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Abstract:

In this paper ,we have dealt with the concept of strongly connected in
topological spaces .Throughout its definition ,we have defined the regular strongly
connected and found that the every strongly connected set is a regular strongly
connected set, and the converse is not always true.We have also defined the concept
of regular locally connected by means of which we have defined regular strongly
locally connected where we have proved that every regular strongly locally connected
space is regular locally connected ,and the converse is not always true .

Introduction :

Throughout the present paper X and Y always denote topological spaces on
which no separation axioms are assumed unless explicity stated .This paper includes
three sections.In the first section we have dealt with the concepts'regular connected
set " and "regular connected space"” .In the second section we have discussed the
concepts "strongly set” and "regular strongly connected” and their relation with each
other ,we have also dealt with the concepts " RT, -space” and " RT, -space™ and shown

that RT,-space is RT,-spaceand the opposite is not true always.Finally ,in the third

section ,we have dealt with "regular strongly locally connected" and some theorems
related to it .

1. Prilimeries
Definition 1.1 [2]

0
A subset A of a topological space X is called a regular open iff A=A ,and its
complement is called a regular closed .
Remarks 1.2

1) Ais regular closed iff A= A°

0
2) If Ais any subset of a topological space ,then (A) is regular open .
3) The intersection,but not necessarily the union of two regular open sets is regular
open .( Thus the same proposition with " union " and " intersection " in changed holds
for regular closed sets .
Definition 1.3

40



AL-Qadisiya Journal For
Science Vol.15 No.1 Year2010

A topological space X is said to be regular disconnected iff it is the union of two
non-empty disjoint regular open sets, otherwise is said to be regular connected .
Lemma 1.4

A subset A in a topological space which is both open and closed is regular open and
regular closed in the same time .

Proof :

Let Ac X such that A is both open and closed .

_ o 0
A= Abecause A is closed, and since A is open ,then A= A=A then A isregular
open .
Similarly

0 I
Since A= A ,because A is open ,and since Ais closed ,then A=A = A° then A is
regular closed .

Theorem 1.5

The following statements are equivalent.

1) X is regular disconnected .

2) There are two non-empty regular closed A,Bsuch that AnB=¢,and

AuB=X.

3) There exist regular open and regular closed Ain the same time such that
A=¢g, A= X.

4) There exist Ac X suchthat A=¢, A= X and b(A)=¢.

Proof :-

1 =2

Since X is regular disconnected ,then there are two non-empty regular open sets
A,Bsuchthat AnB=¢,and AUB=X.

Then A UB® =X ,and A "B° =¢.

Since A and B are regular open,then A® and B° are regular closed .

2 —>3

Since there are two non-empty regular closed A and B such that AnB =¢,and
AuB=X.

Since AnB=¢,then Ac B®,and since AUB = X ,then B° c A.

Then A=B°.

Since B°is regular open,then Ais regular open and regular closed in the same time.
If A= X ,since AnB=¢,then B =¢ ,this contradicting.

Then A= ¢, A= X.

3 —>4
Let Abe regular open and regular closed in the same time such that A= ¢, A= X .
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Since A isregular closed ,then A is closed,so b(A)NA=¢.

Since Ais regular open,then A°® is closed ,s0 b(A°)A° =¢.

Then b(A) =b(A°) thus b(A) =¢ .

4 —>1

There exists Ac X ,such that A= ¢, A= X ,and b(A) =¢.

Since b(A) = ¢,then A is open and closed in the same time,so A is regular open and
regular closed in the same time by (1.4) .

Since A= X ,then A° = ¢,and since AV A° =¢,and AU A" = X .Then X is regular

disconnected .
Theorem 1.6
A topological space X is regular connected iff it is connected .
Proof :-
Suppose X is disconnected ,then there are open sets A and B such that
Axp,B=gp, AnB=¢,and AUB=X.
Then A°(B° =¢,thus B° < A.
Since AnB=¢,then Ac B°.
Then A=B°,thatis A is both open and closed .
Then A is regular open from ( 1.4)
Similarly ,we can prove that B is regular open .
Then X is regular disconnected .
The converse it is clear ,since every regular open set is open .
Now ,we introduce the following definition
A subset A of a topological space (X,T)is said to be regular connected (briefly
RC) if the subspace (A/T,)is regular connected ,otherwise Ais regular
disconnected .Then from (1.6),we have the following results.

Proposition 1.7
A subset Ac X is regular connected iff it is connected .

Proposition 1.8

If {A/iel}is a collection of regular connected sets from a topological space

(X,T)suchthat NA; =¢,UA =X .Then X is regular connected .

iel iel
Proposition 1.9
If (X,T)be a topological space such that Va,b e X,a=b,and a,bbelong to a same

regular connected set ,then X is regular connected .
Proposition 1.10
X is regular connected iff there is No continuous f : X — 2is surjective .

Proposition 1.11
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Let Ac X be regular connected ,then any set Bsatisfying Ac Bc Ais also
regular connected.In Particular the closure of a regular connected set is regular
connected.

2. Regular Strongly Connected Sets in Topology

A subset A of a topological space X is said to be strongly connected ( briefly S.C)
iff for each open sets B and C suchthat Ac BUC then Ac B or AcC.

Theorem 2.1 [ 1]

If A isS.C set,then A is connected.

Definition 2.2 [1]

A subset A of a topological space (X,T)is said to be regular strongly connected (
briefly R.S.C) iff for each regular open sets Band Csuch that A< BUC then
AcBor AcC.

Theorem 2.3

Every S.CsetisR.S.C

Proof:-

Let Ac X such that Ais S.C set and let B,C be two regular open sets such that
AcBUC.

Since Band Care regular open ,then Band Care open sets,and since A is S.C
then AcBor AcC,So AisR.S.C.

The converse of theorem 4 is not true ingeneral if we take the topology
T ={¢, X {4,{L.2}, {L3}}on the set X ={,,2,3}.Then {2,3} is regular strongly
connected but it is not S.C .

Remark 2.4

It is easy to see that if A isR.S.C ,then AisR.C

Theorem 2.5

If A isR.S.Cthen A isconnected .

The proof is clear from ( 2.4) and (1.7)

The converse of the above theorem is not true in general,see the following example.
Example 2.6

The open interval (0,1) is connected in the usual topological space (R,T),but

(01 = (0,%)U(%,1) ,and (0,)) (0,%) ,and (0,1) (% 1).Then A isnotR.S.C.

Definition 2.7
A topological space (X,T)is R.S.C iff the only non-empty subset of X which is both

regular open and regular closed in X is X itself .

Theorem 2.8
A topological space (X,T)is R.S.C iff is connected space

Proof :-
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Suppose X is disconnected ,then there exists Ac X such that A= ¢, A= X ,and

Ais both open and closed in the same time.Then by ( 1.4), A is both regular open
and regular closed in the same time,which contradicts being X is R.S.C
The converse proof is trivial .
Definition 2.9

A subset A of a topological space X is said to be regular weakly disconnected (
briefly R.w.d) iff it is not R.S.C

Remark 2.10

Not every subset of R.S.C set is R.S.C ,because the usual topological space R is
R.S.c ,but the open interval (0,1) is not R.S.C (' see example 1).

Definition 2.11
Let f be a mapping from topological space (X,T)into a topological space

(Y,T") then fis said to be regular continuous iff the inverse image of any regular

open (regular closed ) in Y is regular open ( regular closed ) in X .
Theorem 2.12
If f:(X,T)—(Y,T") is regular continuous and if A is R.S.C in X ,then f[A] is

RS.CinY.
Proof :-
Let f[A]be a R.w.d in Y ,then there exist two regular open sets B,C in Y such that

f[A]cBUC, f[Al]z Band f[A]zC.

Thus Ac f (f[A]) < f *(BUC)=f (B)U f *(C).

Then Ac f*(B)Uf *(C),Az f *(B)and Az f*(C).

Since fis regular continuous and since B,Care regular open ,then
f (B), f *(C)are regular open in X .Then A isR.w.d.

Definition 2.13
A topological space (X,T)is said to be RT,iff ¥x,y e X such that x =y there

exists a regular open set in X which continuous one of them and not the other.

Example 2.14
The topology T ={¢, X,{a},{b},{a,b}}on the set X ={a,b,c}is RT,-Space .

Definition 2.15
A topological space (X,T)is said to be RT, iffvx,y e X such that x =y there

exists A, B be two regular open sets such that xe A,y A x¢B,yeB.

Theorem 2.16

RT,-Space is RT,-Space .

Proof :-

Let (X,T)be RT,-Space and let X,y € X ,such that x = y.
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Since Xis RT,-Space ,then there are regular open sets A,B such that
xe Ayg A XxgB,y e B.Then there exists regular open set in X which contains one
of them and not the other .

Remark 2.17
The convers of the above theorem is not true in general ( see example 2.14 ) .

Definition 2.18

A topological space (X,T)is regular totally weakly disconnected ( R.t.w.d) iff
singelation sets are the only R.S.C sets .

Theorem 2.19

A topological space (X,T)is RT, iffitis (R.t.w.d) .

Proof :-

Singelation sets are clearly R.S.C

Now

Suppose Ais a subset of X with two or more points .

Let x=yin Athen {x} and {Y}are non-empty disjoint regular closed subsets of
A then A jsR.w.d .Then X is (R.t.w.d).

Conversly

Let x,y € X ,suchthat x = vy..

Then A={x,y}is not R.S.C.Thus there are two regular open sets B,C such that
AcBUC,AzBand AzC.

Since Ac BUC then xe BUC.

If xeB,then yegBand yeC,x¢#C (because Az B,and Az C).

Then X is RT,-Space .

3. Regular Strongly Locally Connectivity

Definition 3.1

A topological space (X,T)is said to be regular locally connected iff Vae X and
AeTsuch that ae Athere exists a regular connected open set Bsuch that
aesBcA.

Example 3.2

An indiscrete topological space is regular locally connected .

Theorem 3.3

Every regular locally connected space is locally connected .

Proof :-

Let (X,T)be regular locally connected topological space,and let a€ X,AeT such
that ae A.

Since (X,T)is regular locally connected ,then there exists regular open connected set

B such that ae B < A.
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Then X is locally connected ( because every regular open connected set is open
connected ).

Remark 3.4

The convers of the above theorem is not true in general if we take the topology
T ={¢, X, {,{L3}}on the set X ={1,2,3}.

Then X is locally connected ,but not regular locally connected ,because 1< X and
{3 eTsuch that 1 X,{I} T such that 1e{l},but there is not regular open

connected set Bsuch that 1€ B — {1}.

Definition 3.5

If xe X ,the largest regular connected subset C,of X containing Xxis called the
regular component of x.It exists being just the union of all regular connected subsets
of X containing x.

Proposition 3.6

The regular component of a regular connected space are regular open

(regular closed ).

Proof :-

Let (X,T)be regular locally connected space.Then X is locally connected space by

theorem (3.3)
Then the proof is complet by theorem (1.6) .

Theorem 3.7
Let (X, T)be atopological space,then the following statements are equivalent .

1) x isregular locally connected
2) If Cisaregular component of a regular subspace Y in X ,then b(C) < b(Y).

3) Every regular component of a regular open subspace in X be regular open .
Proof :-

1—> 2

Let Y < X ,and C be regular component of a subspace Y in X .

Let ab(C),then acC =b(C)UC.

Since Cc Y then C cYand aeY ,thus aeb(Y)UY°.

Suppose a ¢ b(Y) then aeY?.

Since Y®eTand X is regular locally connected ,then there is a regular open
connected set A in X suchthat ac AcY®.

Since a eb(C),then ANC = ¢.

Since A and C are connected ( because every regular connected set is connected ).
Then AUC is connected ,but C is regular component ,then C = AUC ,thus AcC.

So AeC° this contradicts,then a e b(Y) and b(C) < b(Y).
2 —>3
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Let Y be regular open subspace in X ,and let C be regular component of Y .
Then we have b(C) < b(Y) from 2.

Since C Y ,then b(C)NC <=b(Y)NY <b(Y)NY’ =4 .

Then b(C)NC =¢ .Thus C =C°,hence C is regular open .

3I—>1

Let xe X ,and AeT suchthat xe A.

Let C, be aregular component of x in a general subspace (A,T,).

From (3) C, is regular open connected setand xeC, < A.

Then x is regular locally connected.

Corollary 3.8

Every regular component in a general locally connected space is regular open .
Definition 3.9

A topological space (X,T)is said to be regular strongly locally connected ( briefly as
RS.L.C) iff Yae X and VAeT such that a € A, there exists a regular strongly
connected open set Bsuchthat ae B < A.

Theorem 3.10

If x isR.S.L.C space ,then x isR.L.C

Proof :-

Let ae X and AeT suchthat ae A.

Since x is R.S.L.C,then there is a regular strongly connected open set B such that
aesBcA.

Since every R.S.C isR.C ,then (X,T) isR.L.C.

References:
1. Norman Levine ,Strongly connected sets in Topology ,The Ohio State University

2. étephen Willard ,1970 ,General Topology ,Addison Wesley Publishing
Company ,Inc.

3. Takashi Noiri ,1983 ,Super-Continuity and some strong forms of continuity
,Yatsushiro College of Technology ,Yatsushiro ,866 ,Japan .

Ll dlaialy) cilplasll o gil) alilal) Ja
47



AL-Qadisiya Journal For
Science Vol.15 No.1 Year2010

Cpen o (lia A) 48 a8 o

iy ) o S Ay ) A0S / 28 61 Al
: AadAl)

Jlai¥l oy ety L 4108 e g A o il cleliail) 8 alinal) JUas) a sgia L i 138 Liny 8

Ldils mamia e (aSall o5 5 Aliaie dalitia () 5S35 58 Alialie e gane JS (o Lida 55 platiall (5 Y
Lia s alatial) (5 5391 Aaal) Juai¥ o ggia L je A& (e s aliiial) Jaall JuaiV) o sede Wl 55 Lay
Sl 5 aliiiall daall JUai¥ o sgia (3hay 43l aliiiall 5 A1 sl JuaiV) o sehe 3y sliad JS o
‘LA:\‘J@M‘):\S.:

48



