120D )B,(A)a,z""}>-1.

If we choose z on the real axis and let z —1", we get

in((l_m)‘f‘ m(l_j/)(n_l) + my(n_z)(n_l))Bn (ﬂ,)an Re(?) <1.

r A+1 (A+2)(1+) |b|

Which is equivalent to (6 ).

Remark 1 : By taking y =4 =0 and letting m=A4 in Theoreml and Theorem 2 ,

these cases lead to results obtained by Altintas and Ozkan[1] .

3. Close — to — Convexity , Starlikeness and Convexity for the classes
WA (4,7,m,b) and WAL( A, »,m,b)

The classes WA( 4,7, m,b) and WAL(A,y,m,b) are of special interest for it contains

well — known as well as new classes of analytic univalent functions . In particular ,
for y=0,4=0 and 0<m<1 it provides a transition from starlike functions to
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convex functions . More specifically , WA(0,0,0,b) , WA(0,0,1,b) and WA1(0,0,0,b)
are the families of functions starlike , convex and close — to — convex of complex
order b, respectively , we obtain the following results :

Theorem 3 : If f(z) eWA(A,y,m,b), then f(z) is close — to — convex of complex order

bin|z| < ri(4,y,m,b), where

1
n-1

e MA=A0-D m-2)0-Dy
(@=my s e Y 1D1-DB, (2)Re(o)

r,(4,7,m,b) =inf

nlb|
(n=23..).

Proof : It is sufficient to show that |f(z)' — 1| < |b|. we have
| @) -1 3 na, [2[7<b] ™

n=2

(1 ml-y)(n-1) my(n-2)(n-1) N |bJ®

and nZ:zl((l m) + Foe] + (14D +2) J(n+|b|-1)B,(1)a, < Re(b) (8)
Hence , (7) is true if

N m@A-y)(n-1) my(n-2)(n-1) _
a2 (@—m)+ Tl + (A+2)(1+1) )Y(n+|b|-1DB,(1)Re(b)

| Ibf ©)

Solving (9) for |z| , we obtain

ml-y)(n-1) my(n-2)(n-1) n-1
(@—m)+ Tl + (1422 +1) )(n+|b[-1)B, (1) Re(b)

nib|

|z|=

Theorem 4 : If f(z) eWAL(A,y,m,b),then f(z) is close — to — convex of complex order
bin|z|<rz2 (1,y,m,b), where

m@d-y)(n-1) my(n-2)(n-1) n1
(@=m)+ =" GiDGs2) )B, (1) Re(b)
bl

r,(4,7,m,b) =inf

(n=23,..)
Proof : We must show that |f '(z) — 1|< |b|.Because of (7 )and (6), If
. n((l— m) + m(l_ 7)(n _1) + m}/(n B 2)(n _1))Bn (ﬂ,) Re(b)

nlz|" < A+1 (A+D(1+2)

lb] |b|* ’
then f(z) eWA1(0,0,0,b).
Theorem 5 : If f(z2) eWA(A,y,m,b), then f(z) is starlike of complex order b in |z| <r3
(4,7,m,b), where
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_ m@-y)(n-1)  my(n-2)(n-1) =
(L-m)+ 41 + (1+2)(A+1) )B, (1) Re(b)
bl

r,(4,y,m,b) =inf

(n=23,...).

Proof : We must show that

2f'(z) <|b|
f(2) '

| > (n-)a, | 2"
@ snzzl <b, (10)
| f(2)

1->a, ]z
n=2

then using (5) , we see that if

. MmA-y)(-1) my(n-2)(n-1) )
UALTECYPILS @m0 T Grapry HIPITDE(AReD)

( [b] |bf?

then f(z) eWA(0,0,0,b).

Theorem 6 : If f(z) e WAL(A, 7, m,b), then f(z) is starlike of complex order b in |z|< r4
(A,y,m,b),where

Since

o mA-p)(n-1)  my(n-2)(n-1) o
n(-m)+==—"" D1 2) )B, (1) Re(b)

r,(A,7,m,b) =inf
(Aymb)=in b](n+[b[-1)

(n=23,..).
Proof : By using (10) and (6) , if
n(@-m)+ M= =1 my(=2)(0=1)y5 1 pab)
- na + + +
(n+|b| 1))|Z| § A+1 g/i 2)(A+1)
[b] b
then f(z) eWA(0,0,0,b).
Theorem 7 :_If f(z) eWA(A,y,m,b), then f(z) is convex of complex order b in |z| <5
(4,7,m,b), where

ml-7)(n-1) my(n-2)n-1) =
(@-m)+ Fs) +(/1+2)(/1+1) )B, (1) Re(b)
nib|

r;(4,7,m,b) =inf

(n=23,.....).
Proof : It is sufficient to show that :
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zf"(2) 4b].
f'(z)
" Zw:n(n ~Da, |z["*
From Z: .(Z)IS S <b 11)
(Z) 1_Znan | 7 |n—l
n=2
and (5),if
mlL-y)(n-1) my(n-2)(n-1)
o 1b1-0) oy T T Gy I DB (DRe)
D oF

we obtain f(z) eWA(0,0,1,b).
Theorem 8 : If f(z) e WAL(A,y,m,b) , then f(z) is convex of complex orderb in|z | <
re ( A,7,m,b), where

ml-7)(-1) my(n-2)(n-1) =
(@=m)+=—"" D042 )B, (1) Re(b)

r.(4,7,m,b) =inf
s(hrmb)=i (n+1b|-1)|b]|

(n=2,3,....).
Proof : By using (11)and (6), if
n((l_ m) + m(l—j/)(n—l) + m]/(n _2)(n _1))Bn (i) Re(b)
nin+|b|-1), _ . A+1 (A+D(A1+2)
D b
then f(z) e WA(0,0,1,b).
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